
Electrodynamics I. 12 September 2016

Solution HW 1: Mathematical Preliminaries

1. Answer:

(a)

∇ · (a× b) = b · (∇× a)− a · (∇× b)

LHS = ∂i(a× b)i

= ∂i (ϵijk aj bk)

= ϵijk ∂i (aj bk)

= ϵijk (∂i aj) bk + ϵijk aj (∂i bk)

= (ϵijk ∂i aj) bk + aj(ϵijk ∂i bk)

= (ϵkij ∂i aj) bk + aj(ϵjki ∂i bk)

= (ϵkij ∂i aj) bk − aj(ϵjki ∂k bi)

= b · (∇× a)− a · (∇× b) = RHS.

(b) We are given that A is irrotational, thus curl of A is zero i.e., ∇×A = 0. Let’s

prove that A× r is also irrotational.

(A× r)i = ϵijk Aj rk = 0(
∇× (A× r)

)
i
= ϵijk ∂j (A× r)k

= ϵijk ∂j (ϵkℓm Aℓ rm)

= ϵijk ϵkℓm ∂j (Aℓ rm)

= ϵkij ϵkℓm ∂j (Aℓ rm),

Use the identity ϵkijϵkℓm = δiℓ δjm − δim δjℓ;

⇒
(
∇× (A× r)

)
i
= (δiℓ δjm − δim δjℓ)

(
∂j (Aℓ rm)

)
= δiℓ δjm

(
∂j (Aℓ rm)

)
− δim δjℓ

(
∂j (Aℓ rm)

)
= ∂j (Ai rj)− ∂j (Aj ri)

= ∂j (Ai rj − Aj ri)

= Ai δij − Aj δij = 0

∴
(
∇× (A× r)

)
= 0 ⇒ (A× r) is irrotational.

1



Electrodynamics I. 12 September 2016

(c) We are given that A and B are constant. We want to prove that ∇(A ·B× r) =

A×B.

LHS = ∇(A ·B× r)

= ∂i (A ·B× r) êi

= ∂i (Aj · (B× r)j) êi

= ∂i (Aj ϵjkℓ Bk rℓ) êi

= ϵjkℓ Aj Bk (∂i rℓ) êi

= ϵjkℓ Aj Bk δiℓ) êi

= ϵjki Aj Bk êi

= ϵijk Aj Bk êi

= A×B = RHS.

(d) We want to prove that ∇× (ϕ∇ϕ) = 0.

(∇× fV)i = ϵijk ∂j (f Vk)

= ϵijk ∂j f Vk + ϵijk f ∂j Vk

= ∇f ×V+ f∇×V

∴ ∇× (ϕ∇ϕ) = ∇ϕ×∇ϕ+ ϕ∇×∇ϕ

= ϕ∇×∇ϕ

(∇×∇ϕ)i = ϵijk ∂j (∇ϕ)k = ϵijk ∂j ∂k ϕ = 0.

(e) We want to prove that (∇u × ∇v) is solenoidal. In order to prove the above

function is solenoidal we should prove that the divergence of the given function

is zero at all points, i.e., ∇ · (∇u×∇v) = 0.

∇ · (∇u×∇v) = ∂i(∇u×∇v)i

= ∂i
(
ϵijk (∇u)j (∇v)k

)
= ∂i

(
ϵijk ∂ju ∂kv)

= ϵijk ∂i (∂ju ∂kv)

= ϵijk (∂i ∂ju) (∂kv) + ϵijk (∂ju) (∂i ∂kv)

= 0.
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2. Answer:

(a) From Gauss’s theorem, we showed in class that∫
∇f dV =

∮
f dS

put f = 1, the result follows.

(b) ∮
∂V

r · dS =

∫
V

(∇ · r) dV = 3V

since ∇ · r = ∂ini = 3.

Hence
1

3

∮
∂V

r · dS = V.

