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DYNAMICS OF T H E  B I F I L A R  P E N D U L U M  
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S u m m a r y - - T h e  full nonl inear  equat ions  of  mot ion  of a bifilar pendu lum are der ived 
wi thou t  the  aid of s implifying assumpt ions  about  the  geomet ry  of the  suspension or the  
iner t ia  propert ies  of  the  suspended body.  Two examples  of  pract ical  in teres t  are discussed. 
The  first involves cables of  unequal  length,  and the  second deals wi th  effects of  principal  
axes misa l ignment .  

The nonl inear  equat ions  serve also as the  poin t  of  depar ture  for a ra t ional  a t t ack  on a 
problem of t i l t ing oscillations. Torsional  mot ions  of  the kind employed  for m o m e n t  of  
iner t ia  measurements  are represented by  an exac t  solut ion of  the  nonl inear  equat ions  of  
mot ion,  and a l inear izat ion about  this solut ion then  permi ts  the formula t ion  of  s tabi l i ty  
cr i ter ia  in te rms  of  F loque t  theory.  The  physical  significance of inst abilit ies thus  discovered 
is s tudied by  reference to specific examples.  

NOTATION 

b, b' distances be tween  points  of a t t a c h m e n t  
l, l '  cable lengths 

ni, fii, b i un i t  vectors  
8/ or ienta t ion  angle 

s~, ci sin Oi, cos Oi 
L, B I/b', b/b' 

HI . . . . .  f15 e q u a t i o n s  (4) 

nit equat ions  (8) 
b~j, 5~¢ components  of  b i 

angular  ve loc i ty  
~i ,  co~ components  of  oJ 

a angular  accelerat ion 
As, ai components  of  

r re la t ive  posi t ion vec tor  of  mass center  
r magn i tude  of  r 
v veloci ty  of  mass center  

angle be tween  r and fia 
8a, ca s in~ ,cosA 

vii equat ions  (24) 
a accelerat ion of  mass center  

a i componen t  of  a 
~iJ equat ions  (28) 

to,0 ' par t ia l  ra te  of  change of  or ienta t ion 
v,~ r par t ia l  ra te  of change of  posit ion 

~Te m a s s  
g accelerat ion of  g rav i ty  

Fr, F *  general ized forces 
T iner t ia  to rque  

T i component  of  T 
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I~ principal moment of inertia 
ql . . . .  , q5 01 .. . . .  05 

q, ..... qlo 01 .. . . .  05 
/V~ equations (47) 

f equations (48) 
t* period 
q~* periodic function 
e~ perturbation 

Zi~ function of q* 
Z, H matrices 

hi eigenvalue 

INTRODUCTION 

A B~,A~ pendulum consists of a rigid body suspended by two wires or cables. 
Frequent ly ,  such an a r rangement  is employed  for the  exper imenta l  determi-  
na t ion  of  moments  of  inertia,  the  essence of  the  m e th o d  being t h a t  measured  
values of  the  period of  torsional  vibrat ions are subs t i tu ted  into a formula  
der ived f rom an  analyt ical  descript ion of  these oscillations. Usually,  the  
der iva t ion  of  the  formula  involves e i ther  complete  or par t ia l  l inearization of  
the  equat ions  of  motion.  This not  only  simplifies the  analysis considerably,  
bu t  is general ly justified b y  the  fact  t ha t  i t  does no t  impair  the  accuracy  of  the  
results. However ,  certain modes of  behavior  of  the  sys tem fall outside of  the  
scope of such a theory .  For  example,  in pract ice  one sometimes encounters  
the potent ia l ly  dangerous phenomenon  of  parasi t ic  " t i l t ing"  oscillations wi th  
t ime-dependent ,  increasing ampli tude,  and one finds t h a t  the  occurrence of 
such motions is in t imate ly  related to  the geomet ry  of  the  suspension, i.e. to 
the lengths of the cables, the  distance between points  of  a t t achment ,  etc. 
These vibrat ions,  i t  turns  out,  can be t r ea t ed  analyt ical ly  on ly  b y  taking into 
account  nonlinearit ies t ha t  are normal ly  ignored. 

