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Matrix Treatment of Polarization

‘The polarization of an electromagnetic wave was introduced in Chapter 4.

There we noted that the direction of the electric field vector E is known as the

polarization of the electromagnetic wave. In this and the following chapter

'we extend our discussion of the properties and production of polarized light.

' As we noted in Chapter 4, the electric field associated with a plane mono-

chromatic electromagnetic wave is perpendicular to the direction of the prop-
agation of the energy carried by the wave. The same can be said of the magnetic
field vector, which also maintains an orientation perpendicular to the electric
' field vector such that the direction of E x B is everywhere the direction of
wave propagation. In general, plane monochromatic waves are elliptically po-
' larized, in the sense that, over time, the tip of the electric field vector in a
' given plane perpendicular to the direction of energy propagation traces out
 an ellipse. Special cases of electromagnetic waves with elliptical polarization
include linearly polarized waves in which the electric field vector always 0s-
ciliates back and forth along a given direction in space and circularly polar-
ized waves in which, over time, the tip of the electric field vector traces out a
circle. These special cases are shown in Figure 4-12 and are worth reviewing.
. Monochromatic plane waves are idealized models of the electromagnetic
waves produced by, for example, laser sources or a distant single-dipole oscil-
lator. Any electromagnetic wave can be regarded as a superposition of plane
electromagnetic waves with various frequencies, amplitudes, phases, and po-
larizations. “Ordinary” light, such as that produced by a hot filament, is typi-
cally produced by a number of independent atomic sources whose radiation is
not synchronized. The resultant E-field vector consists of many components
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350 Chapter 14 Matrix Treatment of Polarization

Propagation
direction

Z

Figure 14-1 Representation of the instan-
taneous E-vector of a light wave traveling
in the +z-direction.

- vectors to represent light in various modes of polarization. Then we examine |

whose amplitudes, frequencies, polarizations, and phases differ. If the polariza-*
tions of the individual fields produced by the independent oscillators are ran-
domly distributed in direction, the field is said to be randomly polarized o
simply unpolarized. If an electromagnetic field consists of the superposition of
fields with many different polarizations of which one is (or several are) pre- i
dominant the field is said to be partially polarized. ]
The possibility of polarizing light is essentially related to its transveise
character. If light were a longitudinal wave, the production of polarized light 5
in the ways to be described would simply not be possibie. Thus, the polariza-|
tion of light constitutes experimental proof of its transverse character. In this®
chapter, we introduce a convenient matrix description of polarization devel-|
oped by R. Clark Jones.! First we develop two-element column matrices or |

the physical elements that produce polarized light and discover correspond-
ing 2 X 2 matrices that function as mathematical operators on the Jones vec-:
tors. In Chapter 15, we examine in more detail the physical processes that arel
responsible for producing polarized light.

14-1 MATHEMATICAL REPRESENTATION
OF POLARIZED LIGHT: JONES
VECTORS -

Consider an electromagnetic wave propagating along the z-direction of the ‘
coordinate system shown is Figure 14-1. Let the electric field of this wave, at"
the origin of the axis system, be represented, at a given time, by the vector E
shown. Then, in terms of the unit vectors xand y, ]

|

E=Ex+EJ (14-1)

We write the complex field components for waves traveling in the +z-direction |
with amplitudes E, and Ey, and phases ¢, and ¢, as 4
Ex L EOxei(kZ-‘wt-}'qu} (14_2) ‘

I

and

i

Ey Eoyei(kz*wt+<py) ¢ (14_3) 2

Here, E, = Re (E,) and E, = Re (ﬁy)
Using Egs. (14-2) and (14-3) in Eq. (14-1) gives, for the complex field E,
E 43, ngei(kz_mﬁ—%);( - EUyei(kzwmt+<py)§,

which may also be written

~

E= [oneiwﬁ + E()yei%yiei(kz*wt) = ﬁoei(:’cz—wr) (14_4) w

The bracketed quantity in Eq. (14-4), separated into x- and y-components, is |
now recognized as the complex amplitude vector E, for the polarized wave.
Since the state of polarization of the light is completely determined by the §
I
1
IR. Clark Jones, “A New Calculus for the Treatment of Optical Systems,” Journal of the ()btical
Society, Vol. 31 1941; 488. !

i




l‘ . .

