() FromEq. 11 J e
: - R=Nm=(9600X5) = 480X 0% =
hus, near 4= 546 ne and in Afth ordci', :a wavelength differ-

~ence given by (see Eq. 10)
L ' ”_):_-=. 546 nm
"R 480X 10

2 'cag}ﬁel fesolved.

AL ~ 0011 om

 SampleProblem4 A diffraction grating has 1.20 X 10* rulings -
-uniformly spaced overa width W=2.50cm.Itis illuminated at

ey

. normalincidence by yellow light from a sodium vapor lamp. :

- This light contains two closely spaced lines of wavelengths
589.00 and 589.59 nm. (a) At what angle does the first-order

 Section 474 . X-Ray Di:ﬂfactio& _ 993

From Eq. 11, the number of rulings needed to _achiéve this re-.

solving power (in first order) s
o pogog L
N=Eﬂ= ] f998.rp]?ngs. e
Since the grating has about 12 times as many miiﬁg:,s'és_thyi’s,:: it
can easily resolve the sodium doublet lines, as we have already
shown in part (c). i S

474 XRAY DIFFRACIION

X rays are electromagnetic radiation with wavelengths of

. maximum occur for the first of these wavelengths? (b)) What is

the angular separation between thesc two lines (in first order)?
() How close in wavelength can two lines’be (in first order) and

- still be resolved by this grating? (d) How many rulings can a

- grating have and just resolve the sodium doublet lines?

Solution' () The grating spacing d is given by
. wosoxinim e

The first-order maximum corresponds to 7 = | in Eq. 1. We

thus have

el '.} i tl'k5_89.00 ﬁm} . )
== Il )= il A s inibdbotinabenl O [ 2.
o ( d) & ( 2083 nm ) o

. (b) Here the dispersion of the grating comes into play. From
Eq. 9, the dispersionis "~ = e i

e M . Lo
“ T dcosd (2083 nm)cos 164°)
e - 5.01-% 10~* rad/nm.

From Eq. 7, th defining qquaﬁon for dispersion, we have
L b=phm o o e
. =(5.01X 10~* rad/nm}89.59 nm — 589.00mm)
. =295X10¢rd=00169" =1 Q2 arcmin.

AS fqné asthe Bmﬁl}sﬁpécinz_d relhains.ﬁxo_ti,'lhis result holds.

‘‘no matter how many lines there are in ;hp grating.

 (¢) Here :he resolving power of the grating comies into play. '

_F{'o'm Eq. 11, the resolving power-is

 R=Nm=(120X10%)=120X10% i
From Eq 10, the defining equation for resolving power, wehave

T Veion

s .'I_'tﬁs'g_mtingdm‘ easily rgis,blve the two sodium lines, whichhave .
* 3 wavelength separation of 0.59 nm. Note that this result de- -
- pends only on the number of grating rulings and is indepqndc_nt B

of d, the spacing between adjacent rulings.

" (d)From Eaq. 10, the defining equation for R, the gra'!in_g must 5

. havea resolving power of - _
‘ : ‘1_'_ 589 nm : .
R_ A 059mm o

the order of 0.1 nm (compared with 500 nm for a typical -

‘wavelength of visible light). Figure 12 shows how x rays

are produced when electrons from a heated filament Fare

" accelerated by a potential difference ¥ and strike a metal '

target. -

' For such small WEiirelcngtHs a standard optxcal diﬁ’raé- - .

4= 0.10 nm and = 3000 nm, for example, Eq. | shows

- tion grating, as normally employed, cannot be used. For

that the first-order maximum occurs at

e i (1X0.10.0m) o
o 8-—-51[11 (d ) - sm 1 ( e ]Q’I;;m) -

a=000190.

y

- “Thisistoo close to.thé central maximum to be practical. A

grating with d= 1 is desirable, but, because x-ray wave-

 lengths are about equal to atomic diameters, such gratings
.cannot be constructed mechanically.

‘In 1912 it occurred to physicist Max vmf.l‘Lau‘c;th'at a

: crystalline solid, consisting as it:does of a regular array of -
_ atoms, might form amatural inree-dimensional “diffrac- ~ +

tion grating” for x rays. Figure 13 shows that if a colli- . .
mated beam of x rays, coﬁtinuously'distﬁbﬁtcd in wave-

 length, is allowed to fall on a crystal, such as sodium

chloride, intense beams (corresponding to constructive

. interference from the many diffracting centers of which

0
e JF oA

o |

o Figure 12 X rays are ggnerated when e]_c'c_trb_ns from heated :
. filament'F, accelerated through a potential difference ¥, strke.

a meta! target T in the evacuated chamber C. Window Wis

transparent to x rays.
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: " Diffracted beams

r‘_ X-ray beam -

~ [(continuous in
wavelength)

Figure 13 A beam of x rays strikes a crystal C. Sirong dit
 fracted beams appear in certain directions, formmg a Laue :
pattern on the photographm ﬁ]m 5‘ ;

Figure 14 A Laur: x-ray, dlﬂ'ractlon pattem from a crystal of
sodlum chlonde el e L

the crystal is made up) appear in certain sharply deﬁned
directions. If these beams fallon a photographlc film, they

form an assembly of “Laue spots.” Figure 14, which ?‘

shows an actual example of these spots, demonstrates that

_ the hypothems of Laue is indeed correct. The atomic ar- L
. rangements m the crystal can. be deduced from a careful

- study of the posmons and intensities of the Laue spots in

~ much the same way that we might deduce the structure of
. an opncal grating (that is, the detailed profile of its slits) by
. diffracted x- ray beams that can emerge from a sodium

- chloride crystal (for a given x-ray wavelength and a given .

a study of the positions. and intensities of the lines in the

interference pattern. Other expeumental arrangements :
have supplanted the Laue techmque to a considerable
extent today, but the pi‘lIlClple remams unchanged (sce

Question 25).

