
Quantum Field Theory: PHY 539 Spring Semester 2018

Solution Assignment 6: Quantum Field Theory

1. Show that equal time commutator for a scalar field and its time like component of the

canonical momentum is given by,

[
ϕ̂(t,x), Π̂◦(t,y)

]
= iδ(3)(x− y).

Answer 1

Π̂◦ = ∂◦ϕ̂

= ∂t
∫

d3p

(2π)3/2(2Ep)1/2

(
âpe

−i(EPt−p·x) + â†pe
+i(EPt−p·x)

)
=

∫
d3p

(2π)3/2(2Ep)1/2
(−iEp)

(
âpe

−ip·x − â†pe
+ip·x

)
= −i

∫
d3p

(2π)3/2(2)1/2
E1/2

p

(
âpe

−ip·x − â†pe
+ip·x

)
.[

ϕ̂(t,x), Π̂◦(t,y)

]
= −i

[∫
d3p

(2π)3/2(2Ep)1/2

(
âpe

−ip·x + â†pe
+ip·x

)
,∫

d3q

(2π)3/2(2)1/2
E1/2

q

(
âqe

−iq·y − â†qe
+iq·y

)]
= −i

∫
d3p d3q

(2π)3(2)
· E

1/2
q

E
1/2
p

(
−[âp, â

†
q]e

−i(p·x−q·y)

+ [âp, âq]e
−i(p·x−q·y)

)
= − i

2

∫
d3p d3q

(2π)3

((
Eq

Ep

)1/2

(−δ(3)(p− q))e+i(q·x−q·y)

+

(
Eq

Ep

)1/2

(−δ(3)(p− q))e+i(q·x−q·y)
)

=
i

2

∫
d3p

(2π)3

(
e+ip·(x−y) + e−ip·(x−y)

)
= iδ(3)(x− y)

using
∫

d3p
(2π)3e

±ip·(x−y) = δ(3)(x− y).
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2. Show the complete step-by-step working for the canonical quantization

of the complex scalar field,

ψ =
1√
2
(ϕ1 + iϕ2)

ψ† =
1√
2
(ϕ1 − iϕ2).

Answer 2

L =
1

2
(∂µϕ1)

2 +
1

2
(∂µϕ2)

2 − 1

2
m2ϕ21 −

1

2
m2ϕ22

(a)

ψ =
ϕ1 + iϕ2√

2

ψ† =
ϕ1 − iϕ2√

2

L = ∂µψ ∂µψ
† −m2ψψ†

(b)

Πµ
σ =

∂L

∂(∂µσ)

Πµ
ψ =

∂L

∂(∂µψ)
and Πµ

ψ† =
∂L

∂(∂µψ†)

e.g Πµ
ψ =

∂L

∂(∂µψ)
= ∂µψ†

Πµ
ψ† = ∂µψ

Πo
ψ = ∂oψ†

Πo
ψ† = ∂oψ

(c) [
ψ̂(x, t), Π̂o

ψ(y, t)

]
= iδ(3)(x− y)
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[
ψ̂(x, t), ∂oψ̂†(y, t)

]
= iδ(3)(x− y) etc.[

ψ̂†(x, t), Π̂o
ψ†(y, t)

]
= iδ(3)(x− y)

(d)

H =
∑
α

πσ∂
oσ(x)− L

= Πo
ψ∂oψ(x) + Πo

ψ†∂oψ
†(x)− ∂µψ∂µψ

† +m2ψ†ψ

= ∂oψ†∂oψ(x) + ∂oψ∂oψ
†(x)− ∂µψ∂µψ

† +m2ψ†ψ

= ∂oψ†∂oψ − ∂iψ∂iψ
† +m2ψ†ψ

= ∂oψ†∂oψ +∇ψ · ∇ψ† +m2ψ†ψ

(e) Mode Expansion:

ψ̂ =

∫
d3p

(2π)3/2(2Ep)1/2

(
âpe

−ip·x + b̂†pe
+ip·x

)
ψ̂† =

∫
d3q

(2π)3/2(2Eq)1/2

(
â†qe

+iq·x + b̂qe
−iq·x

)
∂oψ̂ =

∫
d3p

(2π)3/2(2Ep)1/2

(
âpe

−ip·x(−iEp) + b̂†pe
+ip·x(+iEp)

)
∂oψ̂ =

∫
d3p

(2π)3/2(2)1/2(Ep)1/2
(−iEp)

(
âpe

−ip·x − b̂†pe
+ip·x

)
∂oψ̂

† =

∫
d3q

(2π)3/2(2Eq)1/2

(
â†qe

+iq·x(+iEq) + b̂qe
−iq·x(−iEq)

)
=

∫
d3q

(2π)3/2(2Eq)1/2
(iEq)

(
â†qe

+iq·x − b̂qe
−iq·x

)
∆ψ̂ =

∫
d3p

(2π)3/2(2Ep)1/2

(
âpe

−ip·x(+ip) + b̂†pe
+ip·x(−ip)

)
=

∫
d3p

(2π)3/2(2Ep)1/2
(ip)

(
âpe

−ip·x − b̂†pe
+ip·x

)
3
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∆ψ̂† =

∫
d3q

(2π)3/2(2Eq)1/2

(
â†qe

+iq·x(−iq) + b̂qe
−iq·x(iq)

)
=

∫
d3q

(2π)3/2(2Eq)1/2
(−iq)

(
â†qe

+iq·x − b̂qe
−iq·x

)
ψ̂†ψ̂ =

∫
d3q d3p

(2π)3(2Eq)1/2(2Ep)1/2

(
â†qe

+iq·x + b̂qe
−iq·x

)(
âpe

−ip·x + b̂†pe
ip·x

)
=

∫
d3q d3p

(2π)3(2)(Eq)1/2(Ep)1/2

(
â†qâpe

+i(q−p)·x + â†qb̂
†
pe

+i(q+q)·x

+ b̂qâpe
−i(q+q)·x + b̂qb̂

†
pe

−i(q−p)·x
)

=

∫
d3x d3q d3p

(2π)3(2)(Eq)1/2(Ep)1/2
(EpEq + p · q)

(
âpâ

†
qe

−i(p−q)·x

− âpb̂qe
−i(q+q)·x − b̂†pâ

†
qe

+i(q+q)·x + b̂†pb̂pe
+i(p−q)·x

)
+

∫
d3x d3q d3p

(2π)3(2)(Eq)1/2(Ep)1/2
m2

(
â†qâpe

−i(p−q)·x + b̂qâpe
−i(q+q) · x

+ â†qb̂
†
pe

+i(q+q)·x + b̂qb̂
†
pe

+i(p−q)·x
)

H =

∫
d3q d3p

2(Eq)1/2(Ep)1/2
(EpEq + p · q)

(
âpâ

†
qe

−i(Ep−Eq)tδ(3)(q− p)

− âpb̂qe
−i(Ep+Eq)tδ(3)(p+ q)− b̂†pâ

†
qe

+i(Ep+Eq)tδ(3)(p+ q)

− b̂†pb̂
†
qe

+i(Ep−Eq)tδ(3)(p− q)

)
+m2

(
â†qâpe

−i(Ep−Eq)tδ(3)(p− q)

+ b̂qâpe
−i(Ep+Eq)tδ(3)(p+ q) + â†qb̂

†
pe

+i(Ep+Eq)tδ(3)(p+ q)

+ b̂qb̂
†
pe

+i(Ep−Eq)tδ(3)(p− q)

)
=

1

2

∫
d3p

(E2
p + p2)âpâ

†
p

Ep
+
m2â†pâp

Ep
+

(E2
p + p2)b̂†pb̂p

Ep

+
m2b̂pb̂

†
p

Ep
−

(E2
p − p2)âpb̂−pe

−2iEpt

Ep
+
m2b̂−pâpe

−2iEpt

Ep

3. In the class we discussed that the non-relativistic Lagrangian density
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for a complex scalar field can be written as,

L = −Ψ†∂0Ψ− 1

2m
∇Ψ · ∇Ψ†.