' relative amplitudes and phases of these components, we need concentrate
* only on the complex amplitude, written as a two-element matrix, or Jones
.~ vector,

Ep.] _ roneiﬂ (14-5)

 Ey

ye'?
Let us determine the particular forms for Jones vectors that describe
linear, circular, and elliptical polarization. In Figure 14-2a, vertically polar-
. ized light travels in the +z-direction out of the page with its E-oscillations
" along the y-axis. Since E has a sinusoidally varying magnitude as it pro-
| gresses, the electric field vector varies between, say, Ay and — Ay. We dis-
play this behavior by a double-headed arrow, as shown in Figure 14-2a. As
| time progresses, the tip of the electric field vector traces out positions along
' the extent of the double-headed arrow. The field depicted in Figure 14-2a is
' represented by Ey, = 0 and Eg, = A. In the absence of an E,-component,
' the phase ¢, may be set equal to zero for convenience. Then, by Eq. (14-5),
. the corresponding Jones vector is '

By [EZ);ZM} = ](Al = A{J linear polarization along y

Fﬁrthermore, when only the mode of polarizaﬁen is of interest, the amplitude
- Amay be set equal to 1. The Jones vector for vertically linearly polarized light

is then simply m This simplified form is the normalized form of the vector.

1. . ) o
.~ In general, a vector [;J is expressed in normalized form when
lal> + |b> = 1

. Similarly, Figure 14-2b represents horizontally polarized light, for which, let-
tmg E(,y =0,0, = 0, and Ey, = A,

o E()xe"P*

i lrl,
=gk i } = [ = A,L 0 linear polarization along x
L Oye x

Eq 0
" On the other hand, Figure 14-2c represents linearly polarized light whose Vi-
' brations occur along a line making an angle « with respect to the x-axis. Both
. x- and y-components of E are simultaneously present. Evidently this is a gen-

eral case of linearly polarized light that reduces to the vertically polarized
" mode when @ = 90° and to the horizontally polarized mode when a = 0°.
| Notice that to produce the resultant vibration shown in Figure 14-3a, the two
- perpendicular vibrations £, and £, must be in phase. That is, they must pass
. through the origin together, increase along their respective positive axes to-
. gether, reach their maximum values together, and then return together to
continue the cycle. Figure 14-3a makes this sequence clear. Accordingly,
. since we require merely a relative phase of zero, we set ¢, = ¢, = 0. For
a resultant with amplitude A, the perpendicular component amplitudes are
Ey, = Acos a and Eg, = A sin a. The Jones vector takes the form

B _ [Eﬂxei“”} _[Acos a} N A{cosa

. 1= . b linear polarization at & (14-6
Eq ey & Asina | sin a} p ( )

For the normalized form of the vector, we set A = 1,since cos” a + sin* & = 1.
Notice that this general form does indeed reduce to the Jones vectors found for
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Figure 14-2 Representation of E-vectors
of linearly polarized light with various ori-
entations. In each case, the light is propa-
gating in the positive z-direction.
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Figure 14-3 (a) Linearly polarized electric
field vectors whose x- and y-components
are in phase lie in the first and third quad-
rants. (b) Linearly polarized electric field -
vectors whose x- and y-components are 7
out of phase lic in the second and fourth
quadrants.
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Figure 14-4 Lissajous figures as a func-
tion of relative phase for orthogonal vibra-
tions of unequal amplitude. An angle lead

greater than 7 may also be represented as -

an angle lag of less than #. For all figures
we have adopted the phase lag convention
Qo =@, — ¢,

the case a = 0° and a = 90°. For other orientations, for example, a = 60°,

cos(60°) 1 1
e 2 1
E = == = —
' V3|2
sin(60°) 2 V3

Alternatively, given a vector EO = [Zl where a and b are real numbers, the in-
clination of the corresponding linearly polarized light is given by

b S B f
a = tan‘l(~> = tan~! ﬁ) - (14-7)
a EOx !

Generalizing a bit, suppose a were a negative angle, as in Figure 14-3b,
In this case, E, is a negative number, since the sine is an odd function, where-
as E, remains positive. The negative sign ensures that the two vibrations are
 out of phase, as needed to produce linearly polarized light with E-vectors
lying in the second and fourth quadrants. Referring to Figure 14-3b again, this
means that if the x-vibration is increasing from the origin along its positive di-
rection, the y-vibration must be increasing from the origin along its negative
direction. The resultant vibration takes place along a line with negative slope.

Summarizing, a Jones vector [Z] with both a and b real numbers, not both:

zero, represents linearly polarized light at inclination angle « = tan™'(b/a).

By now it may be apparent that in determining the resultant vibration
due to two perpendicular components, we are in fact determining the appro-
priate Lissajous figure. If the phase difference between the vibrations is other
than 0 or 7, the resultant E-vector traces out an ellipse rather than a straight
line. Of course, the straight line can be considered a special case of the ellipse, as
can the circle. Figure 14-4 summarizes the sequence of Lissajous figures as a
function of relative phase A = ¢, — ¢, for the general case Ej, # Ey,. Notice

the sense of rotation of the tip of the E-vector around the ellipses shown i m
Figure 14-4, which makes the case A¢ = /4, for example, different from the
case Ap = 7w/4. When Ey, = Ej,, the ellipses corresponding to Ap = /2
or 37/2 reduce to circles.