Figure 15 shows héw sodlum and chlonne atoms -

: “(strictly, Na* and CI™ ions) are stacked to forma crystal of
sodium chloride. This pattem, ‘which has ‘cubic sym-

" metry, is one of the many possible atomic arrangcmcnts, .
i exh1bited by sohds The modei reprcsents the umt cell for L

{.au'ejspi;'(s' s
ey

./'5'

.e,'

Figure 15 A model ofa sodxum chlonde crystal, shomng
how the sodmm jons Na* (small spheres) and chioride ions ¢

el (largc splgeres) are stacked i in lhe umt cell whose edgc ao
has thc !ength 0 563 nm.

sodium chloride. This is the smallest unit from which the

* crystal may be built up by repetition in three dimensions.

. You should verify that no smaller assembly of atoms pos- -_
“sesses this property. For sodium chloride the length agofl -
) the cube edge of the unit cell is 0.563 nm.

- Each unit celli in sodium chloride has four sodium i ions .

. - four chlorine ions associated with it. In Fig. 15 the

- sodium ion in the cempr belongs entm&ly to the cell

" shown. Each of the other twelve sodium ions shown 18

shared with three adjaocnt unit cells so that each contrib- -
utes one- fourth of an ionto the cell under: cons:deratton
The total number of sodmm ions is.then | +§(12)=4. -
-By similar reasoning you can show that although there are *
fourtcen chlorine ions in Fig. IS only four are assomated .
“with the unit cell shown.

. The unit cell is the l‘undamental repeutwc dlffractmg
unit in the crystal, correspondmg to the slit (and its adja-

~_cent opaque strip) in the optical diffraction gratrng of

- Fig 1. Flgure 16a shows a partictilar plane in a sodium :

_chloride crystal. If each unit cell intersected by this plane
- isrepresented by a small cube, Fig. 164 results; You may.

imagine each of these ﬁgures extended mdeﬁmteiy m o
 three dimensions. = '

- Let us treat each Sl cube in th 165 as an e!cmenm'
tary dlﬁ"ractmg center, com:spondmg to aslitin an optical

grating.. The directions (but not the mts:nszues) of all the.

orientation of the incident beam) are determined by the
geometry of this three-dnmensnonal lattice of diffracting
. centers. In exactly the same way the directions(but notthe
_intensities) of all the diffracted beams that can emerge
- from a particular optical grating (for a given wavelength
-and orientation of the incident beam). are determined
only by the geometry of the grating, that is, by the grating
spacmg o Representmg the umt cel! by what is essentla]ly -
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 Figure 16 (a) ﬁ_plane'th:ough"a'crystal of NaCl, showing the

~ Naand Cl ions. (b) The corresponding unit cells in this sec-
. tion. Each celi is represented by a small black square. .

ke
.0 0102030405

{a)
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‘a péint, as m Fig. 165, cbrresbond_s to reﬁrgéeﬁting the slits -
" inadiffraction grating by lines, aswe did in discussing the .

double-slit experiment in Section 45-1.

 The intensities of the lines from an optical diffraction
- gratingdepend on the diffracting characteristicsof asingle
_ slit, determined in particular by the slit width a; see, for
 example, Fig, 2 for a set of slits. The characteristics of
~actual optical gratings are determined by the profile of the
_grating rulings. . - o o

‘In exactly the same way the intensities of the diffracted

~ beams emerging from a crystal depend on the diffracting
' characteristics of the unit cell. Fundamentally, the x rays -

are diffracted. by electrons, diffraction by nuclei being
negligible in most cases. Thus the diffracting characteris-
tics of a unit cell depend on how the electrons are distrib- .

. uted throughout the volume of the cell. By studying the
directionsof diffracted x-ray beams, we can learn the basic
- symmetry of the crystal. By studying the intensities we
" _can learn how the electrons are distributed in a unit cell..
Figure 17 shows an example of this technique. :

Bragg’s Law o -
Brage’s law p;jédic;s' the g:tmdit_ieﬁs' under ;evhich‘ dif-
" fracted x-ray beams from a crystal are possible. T deriv-

ing it, we ignore the structure of the unit cell, which is
related only to the intensities of these beams. The dashed -

 slopinglinesin Fig. 18arepresent the intersection with the

L
Pl

Figure 17 (a)-Electron density contours for phthalocyaning (Cs,H sNy) determined from’
the intensity distribution of scattered x rays. The dashed curves represent a density of one
electron per 0.01 nm?, and each adjacent curve represents an increase’of one g:le-zirén per.
0.01 nm? () A structural representation of the molecule. Note that the greatest electron .
© " density occurs in (a) near the N atoms, which have the largest number of electrons (7).
" Note also that the H atoms, which contain only a single electron, are not promifentin (a). .
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N4 N\ \ Diffracted
. : wave

