Electrodynamics 1. 9 October 2016

Solution HW 6: Dielectrics and Polarization

1. Answer:

2>

Inside the sphere, p, = =V - P = 0. Since P = constant. On the sphere surface

op(rs) =P - 01, where
n=sinf &, + cosf &,,
and @ is the angle with the vertical axis. Since

P =Peé,
op(rs) = P é,-(sinf &, +cosb é,)

= P cos@.

The varying charge on the surface of the sphere can be depicted as below.

+ + +
+++++ ++
+F s
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2. Answer:

Gauss’s law

has a solution:

3L r, r < R
£
E(I‘) = P Rog -
>
3eg 13 ror

/ AN
Similarly, here we need to solve,
V-P=—p,
leading to (by analogy)
—% r, r<R
P = _Pg ﬁg , r>R
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P is non-uniform and is non-zero outside the sphere too. A rough sketch is shown in

the accompanying figure.

P(r)

Y
-

1
r2

N

quadratic

3. Answer:

Now E;, = ~3 (derived in class, P is uniform inside the dielectric)
€0
E (total inside the dielectric) = E, + E,
Now P = —3¢E,

= —3eo(E — Eo)
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We also have

P = eox.E
. eoxeE = —3eo(E — Ep)
coXe 4 3e0 . = 3egEyg
E(x.+3) = 3E

EO — E<X6+3)
3
Since y. = k—1

K+ 2

Hence E:E0< 3 )

Similarly E, = F — Ej

= E, 3 1 :EOMZEO l—k
K+ 2 K+ 2 K+ 2

Hence E, = E0<11;>
K

1 _
Finally P — —350( 'f)EO.
K
4. Answer:

()
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E,(in) = Ep — —3%, <R
E,(out) = Eou = —47‘;0 (3(P : igf — P), r>R
Without loss of generality,
P = Pe..
0 is the polar angle from the vertical.
P-#= Pcosf
Inside the sphere
D = B, +P = 50(—3) +P = 2p
3€0 3

in i 2
D(L ) = D — gPCOS 6.

The normal component is the radial component.

Outside the sphere

P=0
D(out) S D K S(P . f')f‘ -P
47 73
(out) __ (out) __ .
D7 = D" = gy (BPCOSH Pcos@)
Ifr=R
(out) __ (out) __ 4 3 . 2P cosf

D = DM = gwR PR (2cosb) = 3

Hence D, is continuous across the surface of the dielectric.

(b) We now compute the normal components of the electric field.

in P
Ei ) =~ cosh
350
2P
Efm) = —cosf
380
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Discontinuity is

: P P
Eﬁ_out) _ Eim) = ——cosf(2+1) = — cos¥.
35() €0

The electric field’s L. component is discontinuous, but the D’s 1 component is

continuous.

(c) Find field at the center of a uniformly polarized sphere by explicit integration.

>
\V

There is only charge on the surface (see Q1.).

Since o = Pcosft

E(r = 0) 1 /Sd r Iag(r’)<_r>

471'80 r
P

= — d*r' cosf R
47T€0R3/S " Cos

Let’s find the x-component:

P
E — 2 1
- e 5 /Sdr cosf x
x = Rsinfcos ¢
P
E, = e I /d9 dp R* sinf cosf (Rsinf cos ¢)

27

P ™
= — (/dqb COSQS)(/dQ sin? 0 COSQ):O
47T€0
0 0
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Similarly, by symmetry E, = 0. whereas, for the z-component

P 2
E, = —47T€0 R3/sd r’ cosf z

2w ow

B P 9 .

= m/ /d@d(bR sin@ cosf (Rcosf)
$=0 6=0

s

P
= —47T€0(27r)/d9 sinf cos®6

0
B P cos® 6
B 250 3

P
Hence E at center is 3 as desired.
€0

P P
2

5. Answer:

(a)

The density ps is uniform. Let’s find D using Gauss’s law:

V-D = py
4
/dS~D = D(47rr2):§7rr3pf
s
D = Pp
3
Now D = ¢E+P
1
P - D—gOE:D_E_OD:D(l__>
€0 K

Hence P = /g rol - K—1),
3 K 3 K




Electrodynamics 1. 9 October 2016

(b)

Total polarization charge on surface = §<