= P
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Ap =0 Ag = wld4 A = w/2 A¢

s
N

1) o
7 1

3m/4 Ap=m

/1) | g
. 9

—7l4 —arl2 —37l4
Ap =2m A¢={ A¢={ A¢={ Ap = tm
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Now suppose E, = E;, = Aand E, leads E, by 7r/2. Then at the instant
E, has reached its maximum displacement—-+ A, for example—E, is zero. A
fourth of a period later, E, is zero and E, = + A, and so on. Figure 14-5 shows
afew samples in the process of forming the resultant vibration. For the cases il-
lustrated there, where the x-vibration leads the y-vibration, it is necessary to

make ¢, > ¢,. This apparent contradiction results from our choice of phase
in the formulation of the E-field in Egs. (14-2) and (14-3), where the time-

m
I

s E()x e—-lwt

e
|

s Eoy‘e—i(wtgs)

‘ e negative sign before & indicates a lag ¢ in the y-vibration relative to the x--

vibration. To see that these equations represent the sequence in Figure 14-5,
we take their real parts and set Ey, = Ey, = A and e = /2, giving

E,. = Acoswt

E;, = & cos<wt - %) = Asin wt
iRecalling that w = 2mv = 27/T, each of the cases in Figure 14-5 can be easily

verified. Also, since
E’=El+ El= A(cos? wt + sin® wt) = A

the tip of the resultant vector traces out a circle of radius A.
We now deduce the Jones vector for this case—where E, leads E ,—taking
Ey. = Eoy = A, ¢, = 0,and ¢, = 7/2. Then,

~ Ey e A 1
Ey = o] = st =i 14-
B l:E()yel%:' {Aem/z} [l] (14:8)

To determine the normalized form of the vector, notice that 12 + [i|* =

1+ 1 = 2, so that each element must be divided by V2 to produce unity.
Thus the Jones vector (1 / \/i)[! represents circularly polarized light when E

i
rotates counterclockwise, viewed head-on. This mode is called left-circularly

polarized (LCP) light. Thus,

~ 1|1

Ey=—+ LCP
0 \/E [ i }

Similarly, if £, leads E, by /2, the result will again be circularly polarized

light with clockwise rotation leading to right-circularly polarized (RCP) light.
Replacing 7/2 by (—m/2) in Eq. (14-8) gives the normalized Jones vector,

'E):—l—[l} RCP

Val-i

' Notice that one of the elements in the Jones vector for circularly polarized
light is now purely imaginary, and the magnitudes of the elements are the same.

(I]

=™
I

t=T/4
E =+A
y
E =
X

(b)

Ay N
o

t=TI8
E = Asinw/4
E_= Acos m/4

(©)

Figure 14-5 Resultant E-vibration due to
orthogonal component vibrations of equal
magnitude and phase difference of /2,
shown at three different times. The points P
represent the position of the resultant. In
(c) a sketch of the circular path traced by E
is also shown. Notice that the E-vector ro-
tates counterclockwise in this case.
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(b)

Figure 14-6 Elliptically polarized light for
the case Ap = /2.

Given a particular mathematical form of the vector, the actual character of
the light polanzation may not always be immediately apparent. For example 1
the Jones vector 2 represents right-circularly polarized light since ;

2i i fed
M ZH 2’{—1'}
The prefactor of a Jones vector may affect the amplitude and, hence, the irra-
diance of the light but not the polarization mode. Prefactors such as 2 and 2
may therefore be ignored unless information regarding energy is required. 1
i Net ( suppose that the phase difference between orthogonal vibrations -
Ey, and E,, is still 7/2, but Eg, # Eo,. In particular, let Ey, = A and .

E,, = B, where A and B are positive numbers. In this case, Eq. (14-8) should
be modified to give

[

S

~ [A } counterclockwise
EO G

A } clockwise
|iB

and EO = {-—iB

rotation rotation
These instances of elliptical polarization are illustrated in Figure 14-4 for
A¢ = m/2 and A = 3m/2. Notice that a lag of 77/2 is equivalent to a lead of
31r/2. The ellipse is oriented with its major axis along the x- or y-axis, as in§
Figure 14-6, depending on the relative magnitudes of Ey, and Ep,. In addi- |
tion, either case may produce clockwise rotation of E around the ellipse |

(when E| leads E,) or counterclockwise rotation (when E, leads E,). Based |
on these observatlons we conclude that a Jones vector with elements of un-
equal magnitude, one of which is pure imaginary, represents elliptically polar- *
ized light oriented along the x,y-axes. The normalized forms of the Jones

vectors now must include a prefactor of 1/ A* + B%.