: Figure 18 (a) A section through the NaCI Iatt}oe of Fig. 16.
The dashed lines represent:an arbitrary set of paral!el planes
. connecting unit cells. The interplanar spacing is 4. () An in-

‘cident beam falls on a set of planes: A strang dtﬂ'mcted bcam . :
will be observed 1!’ Bragg?s law i is satisfied. o S

: i)!ane of the figure of an arbitfaf& set of plé,ne's 'pa?.sing

. through the elementary diffracting centers.. The perpen

dicular distance between ad_!acent planesisd. Many other
. 'such families of planes; with dtfferent m:erpa‘arzar spac- ;

“ings, can be defined.
Figure 185 shows an incident wave stnkmg the famal‘y

of planes, the incident rays makmg an angle @ with. the .

plane.® For a single plane, mirror-like “reflection” occurs
for any value of 6. To have a constructive interference in
the beam difiracted from the entire family of planes i in the
direction 8, the rays from the,separate planes must rein-
force each other. This means that the path difference for

e

* In x-ray diffraction it is customary to specify the direction of a
wave by gwmg ‘the angle between the ray and the p]anc (the

© " glancing ang[e} rather lhan the ang!c bctwecn thc 12y and the -

normal

o

. Equation 12 gives.

mys Trom adjarent planes (abc in F:g 18b) must be an _i‘

: lnteglat number of wavelengths or

ddsinf=md  m=1,23, .. .. '(12’)""”‘

“This relation is called Bragg’s faw after W, L Braggwho'
first derived it. The quantity din this equation (the inter-
-~ planar Spacmg) is the perpendicular dlstance between the e
plarges For the planes of Fig. 18a we see that dis re]atcd? B
_to the unit cell d:menswn ao by ’ Ny

d'= (13} o

Lo

'iﬁaié‘

- Ifan mc1dem monochroma.tc x-ray beam l'alls at an
arbltrary angle dona part:cular set of atomic planes, a

diffracted beam will no! result because Eq. 12 will not, in ;
general, be satisfied. If the incident x rays are ::'ammuom b

i wavelength d1ﬁmctcd beams will msult when wave"
lengihs gwen by : o
L stmﬁ . .—l23

m .

are prescnt in the incident beam (s.ee Eq. 12): o
X-ray d:ﬂ‘racnon is a powerful tool for studying both
x-ray speciraand the arrangement ofatomsin crystals. To'

- study the spectrum of an x-ray source, a particular set of e
* crystal planes, having a known spacing d, is chosen. Dif

fraction from these planes locates different wayelengths at
d:ﬁ'erem angles. A detector that can discriminate one

. angle from another can be used to determine the wave- -

< Iength of radiation reaching it. On the other hand, wecan

. study the crystal itself, using a monochromatic x-ray’

~ beam to determine not only the spacings of various crystal
planes but also the structure of the unit cell. The DNA

molecule and many other equally complex stru(:tures i

have been mapped by X-ray d1ﬂ“ract10n methods :

Sample Problem 5 At what angles must an x-ray beam with
A=0.110.nm fall on the famﬂyof‘planes represented in Fig. 18 &
_ifadiffracted beam is to exist? Assurne the matenal 10 be sod:um
chionde (ap=0. 563 mn) ; :

’ S ;
Solunon The mzerplanar spacmg d‘ for these planes is g.wen by i
Eq. 13, of

d=-2= 0563 nm _ b 252 nm.’

T

s

Lo Vo (m}0.110 nm)
e '('2?) - ((2)(0252 nm)) :

: Dlﬂ”ractedbeamsarc possnble forﬂf-' 12.6% (m= 1) 8==259° ey
m=2), 8=409° (m==3). and = 609" (muat} Higher

order beams cannot exist because’ ‘hey require that sin > 1, ‘

Actually, the upit cell in cubic crystals such as NaCl hassym- -
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- metry properties that require the intensity of diffracted x-ray forenot possible to use a photographic negative to reconstructa
‘beams correspending to odd values of m 1o be zeéro. (See Prob- _threé-'di'rr_l_enéioha] e S ]

lem 42.) Thus the only beams that are expected.are #=25.9°+ - One exception to this restriction occurs in the case of xray.
(m=2)and8=0609°"(m=4).. = ' ol s . diffractionfroma crystal, Becausé of the regular spacing of the
| — — e ‘. atomsofacrystal, we can easily deduce th_e-'re[ativephasesdﬂhe :
. s : iy _diﬂ'raciéd_w_avé‘s‘ reach@pg‘thiﬁlm from different atoms. This'
e AR T 7 possibility wasrealized by W. . Bragg, who illuminated aphoto-
47'5 HOLQGRAPHY (Qg‘.’_m"“‘)‘,; - graphic negative of an x-ray diffraction pattern and so recon-
The light emittod by an object contains the complete informa- ~ Structed e image of a crystal. In this “double diffaction”
_ tion on the size and shape of the object. We can considerthat - miethod, diffraction .(-)f radiation from a diffraction pattern gives -
information {o/be stared in the wavefrapts of the light from the” |+ 1magc of the original object. For abjects whose atoms are not
: : 5 : ; arranged in such a periodic array, this simple method of imdge

 object, specifically in the variation of intensity and phase of the  ATETEEE 0,
. .. electromagnetic fields. If w€ could record this information, we reconstructiondoes ot work.. - . : _
it : ‘ e e - A scheme fot recording the intensity and phase of the waves