In  the  present  paper,  the full nonlinear equat ions of  mot ion  of  the  bifilar 
pendulum are der ived wi thout  the  aid of simplifying assumptions abou t  the  
geomet ry  of the  suspension or the  iner t ia  propert ies  of  the  suspended body.  
To i l lustrate the use of these equations,  two examples of  pract ical  interest  
are discussed. The first involves cables of  unequal  length, and  the second 
deals wi th  effects of  principal axes misalignment.  

The nonlinear  equat ions serve also as the  point  of  depar ture  for a ra t ional  
a t t ack  on the  previously  ment ioned problem of  t i l t ing oscillations. Torsional  
motions of  the  k ind employed  for momen t  of  iner t ia  measurements  are here 
represented by  an exact  solution of the  nonlinear  equat ions of  motion,  and  a 
l inearization abou t  this solution then  permits  the  formula t ion  of  s tabi l i ty  
criteria in te rms of  F loque t  theory .  The  physical  significance of instabilities 
thus discovered is s tudied by  reference to specific examples.  

E Q U A T I O N S  OF MOTION 

The geometric quantities that are to be used to describe the motion of a bifi]ar 
pendulum are shown in Fig. 1, where A and B designate the points at which cables are 
attached to a horizontal support, C and D are the points at which the cables are fastened 
to a rigid body R, and R* is the mass center of this body. The angle 01 measures rotations 
of R about line CD, and 8~ ..... 05 serve to determine the orientations of lines BC and CD. 
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The latter angles are not  independent of each other, because the orientations of BC and 
- -~ -4* - +  

CD must be such that  the sum of the vectors AB, B-C and CD is equal to AD. I f  nl, 

A B b J~ 

£' 

£ O 

R 

Ou 

FIG. 1. Bifilar pendulum. 

n s and n s comprise a right-handed set of mutually perpendicular unit vectors directed 
as shown, this condition can be expressed as 

- -  b n  2 + l [ s z ( c  s n I + 8 3 n 2 )  - c 2 n 3 ]  -[- b'[c5(8 4 n I ÷ c 4 n z )  ÷ s s n a ]  -- AD ( 1 )  

where s~ and c~ denote sin 0~ and cos 0~, respectively; and scalar multiplication of each 
side of equation (1) with itself leads to the constraint equation 

(/a~ c s + b'8  a c~)  2 + ( - b + ls2 ss + l" ca c~) ~ + ( - lc~ + b" s6) 2 = ( l ' )  z ( 2 )  

One way to take this equation into account is to regard the five quantities 01, ..., O~ 
as generalized co-ordinates of a simple nonholonomic system possessing only four degrees 
of freedom, and to convert equation (2) into a differential constrain equation by differ- 
entiating it with respect to time. This gives 

f~l ~, + f~  ~ +& ~ +& ~,-~ ~ = o (3) 
where 

! fl~ = L[c  2 ca( L s  2 c s + s• c5) + c a as( - B + L s  2 ss + ca c5) + s2( - Lc~ + ~5)] 

fla L [  - s s s s ( L s  ~ c a + s a c~) + s2 ca( - B + L s  2 8 a q- c a c5) ] ~ (4) 
/ 

f14 c 4 c s ( L s * c 3 ÷ s • c s ) - s a c ~ ( - B + L s 2 s a ÷ c a c s )  I 

fls sa ss(Ls~ c8 + sa c5) + c4 ss( - B + Ls2 sa + ca cs) - c5( - L %  + as) / 

with L and B defined as 
L = lib' ,  B = b/b" 

In  the sequel, it becomes necessary to solve equation (3) for 0s. For computational 
reasons, it is convenient to express the result as 