It is also possible to produce elliptically polarized light with pr1n01pal :
axes inclined to the x,y-axes, as evident in Flgure 14-4. This situation occurs
when the phase difference A¢ between EOX and Eoy is some angle other 4
than Ag = 0, 7, +27, +mm (linear polarization) or Ag = /2, +3m/2,
i(m + 2) (circular or elliptical polarization oriented symmetrically about
the x,y-axes). Here,m = 0, £1, £2, .. .. For example, consider the case where
E,leads E, by some positive angle &, thatis, ¢, — ¢, = &. Taking ¢, = 0, ¢, =
e, Eox = A, and Ey, = b (with A and b positive), the Jones vector is

~ EOxe"‘*’X} { A }
E = i = 5
0 |iE0ye“Py be's
Using Euler’s theorem, we write * |

be’® = b(cose + ising) = B + iC

The Jones vector for this general case is, then,

B [ s _ } counterclockwise rotation, general case (14-9)
B +iC '

Here the identification of this form with counterclockwise rotation requires

that A and C have the same sign. Since multiplying a Jones vector by an over- |

all constant does not change the character of the polarization described by

the Jones vector, we shall adopt the convention that A is positive. With that =

convention a positive imaginary part C of Eoy indicates that the Jones vector



epresents counterclockwise rotation. Note that one of the elements of the

ones vector in Eq. (14-9) is now a complex number having both real and

maginary parts. The normalized form must be divided by A + B + C
The Jones vector of Eq. (14-9) represents an electric field vector whose tip
avels in a counterclockwise direction as it traces out an ellipse whose sym-
metry axes are inclined at a general angle relative to the x,y-coordinate sys-
tem. With the help of analytical geometry, it is possible to show that the
ellipse whose Jones vector is given by Eq. (14-9) is inclined at an angle a with
respect to the x-axis, as shown in Figure 14-7. The angle of inclination is de-
termined from

2EyEq, cos €

(14-10)
E(z)x - E(z)y

tan 2a =

The ellipse is situated in a rectangle of sides 2E, and 2E;,. In terms of the
parameters A, B, and C, the derivation of Eq. (14-9) makes clear that '

@
Ep = A, By = VB + C?, and €= tan_1<E> (14-11)

‘Example 14-1

Analyze the Jones vector given by

[23-1'}

to show that it represents elliptically polarized light.

Solution

The light has relative phase between EO,\. and Eoy of o, — @, =€ =
tan"’(%) = 0.148. Since E, = 3 and £y, = V22 +1% = \/5 the:inclina-

tion angle of the axis is given by

Ly ((2)(3)(\/95)_(::8(0.14877)) .

With this data the ellipse can be sketched as indicated in Figure 14-7. More-
over, from the general equation of an ellipse, we have

=)+ () A (g —s
— ] + =) =2\ =— )| = )cose =smn"¢ 14-12
( Eox Ey, Eox/ \ Eqy ( )

For this example, the equation of the ellipse is

Es E; 0.267E.E, = 0.2

— == <O2TEE, = 0.

9 5 =

When E, lags E,, the phase angle & becomes negative and leads to the Jones
vector (with A and C positive numbers) representing a clockwise rotation in-
stead:

~ A
E) = { ) ] clockwise rotation, general case
B —iC :
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Figure 14-7 Elliptically polarized light
oriented at an angle « relative to the x-axis.
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This form, together with the form representing counterclockwise rotation
given in Eq. (14-9), are the most general forms of the Jones vector, including
all those discussed previously as special cases. .

Table 14-1 provides a convenient summary of the most common Jones *
vectors in their normalized forms. It should be emphasized that the forms *
given in Table 14-1 are not unique. First, any Jones vector may be multi-
plied by a real constant, changing amplitude but not polarization mode.
Vectors in Table 14-1 have all been multiplied by prefactors, when necessary,
to put them in normalized form. Thus, for example, the vector [5] = 2[}] and
so represents linearly polarized light making an angle of 45° with the x-axis
and with amplitude of 2V2. Second, each of the vectors in Table 14-1 can be
multiplied by a factor of the form e'¢, which has the effect of promoting the

" i0x
TABLE 14-1 SUMMARY OF JONES VECTORS E; = [EO’;Z,,P }
i 0 Yy
I. Linear Polarization (Ap = m)
General: < Eo = [Cf)s a]
sin «
it B = | O . ~ 1
Vertical: E, = 1 Horizontal: E ) = 0
of = L |1 _asep = L |1
At+45'E0_\/§[1] At 45.E0—\/§|:_J

45°
45°

II. Circular Polarization <A¢> =

)
2
Left: —E
Right: - —E

IIL. Elliptical Polarization

[hA <B
Left: \l/

A

I A>B 3 ;

E —-———[. }A>O,B>O
\I,/ 0 ‘/A2+B2 lB
s

A\A <B > Bl y P

nght: \V < I v 4 EO = —\//12_+_—7 [—iB} A>0,B>0
Left: —— A>0,C>0
* Vazipr+c? LBFIC
m '_
(M’ #l(m+ 1/2)77) il
Right: Brawnadio pd A L g o JHE
° NValyBi+c? LB-IC .
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phase of each element by ¢, that is, ¢, — ¢, + ¢ and ¢, — ¢, + ¢. Since the
phase difference is unchanged in this process, the new vector represents the
same polarization mode. Recall that the vectors in Table 14-1 were formulat-
ed by choosing, somewhat arbitrarily, ¢, = 0. Thus, for example multiplying the

vector representing left-circularly polarized light by ¢"2 =

[1-14]

produces an alternate form of the vector. Clearly, given the second form, one

l

" could deduce the standard form in Table 14-1 by extracting the factor i.