+ could reproduce a complete three-dimensional imageoftheob- 7 O B o :
: : = - {rom objects was developed in | 948 by Dennis Gabor, who was,

~ awarded the 1971 Nobel Prize in physics for this discovery. This
e _ ‘ e type of image formation is called holography, from the Greek -
o e ~ words meaning “ehtire pictore,” and the image is called:a holo-
: . e = oeram The procedure is illustrated in Fig. 19. A wave diffracted
_ from ar. object interfergs on the photographic film with 2 refer-
. encewave, Theinterference between the two waves serves as the
* means for storing on the film information on the phase of the
*wave from the object. When the photographic image is viewed -
" using light identical with the reference beam, a three-dimen- -
_sional virtual image of the original object is reconstructed (Fig.
*20). A second image (a real image), not shown in Fig. 20;isalso. o

ct. However, photographic films record only the intensity vari-
s ations; the films are not sensitive to phase variations, It is there-

* lncident light -

I y

il
&

o " produced by the hologram. = - : :
. / = Because the film is illuminated uaiformly by the diffracted 1
. - i ;(/—-” o light from the object and the reference beam, every piece of the
- i / Pl ~film contains the information necessary {0 reproduce the three-
; e i dimensional image. The hologram itself{Fig. 21) shows only the

—_— _interference fringes; in general, it is necessary to use a suitable

i S 5 Photomephic 1 monochromatic and coherent beam to reconstruct the imags.

-Figure 19  Apparatus for producing holograms. A bﬁnion of For this"rgason,actife deve_!ppmenl of h‘olography didnot occur
the beam from a source of coherent light (a Jaser, for instanice) ~ untiltheearly |l 960, when lasers became commonly available.

_ illuminates an object. The light diffracted by the object-ihter-- . Some holograms can be viewed in white light. Whitelight
feres on the filin with a portion of the original heam which® holograms use @ thick photographic emulsion, in which lightis
‘ servesasthereference. et e reflected by successive layers of grains in the fiim. Constructive
: . : interference oceursin the reflected light for the wavelengthofthe
 original ‘eference beam, and destructive interference occurs for

“Reconstruction

" beam . .f; - o :' =
R e oy
e i )Er/_,_/:Ho!p amii e
~ Figure 20 To view a hologram, it s illuminated with fight . = i e ‘ T
: fdentngal 10;_the reference beam. A 1hree-dimcnsi'orial‘viﬂnal-' T "i‘- Figure 21 A close-up view of atllolcjgm'm,.showihg the inter-i
_'lmﬂsecﬂﬂ_bemn,:attﬁe.locaﬁon of the original object. ference pattern. =~ L

o . -

'\:-'\.

N

G
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E‘ngure 21 'I‘wo d:ﬁ'erent views of the same halogram talcen from dxiferent dlrecnons Note '

lhc n:lauve movement of thc Dbjects in the lmages

Flgure 23 A hologmphlc tmerference pattem ofa top Vlo]m plate. wbratmg at dxﬁ'erent fre-

i quenmes. The frcqucncxes (m Hzc) arc showrt above the plates

s

 shows two different views of the same hologram, illusteating the

para!!ax effect of: wewmg 1hc holog;ram fram two dlﬂ"erent dlrcc- -
: . '-]engihs will show constructivc interference, while parts of the

_ objectthat maved by a half-integral numberofwavelengths (4/2,
3R

'cxample of the use ol‘ this techmquc, callecl holagraphzc mterfcrn |
; ometry L [ : L

other waveicngths By usmg rc[‘erence beams of several dlﬂ"erent .

colors, a ‘full-color image can be produced *

The hologram reconsiructs a true thrce-d:mensmna] unagc,
for example, nearby OijCTS appear “in front of ? more distani -
ob)ccts and by moving your head from side to side you can
change the relative spa‘nal oncnmtlon of the objects. Figre 22

‘tions.
Hnlograms have a vanety ofapplacaﬁons in baSIL. and apphed

i See“Whne—Ltght Holograms,"byEmmettN,Leath Sc:em:ﬁc e

4

Amer.rcan October 1976 p 80.

s

o B 7
science. For example, in producing holograms the object must.
be kept absolutely still while the film is exposed; any small move-

. ment would change the relative phase between the diffracted and
"jreference beams and theneby change the mte:fercnce pauem" !
‘stored on thc ﬁlm Ifa hoiogam is made by supenmpos:ng on

;;‘the film two successive exposures of a vibrating object, suchas

- the top or bottom plate of a violin, locatiens on the object that -

moved between the exposures by an integral number of wave-

) will show destructive interference. Figure 23 showsan .

