Modern Physics: PHY 104

Spring Semester 2018

Solution Assignment 1: Modern Physics

1. Answer 1

(a) 22 =8(1++31)

i. Rectangular Form: We are given that

22 = 8(1++31)
22 = 8+8V3i
Let z = a+1ib
22 = (a+1b)?
= a® — b* +i2ab
Compare equation 7?7 and 7?7 we get,

a’ — b +i2ab = 8+8V3 i
(a®> = b?) +i(2ab) = 8+ (8v/3) i
Compare Real and imaginary parts on both sides we get,
a?—bv =38

2ab = 8V3
W3

:>a:b

Substitute value of a from equation 77 to equation 7?7 we get,

() v -

48 — p* = 8p?
b+ 8b% — 48 = 0

Solution of above quadratic equation will be,

either b = +2 or b= 42v3 i (not possible)

44/3
= V2 _ 49
= q ;) V3

Therefore rectangular form of given complex number is,

2= 42(v3 +1)
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ii. Polar Form: We are given that
22 = 8(1++31)
If 2* = rCis(0 +2kmw) where k € z
then 2z = (TCiS(9+2k7r))1/2
z = /r(Cis(0 + 2km))

1/2

By De-Moivre’s theorem

o e(o(S ) - (es(Grm))

Now let’s calculate r and 6.

r = Va2 + b2 =1/8%+ (8V3)2 = 16,

and 0 = tan! (é) = tan ! (8%8/3) = tan ' V3 =

a

Thus given complex number in polar form will be,

z = M(Cis(%/?’mﬂ))

)

(For k=0) z = 4Cis<g> :4(COS%+iSiH%>.

(For k=1) =z = 4Cis<%+7r) :—4<cos%+isinz).

(b) 22 = —5(1 =T 1)
i. Rectangular Form: We are given that
22 = —5(1—T71)
22 = 54571
Let z = a+1b

22 = (a+1ib)?

= a® — b* +i2ab
Compare equation 7?7 and ?? we get,

a? — b +i2ab = —5+5V7 i
(a®> = b?) +i(2ab) = —5+4 (5v/7) i

™
3 .

6
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Compare Real and imaginary parts on both sides we get,

a? b = =5 (8)
2ab = 5V7
57

Substitute value of a from equation ?? to equation 7?7 we get,

() v

2b
175 — 4b* = —200°
46 — 200> — 175 = 0

Solution of above quadratic equation will be,

either b = £3.09 or b= 2.147i (not possible)

= 5\/7
a =
2 x 3.09
a = £2.14

Therefore rectangular form of given complex number is,
z = =£(2.14 + 3.09).
ii. Polar Form: We are given that

2 = —5(1— V7 i)
If 2% =rCis(0+2kr) wherek€ 2
then =z = (rCis(d + 2]€7T))1/2
2 = /F(Cis(0 + 2km)) /2.

By De-Moivre’s theorem

(e 2 (S ee))

Now let’s calculate r and 6.

r= Va2 +p?= \/(—5)2 + (5v/7)2 = 10v/2 = 14.14,
and 0 = tan”! (é) = tan_1(5—\/57> = tan ' (—V/7) = —69.2°.

a
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Thus given complex number in polar form will be,

- (o)
< fiova(en( 2 1))

(For k=0) z = V14.14 Cis(—34.6°)
= V14.14(cos(—34.6°) + i sin(—34.6°))
— V14.14(cos(34.6°) — isin(34.6°)).
(For k=1) z = V14.14 Cis(—34.6° 4 )
= M(COS( 34.6° 4+ m) + isin(—34.6° + 7))
= —V/14.14(cos(34.6°) — isin(34.6%)).

2. Answer 2

We are given three complex numbers 2y =3+5147, 20 =4+ 24, and 23 =6 — 4.
(a)

21+2=0B+51)+(A+2)=0B+4)+(B+2)yi=7+Ti

(b)
z1—za+23 = (3+54)—(4+24)+(6— i)
= B-446)+(5—-2—-1)i=5+2i
(c)
212023 = (3+50)(44+24)(6— i) =(3+514)(24 —4i+ 120 + 2)
= (345 1)(26 + 8i) = (78 + 247 + 130i — 40) = 38 + 154i
(d)

“l SHod 3+5ix6+i (taking co ate)

- = e 11 ngu

s 6-1 6-—4 6+ & CONSHS
18+3i+30i—5 13433 13 33

36+ 1 =37 T3 tar
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(e) i

1 1 1
2 (34502 (3+50)(3+54)
B 1 B 1
(94153 + 150 — 25)  (—16 + 30i)
B 1 (=16 — 30i)  (—16 — 30i)
= (—16+300) © (—16 —30i) _ (256 + 900)
_ (£16-300) _ (-8-15) 8 15
1156 578 578 578
i
11
V7 V3+5i

Let’s at first solve ,/z;.