The usefulness of these Jones vectors will be demonstrated after Jones
matrices representing polarizing elements are also developed. However, at
this point it is already possible to calculate the result of the superposition of
two or more polarized modes by adding their Jones vectors. The addition of
left- and right-circularly polarized light, for example, gives

HE R

or linearly polarized light of twice the amplitude. We conclude that linearly
polarized light can be regarded as being made up of left- and right-circularly
polarized light in equal proportions. As another example, consider the super-
position of vertically and horizontally linearly polarized light in phase:

o]+l

-+ =

1 0 1

The result is linearly polarized light at an inclination of 45°. Notice that the ad-
dition of orthogonal components of linearly polarized light is not unpolarized

light, even though unpolarized light is often symbolized by such components
There is no Jones vector representing unpolarized or partially polarized light.?

14-2 MATHEMATICAL REPRESENTATION
OF POLARIZERS: JONES MATRICES

Various devices can serve as optical elements that transmit light but modify
the state of polarization. The physical mechanisms underlying their operation
will be discussed in the next chapter. These polarizers can be generally de-
scribed by 2 X 2 Jones matrices,

a b
M —
L d}
where the matrix elements g, b, ¢, and d determine the manner in which the
polarizers modify the polanzat)on of the light that they transmit. Here, we

will categorize such polarizers in terms of their effects, which are basically
three in number.

2A matrix approach that handles partially polarized light, using 1 X 4 Stokes vectors and 4 X 4
Mueller matrices can be found in M. J. Walker, “Matrix Calculus and the Stokes Parameters of Polar-
ized Radiation,” American Journal of Physics, Vol. 22, 1954: 170 and W. A. Shurcliff, Polarized Light:
Production and Use (Cambridge, Mass.: Harvard University Press, 1962).
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358 Chapter 14

Figure 14-8 Operation of a linear polarizer.

Figure 14-9  Operation of a phase retarder.

Matrix Treatment of Polarization

Linear Polarizer

The linear polarizer selectively removes all or most of the E-vibrations in &
given direction, while allowing vibrations in the perpendicular direction to bg
transmitted. In most cases, the selectivity is not 100% efficient, so that the
transmitted light is partially polarized. Figure 14-8 illustrates the operatio
schematically. Unpolarized light traveling in the +z-direction passes through
a linear polarizer, whose preferential axis of transmission, or transmissiof
axis (TA), is vertical. The unpolarized light is represented by two perpendicus
lar (x and y) vibrations, since any direction of vibration present can be re«
solved into components along these directions. The light transmitted includes
components only along the TA direction and is therefore linearly polarized in
the vertical, or y, direction. The horizontal components of the original light
have been removed by absorption. In the figure, the process is assumed to be
100% efficient.

Phase Retarder

The phase retarder does not remove either of the orthogonal components of
the E-vibrations, but rather introduces a phase difference between them. If
light corresponding to each orthogonal vibration travels with a different speed
through such a retardation plate, there will be a cumulative phase difference,
Ag, between the two waves as they emerge.

Symbolically, Figure 14-9 shows the effect of a retardation plate on un-
polarized light in a case where the vertical component travels through the:
plate faster than the horizontal component. This is suggested by the schematic
separation of the two components on the optical axis, although of course both'

X

Unpolarized
light

Linear
polarizer

X
Unpolarized
light

Retardation
plate



'waves are simultaneously present at each point along the axis. The fast axis
(FA) and slow axis (SA) directions of the plate are also indicated. When the
' net phase difference Ap = /2, the retardation plate is called a quarter-wave
plate; when it is 7, it is called a half-wave plate.

Rotator

The rotator has the effect of rotating the direction of linearly polarized light
incident on it by some particular angle. Vertical linearly polarized light is
shown incident on a rotator in Figure 14-10. The effect of the rotator element
is to transmit linearly polarized light whose direction of vibration has been, in
- this case, rotated counterclockwise by an angle 6.