QUESTIONS

l stcuss this statemtnt “A dlff‘mcuon graxmg can Just as
wdl be called an mtcrferencc grating”

. 2. How would the spectrum’ of an encloséd source that is

formed by a dlﬁ‘racbon grating ona screen chdnge [:f atall)’

when the source, graung, and §creen are all wbmerged in _‘ i

~ water?
3 (a) For what kmd of waves could a long plcket fencr: be

: ‘consndcmd a usefu! graung"‘ (b) Can you make a dlﬂ'racnon
grating out of parallei rows of fine wire slnmg closely to-
. gether? . s
4. Could you construct a daﬂ"ractlon grating for’ sound'? Ifso,
. what grauug Spacmg is suitable for a wavelength of 0.5 m?
5 A crossed dlfﬁ’actlon grating is ruled in two directions, at
right anigles to each other. Predict the pattern of light inten-



.

" near a certain angle. Hew could you dzstmgmsh between

R e s

there any pfacucaj value to such a gmtmg"

. Suppose that, instead of a siit, asmall circular apenurc were
-placed in the focal plane of the collimating lens in the tele
. scope of a spectrometer. Wnat would be seen when the tele-
. scopeis ;!iummatqéby sodium hght’? Why thz;x doweusu-

- ally call spectm line Spectra" i o
in a gmtmg spectmmph several hnes havmg diﬁ‘arent e

wavclcngxhs and formed in different orders might appear

“% theirorders?

10.

-

1,

. You are gwen a photograph of a spectrum on whzch the

anguiar posﬁmns and the. wzvelengths of the spectrum lines

are marked. [a) How can you tell whether the spog:tmm was-
. taken with a prism or a §mu'ng instrument? (&) What infor-
* mation could you gather about é;ther the pnsm or the graz -

mg from. studymg sucha spectpem?

LA glass pnsm can farm % spectrum Explain how, How e

manv “orders” of | specua will a prism produce?

For the simple spcctroscnpc of F:g 8 show (a2} that 0 in- .
. creases with A fora granng and (b) that6 dccreases with A for

apnsm e da i
Accordmg 10 Eq. 6 the pnnctpal m:mma be':ome wsdcr

~ (thatis, 68 increases) the higher the order m (that is, the -
. larger Bbecomcs) Accerding to Eq. 11 the resclving power
* - becomes greater the h:g,her the order . Expla:n this appac- |

ent paradox.

-Explam in your 6wn words why mcrca:.mg {he num‘f)ef of

slits N in a diffraction grating sharpens the maxima. Why

does decreasmg the wavelength do so? Why dgesmcreasmg -

~ the grating spacing d do 507"

f 1y

‘How much information can you discovef about the struc.»"
~ ture of a diffraction grating by analyzing | the. ‘spectrum it
- formsofa monoohromatlchgh! sourcc‘?LetA 589 nm, for

‘example. = -

14,

sy

4 _15;:

: they become resolved if the humber of rulings is increased. -
. Formulas aside, is the cxplananon of thisthat: (g) more light
- can gei thmugh the g.ratmg'? (b) the pnncnpal manma be- 7

Assume that the limits of the vmble spemrum are 430 and

680 nm. How would you design a grating, assuming that the :
' incident light falls normally on it, such that the first-order. .~

spectrum barely overlaps the. second-order spccwm'?

sxty on the screen if hghl is ﬂem 1hrough s.uch a granng 5o

o : i Quést.g'&ns 999

 come mcvc intense and hence rasoivable'? (c) the dlffracuon ;

- pattern is spread more and hénce the wavelengths become :
_,resuived‘? {d) there is a large number of orders? or (e) the x

o principal maxima become narrower and hence remlvahie"

T

The relation R = Nri suggests that the rmknng poverofa .

- givengratingcan be made as Jarge as desired by choosingan
~ arbitrarily high order of dxﬂ”racuon Discuss this possibility.

13.

“19.

Show that atagiven wavelenglh anda gven angle ofdiffrac-.
tion the resolvmg power of a g,ralmg depends on!y on its. o

width W(— hd} e %

How would you exﬁenmenmﬂy measure (a} the d.rspem@n‘

- D and (b) the resolving power R of a grating spectrograph?

21

i For a given famdy of planesina crysta] can the wavelength
“of incident X rays be (a) too iargc or (b) too small to. form 1

dlﬁ'mcied beam?
Ifa parallel beam oE‘ xrays of wavelength dis allowcd to i‘ail 7

. onarandomly oriented erysial of any material, gcnera.liy no.

intense dlffraried beams will OCCi,lI' Such beams appear if e

' .(r.t) the x-ray beam consists of a continuous distribution of

wavelengths rathef than a single wavelength or (5) the speci-+

-men is not a single crysml but a ﬁnely dmded powdcr
: Exp!am each case, ;
.-;:Does an x-ray beam under;,o ref fraction as az enters and
leaves a crystai? ‘Explain your answr :
i Why cannof a simple cube ofeclge aﬂjl in Flg, 15 be usx:das

3 unit cell for sodium cnlor;dg"‘

. In some respects Bragg reflection di ﬁers from plane graung

diffiaction. Of the foilowing statements, which one is true -
for Bragg rcﬂectton but not true for grating diffraction?