Let 2z = r Cis(0 + 2km) where k € 2

vz = /r Cis(0+ 2km) = /7 [Cis(6 + 2km)]* = V7 cls( + k:7r>
where r = Va2 + 02 =v32+52=10+25=134=538
and 0 = tan~'/? <é) — tan~ /2 (§) = 59°
a 3
. (59° . .
= /z1 = V5.8 Cis (7 + k:7r> = V5.8 Cis(29.5°)

= V5.8(c0829.5° 4 isin 29.5°) = 2.09 + 1.2

I 1 B 1 L 209 - 1.2i
vz 209+ 120 2.09+1.2i " 2.09— 1.2
2.09 — 1.2i
= = =0.36—0.2
5.3 '

|21 4 22| = |7+ 7i| = /(7) — /49 + 49 = V98 = 9.89
z—z) = |4+20)—(6— 9| =|4—-6)+(2—1)i] =|-2+1]
= V(22412 =Va+1=V5=224

111.

|21l = [345i] = V3 +52=V9+25=v34=538
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3. Answer 3

(a) Since i = /=1, = —1.
() i =i i = (—1)i = —
(c) i = (i*)? = (=1)* =1
0 F= 5% 7= =

4. Answer 4

We are given z; = €% and zy = ei*2®

(a)

2 + 2y = 6ik‘1x + eikzm
= (cos(kiz) + isin(kiz)) + (cos(ksz) + isin(kox))

= (cos(kiz) + cos(kax)) + i(sin(k ) + sin(kqz)).

2 — 29 = 6zk1x o ezkgm

= (cos(kiz) + isin(kiz)) — (cos(kqx) + i sin(kqx))
= (cos(kiz) — cos(kaz)) + i(sin(k1z) — sin(koz)).

Rezi + 20 = (cos(kiz) + cos(kox))
Rez — 2 = (cos(kiz) — cos(kaz)).
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(d)

é _ eiklx

29 _ eikgl‘
B (cos(kyz) + isin(kiz))
- (cos(kaz) + i sin(kaz))
_ (cos(kiz) + isin(kiz)) y (cos(kox) — isin(koz))
B (cos(kaz) + isin(kex)) — (cos(kox) — isin(ksz))
_ cos(k1x) cos(kox) — i(cos(k1x) sin(kox) + i sin(k1x) cos(kox) + sin(kx) sin(kox)
B cos(kox)? + sin(kax)?
 (cos(kyx) cos(kax) + sin(kyz) sin(kyx)) 4 i (sin(ky2) cos(kox) — cos(kyz) sin(kyx))
B 1
= cos(ky — ko)x +isin(ky — ko)x
_ ei(k1—k2)az'

(e)
22y = eiklm . eikga:

= (cos(kiz) + isin(kiz)) - (cos(kox) + isin(koz))
= cos(kyx) cos(kex) + i(cos(kyx) sin(kqx) + i sin(kyx) cos(kex) — sin(kyx) sin(kqx)
= (cos(kiz) cos(kox) — sin(kyz) sin(ksz)) + i (sin(kix) cos(kex) + cos(kiz) sin(kox))

= cos(ky + k2)x + isin(ky + ko)z

_ ei(kl—‘rkg)l"
5. Answer 5

We are given z; = 5¢/**+%) and z, = 6e’**3),

(a)

Since z; = He!krti)

= 5[cos<k:x+ %) —H’sin(kx—i— %)}
= 5cos<lm—|— %) —|—Z'5sin<k:x+ %)

= Re{z} = 5cos<k‘x+%)

Im{z} = 5sin (k:x—i— %)
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(b)

29 = Ge'tkr=3)

= 6[cos<k:c — %) —l—z’sin(kx— g)}
= 6008<lm — g) +i5sin<kx — %)

= Re{z} = 6cos(kx— g)
Im{z} = 6sin(k5m— g)

2 = 5el(lm+1)

= 5|:COS(]{JZE+ %) +isin</m—|— g)}

= 5cos(lm + %) +15 sin(lm + %)

2 2
|z1] = 5\/cos<kx+%) +sin(k‘x+%)
= 5/1
=5

ii.

21+ zg = 5l 4 geilhe=3)

= 5[008(]%-1—%) +isin<kx+%)] —|—6[cos(k:m— g) —|—isin(lm— g)]
= |:5COS(/€CL’+%) +6€0s(km— g)] —I—z‘[5sin(k::c~|—§) +681n<lm—g)}
2 2
|21 4+ 22| = \/[5cos(l€x+g) +6cos(k:p— g)} + [5Sin(lm+%) +6sin(k‘x— g)}

T 7 T
= \/25+36+60008(Z+§) —\/25+36+GOCOSE
= V45.47
= 6.7.