We desire now to create a set of matrices corresponding to these three types
of polarizers so that just as the optical element alters the polarization mode
of the actual light beam, an element matrix operating on a Jones vector will
produce the same result mathematically. We adopt a pragmatic point of view
in formulating appropriate matrices. For example, consider a linear polarizer
with a transmission axis along the vertical, as in Figure 14-8. Let a 2 X 2 ma-
trix representing the polarizer operate on vertically polarized light, and let
the elements of the matrix to be determined be represented by letters a, b, c,
" and d. The resultant transmitted or product light in this case must again be
. vertically linearly polarized light. Symbolically,

AMHER

¢ dijil 1

This matrix equation—according to the rules of matrix multiplication—is
equivalent to the algebraic equations

a(0) + b(1) = 0
c(0) +d(1) = 1

" from which we conclude b = 0 and d = 1. To determine elements a and c, let
the same polarizer operate on horizontally polarized light. In this case, no

The corresponding algebraic equations are now

a(1) + b(0) = 0
(1) +d(0) = 0

from which a = 0 and ¢ = 0. We conclude here without further proof, then,
that the appropriate matrix is

M = {g ﬂ linear polarizer, TA vertical (14-13)
The matrix for a linear polarizer, TA horizontal, can be obtained in a similar
manner and is included in Table 14-2, near the end of this chapter. Suppose
next that the linear polarizer has a TA inclined at 45° to the x-axis. To keep
matters as simple as possible we consider, in turn, the action of the polarizer
on light linearly polarized in the same direction as—and perpendicular
to—the TA of the polarizer. Light polarized along the same direction as

1
, and light with a polarization

the TA is represented by the Jones vector 1

Section 14-2 Mathematical Representation of Polarizers: Jones Matrices

Rotator

Figure 14-10 Operation of a rotator.
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i

direction that is perpendicular to the TA is represented by the Jones vecto

1
[_ 1 ] Then, following the approach used earlier,

P e ] B

Equivalently,
a+b=1
c+d=1
a—b=
c—d=

1 i
ora=b=c=d= 5. Thus, the correct matrix is

1

m-11!

211

1 ; ; )
J linear polarizer, TA at 45° (14-

In the same way, a general matrix representing a linear polarizer with TA
angle 6 can be determined. This is left as an exercise for the student. T
result is

e
e S S S 3 e
e

.

2 > h
0 0 0 ;
= [ %S 008 } linear polarizer, TA at 6 \ (14-15

sin 6 cos 6 sin? 9

SR

which includes Egs. (14-13) and (14-14) as special cases, with 8 = 90° an|
0 = 45°, respectively. |

Proceeding to the case of a phase retarder, we desire a matrix that wil
transform the elements 1

Eo e into  Egelertes)
and

Epe® into Egel®rte)

y

where ¢, and &, represent the advance in phase of the E,- and E y-componen
of the incident light. Of course, &, and &, may be negative quantities. Inspection
is sufficient to show that this is accomplished by the matrix operation

el.sx 0 ‘ EOxei(Px onei(¢x+ex)
0 e][Epe]| | Eye®te)
Thus, the general form of a matrix representing a phase retarder is

P
M = [0 eisy] phase retarder (14'1§

As a special case, consider a quarter-wave plate (QWP) for which |e, — ey! <
w/2. We distinguish the case for which &, — &, = m/2 (SA vertical) from the
case for which &, — &, = /2 (SA horizontal). In the former case, then, let
g, = —m/4 and €, = +7/4. Obviously, other choices—an infinite number of
them—are possible, so that Jones matrices, like Jones vectors, are not unique.



This particular choice, however, leads to a common form of the matrix, due to
its symmetrical form:

e—i‘n'/4 0

0 ein/4

P14l
& e*m/“{ } QWP, SA vertical (14-17)

M =
|

In arriving at the last 2 X 2 matrix in Eq. (14-17), we used the relationship
¢* = ¢7im/4¢im/2 and the indentity i = ¢'™?. Similarly, when &, > Sy

7

_J1 0
M = em/“{ . } QWP, SA horizontal (14-18)

Corresponding matrices for half-wave plates (HWP), where le, — ey|= T,
are given by

-2 10
e
= = _”T/Z 1 -
M [0 e,.,,/z} e [0 _J HWP, SA vertical ~ (14-19)

M—{eim 4 }— "”/2[1 0] HWP, SA horizontal (14-20)
M Bt T 1S b b@esiood . orizontal (14-

The elements of the matrices are identical in this case, since advancement of
phase by 7 is physically equivalent to retardation by 7. The only difference
lies in the prefactors that modify the phases of all the elements of the Jones
vector in the same way and hence do not affect interpretation of the results.
The requirement for a rotator of angle g is that an E-vector, oscillating
linearly at angle 6 and with normalized components cos 6 and sin 6, be con-
verted to one that oscillates linearly at angle (6 + ). That is,

[a bHcos 6} B [cos(e + B)}
c d]jlsinf sin(6 + B)
Thus, the matrix elements must satisfy

acosf + bsin@ = cos(6 + B)

ccosf + dsin@ = sin(6 + B)

From the trigonometric identities for the sine and cosine of the sum of two
angles,

cos (6 + B) = cosfcos B — sin 6 sin B

sin (§ + B) = sin 6 cos B + cos 6 sin B

it follows that

Il

a = cos 3 b = —sin 3

¢ = sin 3 d

cos B

so that the desired rotator matrix is

3 = {cos B —sinB

sinB  cos B } rotator through angle +8 (14-21)

The Jones matrices derived in this chapter are summarized in Table 14-2.

