Total marks: 50 Time Allowed:120 minutes

Solution Mid-Term: Quantum Field Theory
Attempt all questions.

1. Given the complex scalar field,

L = (0" (9,) — mPpy

Identify the symmetry transformation and find an expression for the

conserved charge. (10 marks)

Answer 1

L = (") (0u0) — mPy)t

_ 0L
() = B0y =

0L
and HZT (CE’) = W = 8“¢

Under a u(1) transformation,
o(x) — ¢'(af) = d(x)e'” = Y(1 +ia) = ¥ + iYa
= Dy = ).

o) — ¢ (2') = p(a)e™ = 9Tl —ia) = ¥ — Wla
= Dyl = —iyl.

So,  Ji(z) = ZH” VDo = i(8"p1) — i(0")at.
Conserved charge is,
x = [ Jy()
—if d?’x[(aow)w — @yt
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2. Consider a massless scalar field with Lagrangian density;
Z = S(0"6)(0u0)
Consider the transformation;
' — () = at'e
¢(x) — ¢'(2') = P(x)e™".
Show that under this transformation, the action is invariant.
S = /d4x Z = %/d%(@“@(@u(b). (10 marks)

Answer 2

1
2L = 5(0,6)(0"0)
S = /d4x$=/dtd3x .,zﬂ:/d%’z’
' — () = xte”

o(z) — ¢'(2) = ¢(z)e™®
o ¢ 0 dar

0,6 = s _
a oxH ox'"  Oxt ox'
Now 2V = ghet™@
x/,uefa — ot
xH Ca
— = e
e
¥ = e

O = Oupe e ™ = (‘9,@6_20‘.
So, S = /d4a:',,2”' = /d4xe+4a(8u¢)(8ﬂ¢)6_4a = /d%.i”.
3. (a) We are given the relativistic theory;

1
&L =iVl (2)0,V — —VU. V¥
2m
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use the mode expansion

T d3p A~ DX
\I/(.CC) :/W ape p

to canonically quantize the theory and determine the Hamilto-

nian. (15 marks)

(b) Show that using positive and negative frequencies in the mode ex-

pansion

) d3p . ‘
V(r) = Qe PX gl otipx
() / (27)3/2(2E,) /2 (ép p )
does not satisfy the canonical commutation relations derived in part

(a) above.

(c¢) Find the Noether current (J° J). Show that J is the non rela-
tivistic probability current. What is the conserved charge for this

system? (10 marks)

Answer 3

(a) The canonical quantization machinery proceeds through the follow-
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ing logical steps.

0%

)= 30,0
15, () = i0'
)

=0

x
|

1
o, — 09, + —VUl. v
2m

1
il vA\ /2 I vA
2m

i|U(t,x), ¥i(ty)| = id®(x—y)

= |U(t,x), Uity = Px—y)

T dgp A —IDT
V= [ Gy e
d3

A D VS
VU = /(27T)3/2 (+ip)ape

A d3q )
T ~T _+igx
¥ = [ g e

T dgq iq-x
it = /(27?)3/2 (~iq)age™

H = /dgm%”

3z d3p d3

. . . . T —|—qu +ip-x

" = [ i) - (ripae e
d? d3 d3 :

— 5 / X p q . p)dildpe"_z(q_p)'x

m
d? ’
Since /(—xe“(q_p)'x = " Peraig®(p — q) ete.

27)3
~ 1 .
0= / &*p (p - q) (&L&peﬂw"’?‘*”é(g)(p — q))
m
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2
H={ d3p‘2pl&g&p is the desired QFT in the normal ordered form.
m

(b)

pd? : :

[\i!(t, x), Uit x)]

:/ (2m)3 e~ [, ag)
d3pd3q ip-x ,+1q-Y
_ —ip-x _+ig- 5(3) .
/ orp ¢ (p—aq)
3
— d’p e~ P (x=y)
(2m)?

I
(=%

) (x —y) as desired.

Suppose I incorporate +ve and —ve frequencies in the mode expan-

sion.

\il l \iﬁ t = dgpd?’q R ~t +ipx
( 7X)7 ( JX) — (27T)3(2Ep)1/2(2Eq)1/2 a/pe + ape ’

At oty oA gy
g€ + aqe

The only surviving terms in the commutator are:

= d3pd3q o gt e~ tigy AT A ] Fipx —igy
= (271‘)3(2)(Ep)1/2(Eq)1/2 [ap;aq]e e + [ap,aq}e e

— dpd’q 5(3)(p — q)e PTeTY 4 5(3)(p — q)etPreiTy
(2m)%(2) (Ep) ' (Eq)'/?

3
_ /L o P (x=y) _ pHip(x-y)
227,

Since p can take positive and negative values symmetrically, one

N\

/

can swap x <— ¥ in the second term yielding 0. Hence the desired

commutation relations are not fulfilled.
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(c)

1 .
L = iviv — —9, 05
2m

() = vl
wi(x) =0
. 1 .
My (z) = —=—0'W!
\I/(x) om
1 .
1 - Z\II
DU = iU
DU = ¢!
J' ! U 4 L BAAl
= - 11—
N '2m 2m
1 . .
Iy = — (00Ul — giutw
¥ o )

1
= —(UIVYy — VIiy
5 (VIVE = VUTD)
JY = iU(i0) = =0T, Jyo =400

Qne = /d3x Vahg

The total probability is conserved.
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