
Electrodynamics I. 3 November 2016

Mid Term Solution

1. Answer:

b

dx

x0x

R

σ

Bisector of cylinder

P

Consider a point P at a distance x0 from the transverse bisector of the cylinder.

Consider a thin strip at a distance x from the bisector. This strip results in a potential,

dϕ =
1

4πε0

σ2πR√
(x0 + x)2 +R2

dx

ϕ(x0) =
σ2πR

4πε0

b/2∫
x=−b/2

dx√
(x0 + x)2 +R2

·

2. Answer:

(a)

x

φ( )x

A

ll +-

ϕ(x) = A(ℓ2 − x2)

E(x) = −∇ϕ(x) = 2Axêx, |x| < ℓ
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and E = 0, |x| > ℓ.

The electric field is therefore discontinuous at x = ±ℓ.

E(x)

x
l+

l-

(b) For x > −ℓ and x < ℓ, i.e., |x| < ℓ, ρ = ε0∇ · E = 2Aε0. For |x| > ℓ, ρ = 0.

At the boundaries, the electric field is discontinuous. For the discontinuity at the

left boundary (x = −ℓ), we have the boundary condition

(−2Aℓ)êx · êx = −2Aℓ = σ

ε0

where σ is the surface charge density accumulating on the boundary. Hence at

x = −ℓ, we obtain σ = −2ε0Aℓ. A similar result holds at x = ℓ. Therefore the

surface charge density can overall be written as

ρ = −2ε0Aℓ
(
δ(x+ ℓ) + δ(x− ℓ)

)
+ 2Aε0

(
Θ(x+ ℓ)−Θ(x− ℓ)

)
.

The figure shows a plot of the charge density,

(x)

2A

0

ρ

ε0
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3. Answer:

x

y

z

E0ez

Plate

Suppose the plate is horizontal (parallel to xy) and the electric field is vertically

upward. We have E = E0êz. We can compute the elements of the stress tensor.

Txy = Tyx = Txz = Tyz = Tzx = Tzy = 0

Txx = Tyy = −
ε0
2
E2

0

Tzz = ε0

(
E2

0 −
1

2
E2

0

)
=

ε0
2
E2

0

←→
T =

ε0
2
E2

0


−1 0 0

0 −1 0

0 0 1


f = ∇ ·

←→
T

fz = (
←→
T · da)z = Tzxdax + Tzyday + Tzzdaz

=
ε0E

2

2
daz, (since day = daz = 0).

Therefore the force per unit area is
ε0E

2
0

2
=

ε0
2
· σ

2

ε20
=

σ2

2ε0
·

since E0 =
σ

ε0
·

This also matches the result

f =
σ

2
(E1 + E2) =

σ

2
E0êz =

σ2

2ε0
êz·

4. Answer:

We first find the potential at the point P . Originating at P , we make wedges of

opening angle dθ.
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R

dr

dθ

r

b

P

Now ϕp due to the shaded element =
1

4πε0

σrdθdr

r

=
σdθdr

4πε0

and ϕp due to a single wedge =
σdθ

4πε0

b∫
r=0

dr =
σbdθ

4πε0

Now we need to see how b depends on θ. Applying cosine rule to the triangular

formation shown below.

R

b

θ

R
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R2 = b2 +R2 − 2bR cos θ

b2 = 2bR cos θ

b = 2R cos θ.

Hence ϕp due to wedge =
2σR cos θdθ

4πε0
·

ϕp due to the disk of radius R =
2Rσ

4πε0

π/2∫
Θ=−π/2

cos θdθ

=
2R

4πε0
· 2σ

=
σ

πε0
R.

5. Answer:

We use the result from the previous question to compute

dUE =
σ

πε0
r dq

UE =

∫
σ

πε0
r σ(2πrdr)

=

a∫
0

2σ2r2

ε0
dr

=
2σ2a3

3ε0
·

6. Answer: Label points on the curve by their distance r from the origin, and by the

angle θ that the line of this distance subtends with the y-axis. Then a point charge q

on the curve provides a y component of the electric field at the origin equal to

Ey =
q

4πε0r2
cos θ.

If we want this to be independent of the charge’s location on the curve, we must have

r2 ∝ cos θ. The curve is therefore be described by the equation,

r2 = a2 cos θ ⇒ r = a
√
cos θ,

where the constant a is the value of r at θ = 0, which is, the height of the curve along

the y-axis. We therefore have a family of curves indexed by a.
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7. Answer:

For a surface charge density σ = σ(θ) = σ0 cos θ on a spherical shell, the volume charge

density is ρ(r) = σ(θ)δ(r −R). Hence

P =

∫
d3rrρ(r)

=

2π∫
0

dϕ

π∫
0

dθ sin θ

∫ ∞

0

drr2[r cos θêz + r sin θ sinϕêy + r sin θ cosϕêx][σ0 cos θδ(r −R)].

Only the integral along the z-axis is non-zero. We can compute it as follows,

Pz = 2πσ0R
3

π∫
0

dθ sin θ cos2 θ = −2πσ0R
3

3
cos3 θ

∣∣∣∣π
0

=
4πR3

3
σ0

Hence P =
4

3
πR3σ0êz.
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