Section 14-2 Mathematical Representation of Polarizers: Jones Matrices 361
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Figure 14-11 Production of right circu-
larly polarized light.

TABLE 14-2 SUMMARY OF JONES MATRICES

I. Linear polarizers

0

1
TA horizontal {l } TA vertical | [O ?J TA at 45° to horizontal 5{1 : }

00 0 11
I1. Phase retarders TP T s S
{ e 0
. G 1 )
enera | B
; il 1 0 S . AR 0
QWP, SA vertical e’ 0 QWP, SA horizontal o' 0 .
—i
. inp2 1 0 : anll 0
HWP, SA vertical e 0 -1 HWP, SA horizontal ee 0 -1
II1. Rotator
cos3  —sinf
t +
Rotator (6—6 + B) [sinﬂ iy }

As an important example, consider the production of circularly polar-
ized light by combining a linear polarizer with a QWP. Let the linear polariz-
er (LP) produce light vibrating at an angle of 45°, as in Figure 14-11, which is -
then transmitted by a QWP with SA horizontal. In this arrangement, the light -
incident on the QWP is divided equally between fast and slow axes. On
emerging, a phase difference of 7r/2 results in circularly polarized light. With
the Jones calculus, this process is equivalent to allowing the QWP matrix to
operate on the Jones vector for the linearly polarized light, ]

ew{é EJ%H B éwﬂ(%)[ii}

giving right-circularly polarized light (see Table 14-1). If the fast and slow ‘5
axes of the QWP are interchanged, a similar calculation shows that the re-
sult is left-circularly polarized instead. |

X

Unpolarized
light
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‘Example 14-2

Consider the result of allowing left-circularly polarized light to pass through
an eighth-wave plate.

Solution

We first need a matrix that represents the eighth-wave plate, that is, a phase
retarder that introduces a relative phase of 2m/8 = w/4. Thus, letting

g, =0,
[ 1=l o
0 oiey 0 ei1r/4

This matrix then operates on the Jones vector representing the left-circularly

polarized light:
1 0 1} B A T el
0 el T Liemt] T e

The resultant Jones vector indicates that the light is elliptically polarized,
and the components are out of phase by 3m/4. Using Euler’s equation to
expand e>™*, we obtain :

. 1 1
ez37r/4 == o l( >
V2 \V2

and using our standard notation for this case, we have
1
, whereA=1,B=——,andC = —=

2-

Eoy V2 s 4
Since A and C have the same sign, the output field vector represents ellip-
tically polarized light with counterclockwise rotation. Comparing this ma-
trix with the general form in Eq. (14-5), we determine that Eg, = A =1
and Ey, = V B? + C? = 1. Making use of Eq. (14-10), we also determine
that o = —45°.

M:

[ A 1
B +iC

Of course, the Jones calculus can handle a case where polarized light is

transmitted by a series of polarizing elements, since the product of element
. matrices can represent an overall system matrix. If light represented by Jones
. vector V passes sequentially through a series of polarizers represented by
- M;,M,, M;,...,
matrix is given by My = M,,,... MsM,M;.

M,,, so that (M,,...MsM,M;)V.= M,V, then the system

PROBLEMS

14-3 Describe as completely as possible amplitude, wave direction,
and the state of polarization of each of the following waves.
a. E = oniei(kz*wt)
b. E = Ey(3% + 4y)'*:™)
¢. E = 5Ey(x — iy)e'katen

14-1 Derive the Jones matrix, Eq. (14-15), representing a linear
polarizer whose transmission axis is at an arbitrary angle 6
with respect to the horizontal.

14-2 Write the normalized Jones vectors for each of the follow-
ing waves, and describe completely the state of polarization

of each.
" " . 14-4 Two linearly polarized beams are given by
a. E = Ejcos(kz — wt)X — Ejcos(kz — wt)y .
2 ) z . : z . E1 = Em(i - 3’)COS(kZ o wt) and
b. E = Eysin2m| ~ — vt )X + Eysin2a| — — ot Jy = L
A A E, = Egz(\/gx + y)cos(kz - wt)
e. E = Eysin(kz — wt)X + E; sfn(kz —il, = %)& Determine the angle between their directions of poiariza-

d. E = Ejcos(kz — wt)X.+ Ey cos(kz 7wt ih

7

(S|
>

tion by (a) forming their Jones vectors and finding the vi-
bration direction of each and (b) forming the dot product of
their vector amplitudes.
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14-5

14-6

14-7

14-8

14-9

Chapter 14 Matrix Treatment of Polarization

Find the character of polarized light after passing in turn
through (a) a half-wave plate with slow axis at 45°; (b) a linear
polarizer with transmission axis at 45% (c) a quarter-wave plate
with slow axis horizontal. Assume the original light to be lin-
early polarized vertically. Use the matrix approach and ana-
lyze the final Jones vector to describe the product light. (Hint:
First find the effect of the HWP alone on the incident light.)