: _(a) Two dtkferentwaveieng;hs maybe superposed (M Radia-

tion of a given wave!ength may be sent in more than one '
d;rectwﬁ {¢) Long waves are dqvxated more -than shori

waves, (d) There is only one rating spacing. (¢) Diffraction . -
_ maxima of a given waveiength oocur only for pamcular
‘angles ofmmderzoe

1 ’

{a) Why does a diffraction grating have closely spaced mul- o

ings? (&) Why does it have a large | numbc{ of rulings? -

Two light béams of nea.r!y Bqua.l wavclengtm are 1nc1dent on

a grating of ¥ rulings and are not quite resolvable, However,

: Uehye Scherrer

In Fig. 24a we show schemancally the Debye Scherrer ex-

_perimental arrangement and in Fig. 24b a corresponding

x-ray diffraction pattern, {a) Keeping in mind thatthe Laye

_ method nses alarge singleerystal and dn x-ray beam contin-

ususly d1s€nbutcd in wavelength, explain the origin of the

spots in Fig. 14. (Hint ‘Each spot corresponds.to the direc-

- tion of scattering from a family of planes.) (b) Keeping irt

mind that the Debye - Scherrer method uses # large number: -

. of siallsingle crystals randomly oriented and a monochro-
: manc beam of x n\'ays, cxplam the Ongm of the rings. (Hint:
. Because the small crystals are randomly orxented alt possl-
‘ble angles of incidence are obtamed o
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PROBLEMS

Secrwn 47-1 Mulriple S.!m - ’3 o _
LA dlffracuon grating 21.5 mm wude has 6140 rulings.

(2) Calculate the distance @ between adjacent milings.

* () At what angles will ma.x;mum—mtenmty beams ocouf if
the incident radiation has a wavelength of 589 nm?

£ _:'2. A diffraction | grating 2. 86 cm wide pmduces a dmauon of .

'33.2% in the second order with light of waveiqngth 612 nm.

Fmd the total number of rulmgs on the grating. | .

ik With light froma gaseousmscha.rgc tube incident normally -

.on a grating wnh a distance 1.73 pum between: 3djaccnt

. slit centers, a green line appears with sharp. maxima at

measured transmission angles 0= £ 17.6%, 37.3°. —=37.1°,

65.2°, and — 650“'Computeﬂxewave|énsth Oﬁhﬁwﬂ_ 0

line that best fits the data

o 4. A narrow beam of mouochromauc hght smke.s a gmtmg a&

- normal incidence and produces sharp mmmaat the follow-

~ ing angles: from the _normal: 67 407, L 130307
35° 40°. No other maxima appear at. any angle between 0°

. and 35° 407. The separation between adjacentruhngccntc}’s
inthe gratmg 18 5040 nm. Find the wavelength oﬁ:gm used.

: S, Light of wavelcngth 600 nm is incident normally on adifs

. [raction grating. Two adjacent principal maxima oocur at
sin @ =0.20 and sin = 0.30. ‘The fourth order is missing.

@ (a) What is the scparanon between adjacent shits? (5) Whatis .

“the smallest possible individual slit width? () Name all

nved in (a) and ().

6. Adlﬂi'acnongraung is made upofshtsofmdlh 310nmwtth -

. a930-nm separation between centers. The grating is  illumi=

nated by monochromatic plane waves, A =615 nm, the :
angle of incidence being zero. (a) How many diffraction’

20020, .

maxima are there? (b) Find the width of the specu'aj lines

 observed in first order if the ‘grating has 1120 slits, -

7. Derive this cxpressnon for lhc mtensnty patt,cm for a l!u'ce~

i 'Sllt“granﬂg '
! J,Jm(! +4cos¢+4coszq':)
-where_- ;
9 dsz 9
- ¢= ..f..._i,“__

| Assume that a < i and be guided by the denvauon of the
. corresponding double-slit forrauia {Eq. 17 of Chapter 46)
iig

&

‘the fringes for a three-sht dsﬂ'raction pattern, assuming ¢

-_smallenoughsothat sm 9~3 is.
: AE m !

; {b) Compare this w:th the expression; denved forthe two-sht

mlncmased : '

. “grating” has only one secondary maxlmum F‘nd (b) lts
: ,_locauon and () its relatwe mtenslty i

pattern in Problem 25, Chapter 45 and show that these
resuits support the conclusion that for a fixed slit pacing the
3 -m{erfcrcnoc maxima become sharper as &he numbcr of shts

(a) Using the result of Problem 7, show that the halfwidthof

. (a) Usmg thc resull of Problcm 7, shaw that a, thrw-sht_ e

b

10 A threo-sllt grating has scparaﬂon dbctween adjaccnt shts
" If the middle’ slit i covered up, w:ll the halfwidth of the