86 T . R .  KANE and GAN-TAI TSE~G 

where ~1 . . . . .  ~'4 are known funct ions of  01 . . . . .  05, namely  

y~ = f ~ / ~ ,  i = 1 . . . . .  4 (6) 

We tu rn  now to the  der iva t ion  of  expressions for the  angular  veloci ty  and  angular  
accelerat ion of  the  body  R and  for the  veloci ty  and accelerat ion of the  mass center  R* 
of  R.  As some of these quant i t ies  shall have  to be referred to  body-f ixed axes, we in t roduce  
two fur ther  r igh t -handed  sets of  base vectors  : fit, f~, f~, directed as shown in Fig.  2 ; and 

-5 0 

C 

F ie .  2. Un i t  vectors.  
R" 

bl, b~, bs, respect ive ly  paral lel  to pr incipal  axes of iner t ia  of R for R*.  The  relat ionship 
be tween  the  first of  these sets and  n~, n~, n 8 depends on Ot, 04 and 05, and is g iven  by  

3 
f t =  ~ n i snJ ,  i =  1 ,2 ,3  (7) 

~'=1 
where  

n l l  ~ 81 C 4 -~" C 1 84 85 7g12 ~ --  81 84 ~- O 1 C 4 85 7b13 ~ - -  C 1 C5~ 
! 

n21 ~ CLC4--818485 n22 ~" - -c184--81c485 T b 2 3  81C5 I (8 )  

n31 ~- --84C 5 n32 ~--- - -C4C 5 n33 - -85  / 

Next ,  the  vectors  bl, b~, b 3 are re la ted to ill, fi~, f3 by  

3 
b ~ -  ~ , ~ f ~ ,  i =  1 , 2 , 3  (9)  

~ffil 

where bo is a cons tan t  t h a t  depends  only on the  choice of  the  points  of  a t t a c h m e n t  C 
and D. F ina l ly  then,  bl, b2, b3 are  g iven in te rms  of  n 1, n 2, n 8 by  

3 
b i =  ~b~jn~, i =  1 ,2 ,3  (10) 

Jffil 
where 

3 
bis = ~T)iknks (11) 

The  angular  ve loc i ty  to of R is expressed most  di rect ly  as (see Figs. 1 and 2) 

tO = 01 fi3 -- 04 n3 + 05(c4 n t  -- s i  n2) ( 12 )  

and subs t i tu t ion  f rom equat ions  (7) and (8) leads to 

3 
to = ~ i n i  (13) 

i--1 
where 

~1 = - si  c5 01 + c4 05 / 
f l  2 --  c 4 c 5 01 --  s 4 05I  (14 )  

~3 - s s O t - O 4  J 

Alterna t ive ly ,  to can be referred to the  body-f ixed un i t  vectors  b~, b z, b 8 by  se t t ing  

m = ~ w t b ~  (15) 
~ - t  
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so t h a t  to/ = to .b/ .  F r o m  e q u a t i o n s  (13) a n d  (10) i t  t h e n  follows t h a t  

to~= ~ b i ~ ,  i =  1 , 2 , 3  (16) 
t = 1  

Similar ly ,  t he  a n g u l a r  acce le ra t ion  ¢t of  R can  be  expressed  e i t he r  as 

3 
¢t = ~ fA/n /  (17) 

or as 
3 

OL---- ~_oQb i (18) 
i = 1  

where  A /  = ~ a n d  ai = ¢t.b i. Consequen t ly  

Al  = - s .  cs Ol +c. Os-c.  cs Ol O. + s. ss Ol O . - s .  O. ~:} 

A~ --C4C5~1--S4~5~-84C50104"~C4C501~5--C404 (19) 

