
Electrodynamics I. 9 October 2016

Solution HW 6: Dielectrics and Polarization

1. Answer:

ex

ey

n

P

Inside the sphere, ρp = −∇ · P = 0. Since P = constant. On the sphere surface

σp(rs) = P · n̂, where

n̂ = sin θ êx + cos θ êz,

and θ is the angle with the vertical axis. Since

P = P êz

σp(rs) = P êz · (sin θ êx + cos θ êz)

= P cos θ.

The varying charge on the surface of the sphere can be depicted as below.
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2. Answer:

=constantρp

=0ρp

R

Gauss’s law

∇ · E = +
ρ

ε0
(ρ inside a sphere)

has a solution:

E(r) =


ρ

3ε0
r, r < R

ρ R3

3ε0 r3
r, r > R


Sketch of P( r )

Similarly, here we need to solve,

∇ ·P = −ρp

leading to (by analogy)

P(r) =


−ρp

3
r, r < R

−ρp R3

3 r3
r, r > R


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P is non-uniform and is non-zero outside the sphere too. A rough sketch is shown in

the accompanying figure.

R r

P(r)

-
r
1

-
r
1

2

quadratic

hyperbolic

3. Answer:

E0

far away

P Ein

Now Ein = − P

3ε0
(derived in class, P is uniform inside the dielectric)

E (total inside the dielectric) = Ep + E0

Now P = −3ε0Ep

= −3ε0(E− E0)
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We also have

P = ε0χeE

∴ ε0χeE = −3ε0(E − E0)

ε0χeE + 3ε0E = 3ε0E0

E(χe + 3) = 3E0

E0 =
E(χe + 3)

3

Since χe = κ− 1

E =

(
3

κ+ 2

)
E0

Hence E = E0

(
3

κ+ 2

)

Similarly Ep = E − E0

= E0

(
3

κ+ 2
− 1

)
= E0

(
3− κ− 2

κ+ 2

)
= E0

(
1− κ

κ+ 2

)
Hence Ep = E0

(
1− κ

κ+ 2

)

Finally P = −3ε0

(
1− κ

κ+ 2

)
E0.

4. Answer:

(a)

P
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Ep(in) = Ein = − P

3ε0
, r < R

Ep(out) = Eout = − V

4πε0

(
3(P · r̂)r̂−P

r3

)
, r > R

Without loss of generality,

P = P êz.

θ is the polar angle from the vertical.

P · r̂ = P cos θ

Inside the sphere

D(in) = ε0Ein +P = ε0

(
− P

3ε0

)
+P =

2

3
P

D
(in)
⊥ = D(in)

r =
2

3
P cos θ.

The normal component is the radial component.

Outside the sphere

P = 0

D(out) = ε0Eout =
V

4π

(
3(P · r̂)r̂−P

r3

)
D

(out)
⊥ = D(out)

r =
V

4πr3
(
3P cos θ − P cos θ

)
If r = R

D
(out)
⊥ = D(out)

r =
4

3
πR3 P

4πR3
(2 cos θ) =

2P cos θ

3
·

Hence D⊥ is continuous across the surface of the dielectric.

(b) We now compute the normal components of the electric field.

E
(in)
⊥ = − P

3ε0
cos θ

E
(out)
⊥ =

2P

3ε0
cos θ
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Discontinuity is

E
(out)
⊥ − E

(in)
⊥ =

P

3ε0
cos θ(2 + 1) =

P

ε0
cos θ.

The electric field’s ⊥ component is discontinuous, but the D’s ⊥ component is

continuous.

(c) Find field at the center of a uniformly polarized sphere by explicit integration.

ex

ey
Rθ

There is only charge on the surface (see Q1.).

Since σ = P cos θ

E(r = 0) =
1

4πε0

∫
S

d2r′ σ(r′)

r′3
(−r)

= − P

4πε0 R3

∫
S

d2r′ cos θ R

Let’s find the x-component:

Ex = − P

4πε0 R3

∫
s

d2r′ cos θ x

x = R sin θ cosϕ

Ex = − P

4πε0 R3

∫
dθ dϕ R2 sin θ cos θ (R sin θ cosϕ)

= − P

4πε0

( 2π∫
0

dϕ cosϕ

)( π∫
0

dθ sin2 θ cos θ

)
= 0
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Similarly, by symmetry Ey = 0. whereas, for the z-component

Ez = − P

4πε0 R3

∫
s

d2r′ cos θ z

= − P

4πε0 R3

2π∫
ϕ=0

π∫
θ=0

dθ dϕ R2 sin θ cos θ (R cos θ)

= − P

4πε0
(2π)

π∫
0

dθ sin θ cos2 θ

= − P

2ε0
·
(
−cos3 θ

3

)∣∣∣∣π
0

=
P

6ε0
(−2) = − P

3ε0
.

Hence E at center is − P

3ε0
as desired.

5. Answer:

(a)

ρ
f

R

The density ρf is uniform. Let’s find D using Gauss’s law:

∇ ·D = ρf∫
S

dS ·D = D(4πr2) =
4

3
πr3ρf

D =
rρf
3

r̂

Now D = ε0E+P

P = D− ε0E = D− ε0
ϵ0
D = D

(
1− 1

κ

)
Hence P =

rρf
3

r̂

(
κ− 1

κ

)
= r

ρf
3

(
κ− 1

κ

)
·
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(b)

ρp = −∇ ·P = −ρf
3

(
κ− 1

κ

)
∇ · r = −ρf

(
κ− 1

κ

)
.

σp = P · n̂ =
ρf
3

(
κ− 1

κ

)
r · n̂ =

ρf
3

(
κ− 1

κ

)
R.

(c)

Total polarization charge on surface =
ρf
3

(
κ− 1

κ

)
R(4πR2) = Qf

(
κ− 1

κ

)
·
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