Apply the Euler-Lagrange equation with respect to the field ψ† and

derive the Schrödinger equation. Also show that the mode expansion

Ψ̂ =
∑
p

âpe
−ip·x

yields the conventional energy dispersion for a free particle

Ep =
|p|2

2m
·

Answer 3

L = iΨ†∂oΨ− 1

2m
∇Ψ · ∇Ψ†

The Euler-Lagrangian equation is,

∂µ

(
∂L

∂(∂µΨ†)

)
=

∂L

∂Ψ†

∂L

∂Ψ† = i∂oΨ

Likewise,

∂L

∂(∂µΨ†)
= − 1

2m
∂iΨ

∂

∂(∂µΨ†)
(∂iΨ

†)

= − 1

2m
∂iΨδi,µ

∂µ

(
∂L

∂(∂µΨ†)

)
= − 1

2m
δi,µ∂µ∂

iΨ

= − 1

2m
∂i∂

iΨ

= − 1

2m
∇2Ψ

Hence − 1

2m
∇2Ψ = o

∂

∂t
Ψ
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which is the schrodinger equation.

if Ψ̂ =
∑
p

ape
−ip·x

=
∑
p

ape
−i(Ept−p·x)

∂Ψ

∂t
= −i

∑
p

Epape
ip·x

∇2Ψ = −
∑
p

|p|2ape−ip·x +
1

2m

∑
p

|p|2ape−ip·x

=
∑
p

Epape
−ip·x

Comparing the to sides yields Ep =
|p|2

2m
·

4. Starting with the non-relativistic lagrangian given in Q3, and the def-

inition of the amplitude ρ(x) and phase θ(x) fields, show that the la-

grangian density can also be written as,

L =
i

2
∂0ρ− ρ∂0θ −

1

2m

[
1

4ρ
(∇ρ)2 + ρ(∇θ)2

]
.

Answer 4

L = i
√
ρe−iΘ∂o(

√
ρeiΘ)− 1

2m
∇(

√
ρeiΘ) · ∇(

√
ρe−iΘ)

= i
√
ρe−iΘ(∂o

√
ρ)eiΘ + i

√
ρe−iΘ

√
ρ∂o(e

iΘ)

− 1

2m
(∇√

ρeiΘ +
√
ρ∇eiΘ) · (∇√

ρe−iΘ +
√
ρ∇e−iΘ)

= i
√
ρ∂o

√
ρ+ iρe−iΘ∂o(e

iΘ)− 1

2m

(
(
√
ρ∇)2 +

√
ρ∇√

ρeiΘ · ∇(e−iΘ)

+
√
ρ∇e+iΘ · ∇√

ρe−iΘ + ρ∇eiΘ · ∇e−iΘ
)
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Now ∂o
√
ρ = ∂oρ

1/2 =
1

2
√
ρ
∂oρ

∂o(e
±iΘ) = ±i(∂oΘ)e±iΘ

∇√
ρ =

1

2
√
ρ
∇ρ , ∇(e±iΘ) = ±i(∇e±iΘ)

∴ L =
i
√
ρ

i
√
ρ
∂oρ+ iρe−iΘ(+i∂oΘ)e+iΘ − 1

2m

[
1

4ρ
(∇ρ)2

+
√
ρeiΘ

1

2
√
ρ
∇ρ · (−ie−iΘ)∇Θ+

√
ρ(i∇Θ)e+iΘ · 1

2
√
ρ
∇ρe−iΘ

+ ρi(∇Θ) · (−i∇Θ)

]
=

i

2
∂oρ− ρ∂oΘ− 1

2m

[
1

4ρ
(∇ρ)2 − i

2
∇ρ · ∇Θ+

i

2
∇ρ · ∇Θ

+ ρ(∇Θ)2
]

=
i

2
∂oρ− ρ∂oΘ− 1

2m

[
1

4ρ
(∇ρ)2 + ρ(∇Θ)2

]
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