As = -- sa 61 - ~4 -- % ~}1 05 

a n d  e q u a t i o n s  (17) a n d  (10) lead to  
3 

a~ = ~ bij Aj  (20) 
f = 1  

To f ind t h e  ve loc i ty  v of  t he  p o i n t  R*,  we first  express  t he  pos i t ion  vec to r  r of  R* 
re l a t ive  to  p o i n t  C in t e r m s  of  t he  l e n g t h  r a n d  t he  ang le  ~ s h o w n  in Fig.  2, o b t a i n i n g  

r = r(s~ fix -- cA fia) 
or, a f t e r  us ing  equa t i ons  (7), 

3 
r = ~ r i n  i (21) 

i ff i l  
where 

r~ = r ( s a n x i - - c A n 3 i  ), i = 1, 2, 3 (22) 

The  ve loc i ty  v is then  g iven  by  

V = v C + t o  X r 

where  v c deno t e s  t he  ve loc i ty  of  p o i n t  C; a n d  s u b s t i t u t i o n s  f rom equa t i ons  (13), (14), 
(21) a n d  (22) p e r m i t  one to  wr i t e  t h e  r e su l t  as 

v = ~. vii 0j n~ (23) 
t = l  1 ~ 1  

where  
Vii = rSh(Cl ca -- 8t 8a 85) / 

10, ca / 
vxaVx2 -- 182 8 a [ 

V14 r[8)~( - -  81 84  "Jr- C x C 4 85) ~- C A C 4 C5] / 

v15 r( -- c A s 4 s 5 + 8 a c 1 s 4 c5) [ 

v21 - rs~(cl s 4 + s 1 c 4 ss) ] 

lc2 s3 
v22 182 ca / 
V23 

V24 -- ~[8 A 84 C 5 + 8A(S x C 4 + C 1 84 85)] / 
v~5 r(sA cl c4 c5 -- CA c4 85) / 

V31 rsA 81 c5 / 

va2 ls2 I 

vaa v34 = 0 / 

v35 r(cA c5 + sA cx ss) / 

(24) 
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Fina l ly ,  differentiation of  equat ion (23) leads to the fol lowing expression for the  
acceleration a of  R* : 

where 

a 

a = ~ a i n t  

5 
a s = Z ( %  ~ + V .  ~ )  

- -  r sh[ (81  ¢4 + Cl s4 85) 01 + ( e l  84 + 81 c4 e4 86) 04 + 81 84 Ca 0S] 

- l(as ca 02 + c~ + 8a 03) 

- l(c, sa Oa + s2 ca Oa) 

r [  - -  a~(c 1 s 4 -~ 81 c 4 85) 01 - -  (B~ 81 c 4 -~- 8 a e I 84 85 -~ e~ S 4 eS) 04 "~- (#a e l  e4 e$ - -  C A e 4 85) 05] 

r [  - -  8)1 81 84 C 5 01 "~- (8 h e 1 c 5 - -  c h 85) e 4 #4 - -  (cA 84 e 5 -{- 8A e I 84 85) 05] 

- -  rBx[(e  1 C 4 B 5 - -  S 1 84) 01 + (C 1 C 4 --  81 84 85) 04 + B 1 e 4 C b 05] 

l( - s, sa Oz + % ca 0a) 

l(cs ca 0 , -  s~ sa 0a) 

- -  r[BA(Cl 04 - -  81 04 85) 01 ~- (e)L 04 05 --  Sh 81 $'4 ~- 8~ e I C 4 85) 04 -]" (8 a e I 84 e 5 - -  e A 84 88) 05] 

r [  - -  ~ B1 e4 e5 01 -~ (C~ S 5 --  S A C 1 e5) 84 04 --  (S~ C 1 C 4 85 "~ e)L C 4 es)  #5] 

rs)~(c 1 c 5 01 - -  S 1 85 05) 

lc, 0, 
i,a~ = 0 

!)11 

~)12 ----- 

~)la = 

V22 ~--- 

vaa -~- 

v25 ---~ 

?)as = 

?)as 

0as = 

(25) 

(26) 

(27) 

