Electrodynamics I. 12 September 2016

Solution HW 1: Mathematical Preliminaries

1. Answer:

(a)
V-(axb) =b-(Vxa)—a-(Vxb)
LHS = d;(a x b),
= 0; (€ijx a;j br)
= €ije 0; (a; br)
= €iji (05 aj) by + €ij1, a; (0; by)
= (€ 0; a;) b, + a;j(€ji 0; by)
= (€xij 0; a;) b, + a;(€jk; 0; by)
= (€ij 0s aj) by — a;(€jxi Ok by)
(

=b-(Vxa)—a-(V xb)=RHS.

(b) We are given that A is irrotational, thus curl of A is zero i.e., V x A = 0. Let’s

prove that A X r is also irrotational.
(AXxr), = € Ajr,=0
(V X (A x r))l = €10 (A X 1)y
= €k 0; (€rom AvTim)
= €jk €hem Oj (Ae )
= €kij €hem Oj (Ae i),

Use the identity €xij€rem = 0ie Ojm — Oim 0,¢;

S (VX (A X)), = (Bt O — G 80) (9 (A7)
= 0it Ojm ((9j (Ay T’m)) — Oim Oj¢ (8j (Ay Tm))
= 0;(Air;) — 0; (A i)
= 0; (Airj — Ajri)
= A6y — A6y =0

(Vx(Axr))=0 = (A xr) is irrotational.
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(c) We are given that A and B are constant. We want to prove that V(A -B xr) =

A x B.

LHS

V(A-B xr)
0;
o

A'BXI‘)éi

~

(
(4; - (B xr);)é;
0; (Aj €jre Brry) €
€ine Aj By, (0i1p) €
€jke Aj By 0ig) €;
€iki Aj Bi é;

€ijk Aj By é;

A x B =RHS.

(d) We want to prove that V x (¢V¢) = 0.

SV x (V) =

(V x Vo),

(e) We want to prove that (Vu x Vwv) is solenoidal. In order to prove the above

function is solenoidal we should prove that the divergence of the given function

= €ijk 05 (f Vi)
€iji 05 [ Vi + €1 f 0; Vi
VfxV+4+fVxV
Vo x Vo + 6V x Vo
oV x Vo
= €k 05 (VO)r = €51 95 Op ¢ = 0.

is zero at all points, i.e., V- (Vu x Vo) = 0.

V- (Vux Vv) =

0;(Vu x Vv);

= 0(eijk (Vu); (Vo))

0; (Ez‘jk 0ju Oxv)
€ijk 8, (aju akv)
€ijk (0; 0ju) (Okv) + €55 (0ju) (0; Okv)
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2. Answer:

(a) From Gauss’s theorem, we showed in class that

/Vfdvzjaffds

put f =1, the result follows.

(b)

fr-ds _ /(V-r)dV:3V

R1% %
since V-.r = 0;n; =3.

Hence%?{r-ds = V.

)%

%B-dS = /V-BdV
1%

_ / V. (VxA)dV =0  Since div(curl)=0.

3. Answer:

4. We are given a vector t = —ye, + ze,.
ft.dz _ /(th)-dS
aS s
€r €y €,

Vxt=19, 9, 0,

—y x 0
= €,(0) —¢,(0) +é,(1+1) =2e,.
dS = dx dy é,
j{t-df = 2éz~éz//d:cdy:2A

oS

which is the desired result.
5. We want to evaluate ¢ r x dr. Starting with Stoke’s theorem

oS
/(VxF)-dS - fF-de.

S oS
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Let F = A x C, where C is a constant vector.
LHS:/VX(AXC)-dS
z/(C-V)A-dS—C-/(V-A)-dS
RHS:fAXC~d€:C~/d€><A
where C-/dﬂxA:/(C-V)A~dS—C-/(V-A)-dS

Simplify the above expression;

ds - (Oxag + (Jyﬁ + ng) (Agé, + Aye, + Ase.)
( )

/dS-(C-V)A . S+ Cag

I
S

) )
+Cy(/d5xa—yAx+/dSya—yAy+ dSza—yAz>
VA, =

C.
9
ox
g .. X R
VA, = B Ay, + — Ayé, + 5 Age,
0
A, = —
v 0
Ch

C-/dSkVAk =

.~.7§d13><A = /dSkVAk—/(V~A)dS

Let A=r dl=dr
V-A=V-.r=3




Electrodynamics I. 12 September 2016

dS = aéy, where a is area bounded by 95.

jI{dr Xr = —2aé
:>7{r><dr = 2aék:2/dS.
a8

S

LHS = 7{ uVo - dl
= /V x uVv - dS from Stoke’s law
Now curl of a product (V x uVv) is,

V x uVv = €5 0; (udyv)
= €ijr. (0;u) (O v) + €15, w0; O v)
= €iji (05 u)(9kv) +0
= Vu x Vv

which can be inserted to the LHS, yielding the desired result.