. intensity maxima becom: broadcr or NATTOWer andby what

- factm"’&oc Problem 8

11. A diffraction grating has a large number N ol' shts &ach of.

width a. Let I

. maximum, andlet 1, denote the intensity of the kth adjacent

. ‘secondary maxtmum (@) If k < N, show I‘rom the phasor

.diagram . that, approxlmau:ly, T/ = R+ 1PR%

- {Compare this with the single-slit. fonnula } {b) For those

. secondary maxima that lie roughly midway between two
- adjacent principal maxima, show that roughly I/l .,

1N (c) Consider the ‘central - principal maximum and

, denote the intensity at some principal

~ that this part of the diffraction pattern quam:tanvely resem-
_btes that for one smgze slit of width ' Na =

.Sut:oa ¢ 7=2 Drﬂ'mctmu Gratmgs o

12 A dsﬂ"ramon ga'atmg has 200, ru]mgs/mm and a p"mctpal
maximum is nowd at 6= 28", (g) What are the possible

wavelengths ef the =nc:dentv;sxb!c lsght"(b) What colorsarc e

they?

- = 13. A grating: has 355 mimgsjmm For what wavclengths in thel

- visible spectrum can ﬁﬁb—order dlfﬂactwn be obscrvcd'?

- 14. Show that in a granng‘wnh alternately 1ranspu.rent and

orders actually appeanng on the screen mth the vaiucs du~ .. . opaque strips of equal width, al! Ehe even ordsm (except s

it =0) are ‘absent,

~ 15. Given a grating with 400 ru]mgs/mm how many orders of -,

. the entire visible spectrum (400700 nm)can be prodr_ccd'?

1_6 Assume that light is :nmdenl on a grating at an angle p.as | S

_shown in F:g 25 Show mat Lhc condition for a dlﬁ”racbon
‘-imaxlmum s : o : ;

“d{smw+sm8)=*m). " --mf‘—"f)'i z'

; e Only the spcciai case =0 has been trcated in this chapter
2 :{oompare wnh Eq l) s : ;

'l?‘igua';e. 25 Frobiem 16,

17. A transm:ss:on graung wnh d=1. SO,um is 1llummated at
wvarious angles of incidence. by hght of wavclcngth 600 nm.
' Plot asa function of angle of inciderice (010 90° ) the anguiar

. deviation of the first-order dxﬂ'racted beam from the ingi-
o r.iem dlrecuon. See Prqblcm lﬁ :

those ad;accnt mandary maxima for which & <« N Show :

1



chéisen as 430 and 680 nm. Calculate the number of rulings

ﬂn-m]gh an mﬂ-“_‘.""'ﬁn&@ofm-ﬁ"a il ' :
9, Whitelight (400 n < 1< 700 nn) s incident on a grating. .
 Show that, 1o matter what the value of the grating spacing &,

screen, its inner edge being 50 mm ffﬁmﬁ*““m maxi-

. through the hole? -

Suction ¢7-3 Dispersion asd Resobving Powsr
‘2'1,'Thc“séc.liumdoubiei”inthespm&nmdfﬁdium-isapairoi

“this doublet in the second-order spectrum.

- recolved in the third order atd= 481_mi?__’(!5.) How many

. higher orders can be seen? |

cam resolve these lines in the first order. = -
. ing have to resolve the wavelengths 415,496 nm and

~ maxima found? -

 of the grating. - - i
'_16.'Show _th:_lt-the qi;pmﬁ('m of a grating can be written
: b T

. _powclf.ia,t_.hesa.'mddrs? Hi

28, Light containing a mixture of two wawlength’s, 500 amand

9

. 600 nm, is incident norm

cach wavelength appear at 6= 30% (2) that the dispersion
 be as high as possible, and (3) that the third order for 600 nm

e & missing order. (a) What should be the separation be-
 tween adjacent slits? (b) What is the smallest. possible in-. -

dividual slit width? (¢) Name all- orders for 600 nm that

- actually appear on the scroen with the values derived in - .

o @asdy Gl
29, A diffraction grating has a resolving power R=1/Ak=

' Nm. (o) Show that the corresponding frequency range
Ay that can just be resolved is given by Av =cfNmi.

8

pée anm of a grating that will spread the frst-order spectrum.
. Section 47-4 X-Rey Diffraction

A grating has 350 rulings/mm sod is illuminsted at normal
incidence by white light. A spectrumi is formed on a screen -
30 ¢ from the grating. Ifa 10-mm square hole jstutinthe L i e
‘ } ) " 33 "A beam of x rays of wavelength 29.3 pn is incident on 2.

mum and parallel to it, what range of wavelengths passes

. lines with wavelongths 589.0 and 589.6 nm. Calcuiste the -
" minimum number of rulings in a grating needed to resolve

22, A grating has 620 rulings/mm sad is 5.05 mm wide,
 (a) What is the smailest wavelength intérval that canbe

193, A source containing a mixture of hydrogen and denteritm
atoms emits light containing two closely spaced red coforsat
2= 656.3 nm whose separation is 0. 180 nm. Find the mini
mum nuraber of rulings needed in adiffraction grating that

Intensity. - -

., 24. (a) How many rulings musta4.| 5-cm-wide diffraction grat- L
. 415487 nm in the second order? (5} At what angle aze the '