The m e t h o d  1 that  wi l l  be used to derive equations of  m o t i o n  requires the  formulat ion 
of  four partial  rates of  change of  orientation of  the  b o d y  R and four partial  rates o f  
change of  posi t ion of  the point  R*.  The first four, denoted b y  to,b ~, k = 1 . . . . .  4, are 
the  coefficients of  01, . . . ,  04, respectively,  in a n y  expression for the  angular ve loc i ty  to, 
provided 0s has first been e l iminated  b y  means  of  equat ion (5). N o w ,  it  fol lows from 
equations (14) and (5) that  [1j can be expressed as 

4 
f l s=  Z~Jk0~, j =  1 ,2 ,3  

/¢=1 
where 

~'~11 ~- - -  S4 C5 ~ 1 2  : C4 ~2 ~ 1 3  ~-- C4 ~3 ~14  = C4 ~ 4  

[121 : - -  C4 ¢5 J~'~22 : - -  84 ~2 G23 = - -  8'4 ')/3 ~'~24 ~- - -  84, ~/4/ ( 2 8 )  

~'~81 ~--- - -85  ~32 = 0 [133 = 0 fZ34 = --1 

and subst i tut ion into equations (16) thus  gives  

i ,  w~ = ~ b . ~ j ~ ) ~ ,  i =  1 , 2 , 3  (29) 
J ~ l  k ~ l  

The coefficients of  01 . . . . .  04 in equat ion (15) can now be identif ied,  and it appears that 

i a  
~,0,= ~ b . ~ j , b ~ ,  r =  1 , . . . , 4  (30) 

t--1 I--1 

Similarly,  the partial  rates of  change of  posit ion v,~,, r = 1 . . . . .  4, are the coefficients of  
01 . . . . .  0 o respectively,  in equat ion (23) [after e l iminat ion of  ~)a b y  means  of  equat ion (5)]. 
Consequent ly  

3 
v o , =  ~ ( v ~ + v ~ s y , ) n i ,  r = 1 . . . . .  4 (31) 
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Genera l i zed  ac t ive  forces F 1, ... ,  F 4 are  fo rmed  b y  sca lar  mu l t i p l i c a t i ons  of t he  p a r t i a l  
r a t e s  of  c h a n g e  of  pos i t ion  of  R* w i t h  t h e  we igh t  force - m g n  a, where  m deno tes  t h e  mass  
of  t h e  b o d y  R a n d  g is t h e  acce le ra t ion  of  g r a v i t y ,  i.e. 

F~ = v,~ . ( - m g n 3 ) ,  r = 1 . . . . .  4 

or, i n  v iew of  e q u a t i o n s  (31), 

F, =-mg(va~+vas~,~), r = 1 . . . . .  4 (32) 

Similar ly ,  genera l ized  ine r t i a  forces F *  . . . . .  F *  are  g iven  b y  

F *  = v , ~ r . ( - m a )  Tw,~r .T,  r = 1 . . . . .  4 (33) 

where  T is t h e  so-cal led ine r t i a  to rque .  I f  I x, I s a n d  Ia  d e n o t e  t h e  p r inc ipa l  m o m e n t ~  of  
i ne r t i a  of  R for R*,  t h e n  T, reso lved  in to  c o m p o n e n t s  para l le l  to  t h e  u n i t  vec to r s  
b 1, b 2, b a, is g iven  b y  

$ 

T = Z T ~ b ,  (34) 
i - -1  

where  
T 1 = oJ 2 eoa( I2 - Ia )  - a  1 I1~ 

T, a~a °~l(Is- Ix) -a~ I21 (35) 
Ts w, co~(Ii- I~)-aa ls 

S u b s t i t u t i o n  f rom e q u a t i o n s  (25), (30), (31) a n d  (34) t h u s  leads  to  

F *  = -ma~(v~,+v~s~, , )+  ~ b ~ j ~ j , T ~  , r = 1 . . . .  , 4  (36) 
4--1 ~--1 

a n d  t he  four  d y n a m i c a l  e q u a t i o n s  of  m o t i o n  of  t he  s y s t e m  can  now be  s t a t e d  as 