Write the equations for the electric fields of the following
waves in exponential form:

a. A linearly polarized wave traveling in the x-direction. The
E-vector makes an angle of 30° relative to the y-axis.

b. A right-elliptically polarized wave traveling in the
y-direction. The major axis of the ellipse is in the z-direc-
tion and is twice the minor axis.

¢. A linearly polarized wave traveling in the x,y-plane in a
direction making an angle of 45° relative to the x-axis.
The direction of polarization is the z-direction.

Determine the conditions on the elements A, B, and C of the
general Jones vector (Eq. 14-9), representing polarized light,
that lead to the following special cases: (a) linearly polarized
light; (b) elliptically polarized light with major axis aligned
along a coordinate axis; (c) circularly polarized light. In each
case, from the meanings of A, B, C, deduce the possible val-
ues of phase difference between component vibrations.

Write a computer program that will determine E-values of
elliptically polarized light from the equation for the ellipse,
Eq. (14-12), with input constants A, B, and C and variable input
parameter E . Plot the ellipse for the example given in the text,

)
2+

Specify the polarization mode for each of the following
Jones vectors:

E() =

a. 3}} b. {l}
L 1
[4i 5

C. » 5} d. {0}
(2

e. . f. {2}
L 20 3
[ 2

& |6 +8i

14-10 Linearly polarized light with an electric field E is inclined at

+30° relative to the x-axis and is transmitted by a QWP
with SA horizontal. Describe the polarization mode of the
product light.

Linearly polarized
E-vector at 30°
with x-axis

Figure 14-12 Problem 14-10.

14-11 Using the Jones calculus, show that the effect of a HWP on
light linearly polarized at inclination.angle « is to rotate the
polarization through an angle of 2a. The HWP may be used
in this way as a “laser-line rotator,” allowing the polariza-
tion of a laser beam to be rotated without having to rotate
the laser.

14-12 An important application of the QWP is its use in an “isola-
tor.” For example, to prevent feedback from interferometers
into lasers by front-surface, back reflections, the beam is first
allowed to pass through a combination of linear polarizer
and QWP, with OA of the QWP at 45° to the TA of the
polarizer. Consider what happens to such light after reflec-
tion from a plane surface and transmission back through this
optical device.

14-13 Light linearly polarized with a horizontal transmission axis
is sent through another linear polarizer with TA at 45° and
then through a QWP with SA horizontal. Use the Jones
matrix technique to determine and describe the product light.

TA, at 45°to x

I
SA along x
.

QWP

Figure 14-13 Problem 14-13.

14-14 A light beam passes consecutively through (1) a linear po-
larizer with TA at 45° clockwise from vertical, (2) a QWP
with SA vertical, (3) a linear polarizer with TA horizontal,
(4) a HWP with FA horizontal, (5) a linear polarizer with
TA vertical. What is the nature of the product light?

14-15 Unpolarized light passes through a linear polarizer with
TA at 60° from the vertical, then through a QWP with SA
horizontal, and finally through another linear polarizer with
TA vertical. Determine, using Jones matrices, the character
of the light after passing through (a) the QWP and (b) the
final linear polarizer.

14-16 Determine the state of polarization of circularly polarized
light after it is passed normally through (a) a QWP; (b) an
eighth-wave plate. Use the matrix method to support your
answer.

1 .
14-17 Show that the matrix {_ ﬂ represents a right-circular.

polarizer, converting any incident polarized light into right
circularly-polarized light. What is the proper matrix to rep-
resent a left-circular polarizer?

14-18 Show that elliptical polarization can be regarded as a com-
bination of circular and linear polarizations.



14-19 Derive the equation of the ellipse for polarized light given
in Eq. (14-12). (Hint: Combine the E, and E, equations for
the general case of elliptical polarization, eliminating the
space and time dependence between them.)

14-20 a. Identify the state of polarization corresponding to the

Jones vector
2
3ei7r/3

and write it in the standard, normalized form of Table 14-1.
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b. Let this light be transmitted through an element that
rotates linearly polarized light by +30°. Find the new,
normalized form and describe the result.

14-21 Determine the nature of the polarization that results from
Eq. (14-12) when (a) € = 7/2; (b) Eo, = Eo, = Ey; (c) both
(a) and (b); (d) e = 0.

14-22 A quarter-wave plate is placed between crossed polarizers
such that the angle between the polarizer TA of the first po-
larizer and the QWP fast axis is . How does the polariza-
tion of the emergent light vary as a function of 67



