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Solution Mid-Term: Quantum Field Theory

Attempt all questions.

1. Given the complex scalar field,

L = (∂µψ†)(∂µψ)−m2ψψ†

Identify the symmetry transformation and find an expression for the

conserved charge. (10 marks)

Answer 1

L = (∂µψ†)(∂µψ)−m2ψψ†

Πµ
ψ(x) =

∂L

∂(∂µψ)
= ∂µψ†

and Πµ
ψ†(x) =

∂L

∂(∂µψ†)
= ∂µψ

Under a u(1) transformation,

ϕ(x) 7−→ ϕ′(x′) = ϕ(x)eiα = ψ(1 + iα) ≈ ψ + iψα

⇒ Dψ = iψ.

ϕ(x)† 7−→ ϕ′
†
(x′) = ϕ(x)eiα = ψ†(1− iα) ≈ ψ† − iψ†α

⇒ Dψ† = −iψ†.

So, JµN(x) =
∑
σ

Πµ
σ(x)Dσ = i(∂µψ†)ψ − i(∂µψ)ψ†.

Conserved charge is,

QN =

∫
d3x JoN(x)

= i

∫
d3x

[
(∂oψ†)ψ − (∂oψ)ψ†

]
.
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2. Consider a massless scalar field with Lagrangian density;

L =
1

2
(∂µϕ)(∂µϕ).

Consider the transformation;

xµ 7−→ (x′)µ = xµeα

ϕ(x) 7−→ ϕ′(x′) = ϕ(x)e−α.

Show that under this transformation, the action is invariant.

S =

∫
d4x L =

1

2

∫
d4x(∂µϕ)(∂µϕ). (10 marks)

Answer 2

L =
1

2
(∂µϕ)(∂

µϕ)

S =

∫
d4x L =

∫
dt d3x L =

∫
d4x′ L ′

xµ 7−→ (x′)µ = xµeα

ϕ(x) 7−→ ϕ′(x′) = ϕ(x)e−α

∂µϕ =
∂ϕ

∂xµ
7−→ ∂ϕ′

∂x′µ
=
∂ϕ′

∂xµ
∂xµ

∂x′µ

Now x′
µ
= xµe+α

x′
µ
e−α = xµ

xµ

x′µ
= e−α

ϕ′ = ϕe−α

∴ ∂µ′ϕ′ = ∂µϕe
−αe−α = ∂µϕe

−2α.

So, S =

∫
d4x′L ′ =

∫
d4xe+4α(∂µϕ)(∂µϕ)e

−4α =

∫
d4xL .

3. (a) We are given the relativistic theory;

L = iΨ†(x)∂oΨ−
1

2m
∇Ψ† · ∇Ψ
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use the mode expansion

Ψ̂(x) =

∫
d3p

(2π)3/2
âpe

−ip·x

to canonically quantize the theory and determine the Hamilto-

nian. (15 marks)

(b) Show that using positive and negative frequencies in the mode ex-

pansion

Ψ̂(x) =

∫
d3p

(2π)3/2(2Ep)1/2
(
âpe

−ip·x + â†pe
+ip·x)

does not satisfy the canonical commutation relations derived in part

(a) above.

(c) Find the Noether current (Jo,J). Show that J is the non rela-

tivistic probability current. What is the conserved charge for this

system? (10 marks)

Answer 3

(a) The canonical quantization machinery proceeds through the follow-
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ing logical steps.

Πµ
ψ(x) =

∂L

∂(∂µψ)

Πo
Ψ(x) = iΨ†

Πo
Ψ†(x) = 0

H = iΨ†∂oΨ− iΨ†∂oΨ+
1

2m
∇Ψ† · ∇Ψ

=
1

2m
∇Ψ† · ∇Ψ

i

[
Ψ̂(t,x), Ψ̂†(t,y)

]
= iδ(3)(x− y)

⇒
[
Ψ̂(t,x), Ψ̂†(t,y)

]
= δ(3)(x− y)

Ψ̂ =

∫
d3p

(2π)3/2
âpe

−ip·x

∇Ψ̂ =

∫
d3p

(2π)3/2
(+ip)âpe

−ip·x

Ψ̂† =

∫
d3q

(2π)3/2
â†qe

+iq·x

∇Ψ̂† =
∫

d3q

(2π)3/2
(−iq)â†qe+iq·x

Ĥ =

∫
d3xH

=
1

2m

∫
d3x d3p d3q

(2π)3
(−iq) · (+ip)â†qe+iq·xâpe+ip·x

=
1

2m

∫
d3x d3p d3q

(2π)3
(q · p)â†qâpe+i(q−p)·x

Since

∫
d3x

(2π)3
e+i(q−p)·x = e+i(Ep−Eq)tδ(3)(p− q) etc.

Ĥ =
1

2m

∫
d3p (p · q)

(
â†qâpe

+i(Ep−Eq)tδ(3)(p− q)

)
=

1

2m

∫
d3p|p|2â†qâp
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Ĥ =
∫
d3p
|p|2

2m
â†qâp is the desired QFT in the normal ordered form.

(b) [
Ψ̂(t,x), Ψ̂†(t,x)

]
=

∫
d3pd3q

(2π)3

[
âpe

−ip·x, âqe
+iq·y

]
=

∫
d3pd3q

(2π)3
e−ip·xe+iq·y

[
âp, âq

]
=

∫
d3pd3q

(2π)3
e−ip·xe+iq·yδ(3)(p− q)

=

∫
d3p

(2π)3
e−ip·(x−y)

= δ(3)(x− y) as desired.

Suppose I incorporate +ve and −ve frequencies in the mode expan-

sion.[
Ψ̂(t,x), Ψ̂†(t,x)

]
=

∫
d3pd3q

(2π)3(2Ep)1/2(2Eq)1/2

[
âpe

−ip·x + â†pe
+ip·x,

â†qe
+iq·y + âqe

−iq·y
]

The only surviving terms in the commutator are:

=

∫
d3pd3q

(2π)3(2)(Ep)1/2(Eq)1/2

([
âp, â

†
q

]
e−ip·xe+iq·y +

[
â†p, âq

]
e+ip·xe−iq·y

)
=

∫
d3pd3q

(2π)3(2)(Ep)1/2(Eq)1/2

(
δ(3)(p− q)e−ip·xe+iq·y + δ(3)(p− q)e+ip·xe−iq·y

)
=

∫
d3p

2(2π)3Ep

(
e−ip·(x−y) − e+ip·(x−y)

)
Since p can take positive and negative values symmetrically, one

can swap x←→ y in the second term yielding 0. Hence the desired

commutation relations are not fulfilled.
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(c)

L = iΨ†∂oΨ−
1

2m
∂iΨ

†∂iΨ

Πo
Ψ(x) = iΨ†

Πo
Ψ†(x) = 0

Πi
Ψ(x) = − 1

2m
∂iΨ†

Πi
Ψ†(x) = − 1

2m
∂iΨ

DΨ = iΨ

DΨ† = −iΨ†

J iN = − 1

2m
∂iΨ†Ψ+ i

1

2m
∂iΨΨ†

JN =
i

2m
(∂iΨΨ† − ∂iΨ†Ψ)

=
i

2m
(Ψ†∇Ψ−∇Ψ†Ψ)

JoN = iΨ†(iΨ) = −Ψ†Ψ, JNC = +Ψ†Ψ

QNC =

∫
d3x Ψ†Ψ.

The total probability is conserved.
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