
Electrodynamics I. 9 October 2016

Solution HW 7: Miscellaneous topics in electrostatics and steady

currents

1. Answer:

E1

E2

j1

j2

z=0

z>0

z<0

Let

E = E1(r)Θ(z) + E2(r) Θ(−z)

∇× E =
(
∇× E1(r)

)
Θ(z) +∇Θ(z)× E1(r)

+
(
∇× E2(r)

)
Θ(−z) +∇Θ(−z)× E2(r)

using ∇× Ei(r) = 0, (on either side)

0 = E1(z = 0)× êz − E2(z = 0)× êz

0 =

(
E1

∣∣∣∣
S

− E2

∣∣∣∣
S

)
× n̂

(
E1

∣∣∣∣
S

− E2

∣∣∣∣
S

)
× n̂ = 0

is the desired boundary condition.

2. Answer:

(a)
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Ion Atom

r

Eion Eion( r )

Patom

q

x

y

Eion =
q

4πε0r2

Eion(r) =
q

4πε0r2
êx.

Eion(r) induces a dipole in the atom, Patom = αEion(r)

Patom = α
q

4πε0r2
êx

We now like to find the electric field produced by the polarized atom at the

location of the ion.
(
Use E(r,Θ) =

P

4πε0r3
(2 cos θêr + sin θêθ) with θ = 0.

)
Eatom(location of ion) =

1

2πε0

Patom · r̂
r3

êx

=
1

2πε0

(
αq

4πε0r2

)
1

r3
êx.

Eion = qEatom =
2αq

(4πε0)2r5
êx.

The force varies as
1

r5
·

(b)

u(r) = −
r∫

∞

−2αq

(4πε0)2r′
5dr

′

=
2αq

(4πε0)2

r∫
∞

r′
(−5)

dr′

=
2αq

(4πε0)2
r′(−4)

−4

∣∣∣∣r
∞

=
−αq

2(4πε0)2

(
1

r4

)
·
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The potential is
−αq

2(4πε0)2r4
with respect to when the atom and ion are spaced

infinitely apart.

3. Answer:

(a)

E1 E2 d

x

a

Q

-Q

1

2

σ σf1 f2

κ=1(vacuum)

D2 = ε0E2 = σf2 (by Gauss’s law)

D1 = ε0E1 = σf1

Since ϕ1 − ϕ2 is the same across the two regions:

E1 = E2 =
∆ϕ

d

⇒ σf1

ε
=

σf2

ε0

⇒ σf1 =
ε

ε0
σf2 = κσf2

We require,

σf1xb+ σf2(a− x)b = Q

σf2(κxb+ ab− xb) = Q

σf2 =
Q

b(x(κ− 1) + a)
, σf1 =

κ

b(x(κ− 1) + a)
·
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(b) We have two capacitors in parallel,

C1 = ε0κ
xb

d
, C2 = ε0(a− x)

b

d

C = C1 + C2 = ε0
b

d

(
κx+ (a− x)

)
u =

Q2

2C
=

Q2

2ε0(b/d)

(
κx+ (a− x)

)
F = −du

dx
=

−Q2

2ε0(b/d)

d

dx

(
κx+ (a− x)

)−1

=
−Q2

2ε0(b/d)
(−1)

1(
κx+ (a− x)

)2κ
=

Q2κ

2ε0(b/d)

1(
κx+ (a− x)

)2 ·
4. Answer:

(a)

r

j = j(s)êz

j = qnv

F = q(E+ v ×B)

= q

(
E+

1

qn
j×B

)
E = − 1

qn
j(s)×B

4



Electrodynamics I. 9 October 2016

From Ampere’s law:

Bϕ(s) 2πr = µ02π

r∫
0

ds s j(s)

⇒ Bϕ(s) =
1

r

r∫
0

ds s j(s)

=
µ0

r

r∫
0

ds s j(s) êϕ

(b)

F = q

(
E+

j(s)

nq
×B(s)

)
E = − 1

nq

(
j(s)×B(s)

)
=

1

nq

(
j(s)×B(s)

)
êr

There must exist a radial electric field.

E(r) =
1

nq
j(s)

µ0

r

r∫
0

ds s j(s) .

(c)

ρ = ρ1 + ρ2

where ρ1 =
j

v
and ρ2 is other charge, ρ2 is uniform, while ρ1 = ρ1(s) varies as the

distance from the axis of the cylinder.

E{r)
l

5



Electrodynamics I. 9 October 2016

E(r) 2πrℓ =
1

ε0
ℓ2π

r∫
0

ds s (ρ
(s)
1 + ρ2)

E(r) =
1

ε0r

[∫
ds s ρ1(s) +

ρ2r
2

2

]
=

1

ε0r

[
1

v

r∫
0

ds s j1(s) +
ρ2r

2

2

]
vµ0

r

r∫
0

ds s j(s) =
1

ε0rv

r∫
0

ds s j(s) +
1

ε0r

r∫
0

ds s ρ2

(
vµ0

r
− 1

ε0rv

) r∫
0

ds s j(s) =
ρ2
ε0r

r∫
0

ds s

Now j(s) = ρ1(s)v(
v2µ0

r
− 1

ε0r

) r∫
0

ds s ρ1(s) =
ρ2
ε0r

r∫
0

ds s

r∫
0

ds s ρ1(s) =
ρ2

ε0r

(
v2µ0

r
− 1

ε0r

) r∫
0

ds s

r∫
0

ds s ρ1(s) =
ρ2

v2

c2
− 1

r∫
0

ds s

⇒ ρ
(s)
1 = − ρ2

1− v2/c2
·

Positive charges are squeezed in a little bit.

5. Answer:

R
SPotential    = 0φ

E0 (outside)
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ϕ = 0 =
1

4πε0

∫
ds σp(rs)

R

=
1

4πε0

R2

R

∫ ∫
sin θ dθ dϕ σp(θ, ϕ)

σp cannot depend on ϕ.

∴ 0 =
1

4πε0
2π

π∫
θ=0

sin θ σp(θ) dθ

⇒ σp(θ) = θ0 cos θ.
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