3. Answer: ∮
B · dS =

∫
V

∇ ·B dV

=

∫
∇ · (∇×A) dV = 0 Since div(curl)=0.

4. We are given a vector t = −yêx + xêy.∮
∂S

t · dℓ =

∫
S

(∇× t) · dS

∇× t =

∣∣∣∣∣∣∣∣∣
êx êy êz

∂x ∂y ∂z

−y x 0

∣∣∣∣∣∣∣∣∣
= êx(0)− êy(0) + êz(1 + 1) = 2êz.

dS = dx dy êz∮
∂S

t · dℓ = 2êz · êz
∫∫

dx dy = 2A

which is the desired result.

5. We want to evaluate
∮
∂S

r× dr. Starting with Stoke’s theorem

∫
S

(∇× F) · dS =

∮
∂S

F · dℓ.
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Let F = A×C, where C is a constant vector.

LHS =

∫
∇× (A×C) · dS

=

∫
(C · ∇) A · dS−C ·

∫
(∇ ·A) · dS

RHS =

∮
A×C · dℓ = C ·

∫
dℓ×A

where C ·
∫

dℓ×A =

∫
(C · ∇)A · dS−C ·

∫
(∇ ·A) · dS

Simplify the above expression;∫
dS · (C · ∇)A =

∫
dS ·

(
Cx

∂

∂x
+ Cy

∂

∂y
+ Cz

∂

∂z

)(
Axêx + Ayêy + Az êz

)
=

∫
dS ·

(
Cx

∂

∂x
A+ Cy

∂

∂y
A+ Cz

∂

∂z
A

)
=

∫
dSx

(
Cx

∂

∂x
Ax + Cy

∂

∂y
Ax + Cz

∂

∂z
Ax

)
+

∫
dSy

(
Cx

∂

∂x
Ay + Cy

∂

∂y
Ay + Cz

∂

∂z
Ay

)
+

∫
dSz

(
Cx

∂

∂x
Az + Cy

∂

∂y
Az + Cz

∂

∂z
Az

)
= Cx

(∫
dSx

∂

∂x
Ax +

∫
dSy

∂

∂x
Ay +

∫
dSz

∂

∂x
Az

)
+ Cy

(∫
dSx

∂

∂y
Ax +

∫
dSy

∂

∂y
Ay +

∫
dSz

∂

∂y
Az

)
+ Cz

(∫
dSx

∂

∂z
Ax +

∫
dSy

∂

∂z
Ay +

∫
dSz

∂

∂z
Az

)
∇Ax =

∂

∂x
Axêx +

∂

∂y
Axêy +

∂

∂z
Axêz

∇Ay =
∂

∂x
Ayêx +

∂

∂y
Ayêy +

∂

∂z
Ayêz

∇Az =
∂

∂x
Az êx +

∂

∂y
Az êy +

∂

∂z
Az êz

C ·
∫

dSk∇Ak = Ck

∫
dSk

∂

∂k
Ak

∴
∮

dℓ×A =

∫
dSk∇Ak −

∫
(∇ ·A)dS

Let A = r, dℓ = dr

∇ ·A = ∇ · r = 3

∇Ak = ∇rk = ∂irkêi = δikêi = êk
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dS = aêk, where a is area bounded by ∂S.∫
dSk∇Ak =

∫
dSk êk = aêk

∴
∮

dr× r = −2aêk

⇒
∮
∂S

r× dr = 2aêk = 2

∫
S

dS.

6.

LHS =

∮
u∇v · dℓ

=

∫
∇× u∇v · dS from Stoke’s law

Now curl of a product (∇× u∇v) is,

∇× u∇v = ϵijk ∂j (u∂k v)

= ϵijk (∂j u)(∂k v) + ϵijk u ∂j ∂k v)

= ϵijk (∂j u)(∂k v) + 0

= ∇u×∇v

which can be inserted to the LHS, yielding the desired result.
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