25..1n a particular grating the sodiium doublet (see Problem ay
*js viewed in third order at 10.2° to the normal and isbarely

 resolved. Find (a) the ruling spacing and (b) the total width

. Figwe26 Problem3}.
e 34 Tn comparing the wévelengths oft'wd monochromatic x-ray

27, A grating has 40,000 rulings spread over 76 mm. () What .
i its expected dispersion D in °/nm for sodium light (A="
/589 nm) in the first three orders? (b} What is its resolving -

00 n : aliy on a diffraction grating. ftis
desired (1) that the first and second principal maxima for

S e 1001

'Asarﬁe'ﬂwgﬁxpiimitsoﬁilé'ﬁiiblespmmmafeamiuﬁﬁlﬁ‘ - {p) From Fig. 1, show that the “times of flight” of the

. two extreme rays differ by anamount At =(Nd/c) sin 8.
() Show that (AvY{A1) = 1, this relation being i;idcpendent
of the various grating paramelers. Assume N > ll,l_' o

30, X rays of wavelength 0.122 nm are found toreflectinthe
" second order from the face of a lithium fluoride crystalata .

Brags angle of 28.1°, Calculate the distance between adja- -
cent crystal planes. e e
" calcite crystal of lattice spacing 0.313 nm. Find the smallest
angle between the crystal planes and the beam that will -
result in constructive reflection of the X rays. :

32, Monochromatic high-cnergy X raysare incidentonacrystal.

If first-ovder reflection is observed at Bragg angle 3.40°,at

what angle would second-order reflection be expected?

. 33. Anx-ray ‘heam, containing radiation of two distinct wave- .

~ lengths, is scattered from a crystal, yielding the intensity .
~ spectrum shown in Fig. 26,_Thc'-imﬁpianarj$pacin'gof the

s the x rays present in the beam.

' scattering planes is 0.94 nm. Determine the wavelengths of

'd SRE A ll- R ——]-
50204 0.6 08 10°1.2 14 1:6 18 20°22 24 26 28 3°
: - "Diﬂradi'ronangle C e :

- lines, it is noted that line A gives a first-order refiection
" maximum at a glancing angle of 23.2° to the faceof acrys-
" tal. Line B, known to have a wavelength of 96.7 pm, givesa '
third-oeder reflection maximum at an apgle of 58.0° from
" the same face of the same crystal. (a) Calciulate the inter-
- planar spacing. {5} Find the wavelength of line 4.~
'35, Monochromalic x Tays are incident on aset of NaClerystal- -

~ planes whose interplanar spacing i§ 39.8 pm. When the = .
beam is rotated 51.3° from the normal, firstrondet Bragg

 reflection is observed, Find the wavelength of the z rays.

 36. Show that, in Bragg diffraction by a monochromatic beam.

 of x rays, nointense maxima will be obtained if the wave-
- length of the % rays is greater than twice the largest-crystal

. plane separation, See Question 20.- S

37. Prove that it is not possible to determine both wavelength of

- radiation and spacing of ‘Bragg reflecting plancs in a crystal
" by measuring the angles for Bragg reflection in several
38, Assume that the incident x-ray beam in Fig, 27 is not mono-
chromatic but contains wavelengths in a band from 95.0t0
139 pm. Will diffracted beams, associated with the plangs



' '§h0Wn;_ occur? If so, wli}u wavelengths are diffracted? As

9.

e
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Incident
L beam
cirection,

Figure 27 Problems 38 and 40,

1.sﬂr_ned=275-i)m. T _
First-order Brégg'écaue;‘in'g? from a certain crystal occurs at

an angle of incidence of 63.8°; see Fig. 28 The wavelength

- of the x rays is 0,261 nm. Assuming that the scattering is
from the dashed planes shown, find the unit cell siFed,. =
- Monochromatic x rays\(4 = 0.125 nm) fall on 2 crystal of
sodium chloride; makinig an arigle of 42:2° with the refer- -
ence line shown in Fig. 27. The planes shown are those of *
Fig. 184, for which d = 0.252 nm. Through what angles P
- must the crystal be turned 1o give a diffracted beam asso-
ciated with the planies shown? Assume that the crystal is  ©
turned about ah axis that is perpendicular to the plane ofthe -

Consider an infinite two-dimensional square Iattice as in

L)

i

£

L

Figure 28 Problem 39.

a

Fig, 16b. One interplanar spacing is obviously a, itgé[f.

(a) Calculate the next five smaller interplanar spacings by

sketching figures similar to Fig. 184. (b) Show thatthe gen-

- eral formulais’

."d_% aof.~/?zz +—"“““k2’ Sl

4whérc{k and Kare both reléti'vc_tly pri':r‘;ﬁ-iniég'ers‘t.hét have r_:[o .

- common factors other than unity.

42

InSample Problem 5 the 7 = 1 bedm, permitted by interfer-
ence considerations, has zero intensity because of the dif-

- fracting properties of the unit cell for this geometryof beams |

and crystal. Prove this. {Hint: Show that the “reflection”
from an atomic plane through the top of a layer of unit cells

is canceled bya “reflection” from a plane through the mid-
 dle of this layer of cells. All odd-order beams prove to have

 zero intensity.)

S



	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