F , + F *  = 0, r =  1 . . . . .  4 (37) 

These  equa t ions ,  t o g e t h e r  w i t h  e q u a t i o n  (2), t h e  c o n s t r a i n t  equa t ion ,  g o v e r n  all  m o t i o n s  
of  t he  sys t em.  To b r i n g  t h e m  in to  a fo rm su i t ab l e  for so lu t ion  w i t h  a d ig i ta l  c o m p u t e r ,  
one  m a y  proceed  as follows: d i f fe ren t i a te  e q u a t i o n  (2) twice  w i t h  respec t  to  t i m e  a n d  
use  e q u a t i o n s  (4), (6), (8), (11), (14), (16), (19), (20), (24)-(29),  (32), (35) a n d  (36) to  
express  t he  r e su l t i ng  e q u a t i o n  a n d  equa t i ons  (37) in  t he  fo rm 

5 
ZP, j(~j --- Q~, i = 1 . . . . .  5 (38) 

t m l  

where  Plj  is a f u n c t i o n  of  81 . . . .  ,0a, whereas  Qi is a f unc t i on  of  01, ... ,  05, ~1 . . . . .  ~a. Nex t ,  
solve equa t i ons  (38) for  ~1 . . . . .  ~a, o b t a i n i n g  

~l~ = R~, i =  1 . . . .  , 5  (39) 

where  R~ is a f u n c t i o n  of  01 . . . . .  85, ~1 . . . . .  ~5. F ina l ly ,  i n t roduce  t e n  new  d e p e n d e n t  
va r i ab le s  ql . . . . .  ql0 b y  t a k i n g  

ql = 01 . . . . .  q5 = ~5 (40) 
a n d  

qe -- ~1 . . . . .  ql0 = ~ (41) 

S u b s t i t u t i o n  f rom equa t i ons  (40) in to  e q u a t i o n s  (41) t h e n  yields  

q~ = q~+s, i =  1 , . . . , 5  (42) 

a n d  equa t i ons  (41) c o m b i n e d  w i t h  e q u a t i o n s  (39) give 

q~+5-- R~, i - -  1 . . . . .  5 (43) 

where  R~ m a y  n o w  b e  r e g a r d e d  as  a f unc t i on  of  q~ . . . . .  ql0- 
To solve equa t i ons  (42) a n d  (43) numer ica l ly ,  i t  is necessa ry  to  ass ign in i t ia l  va lues  to  

q~ . . . . .  qxo. Howeve r ,  n o t  al l  of  these  m a y  be  chosen  a rb i t r a r i l y ,  because  one  of  equa t i ons  
(38) was  o b t a i n e d  b y  d i f f e ren t i a t ing  e q u a t i o n  (2) twice  w i t h  respec t  to  t ime ,  w h i c h  h a s  
t he  effect o f  ra i s ing  t h e  order  of  t h e  sys t em.  To o b t a i n  a se t  of  in i t ia l  va lues  of  q~, ..., q~0 
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compat ible  wi th  equa t ion  (2), one m a y  assign a rb i t ra ry  values to ql , - - . ,  q4 and qs . . . . .  qg; 
solve equa t ion  (2) for q5 ; and,  af ter  replacing O's and O's in accordance wi th  equat ions  (40) 
and (41), use equa t ion  (5) to de termine  the  init ial  va lue  of ql0. The only par t  of  this  
process tha t  poses any  problem is t ha t  of  solving the  nonl inear  equa t ion  (2) for qs, bu t  
this can be accomplished by  using a recent ly  devised procedure ~ which,  appl ied to the  
case a t  hand,  involves the  following steps. Af te r  picking init ial  values for q l , - . . ,  q4, let 
C be the  cons tant  

C = ( L s  2 c 3 + s4) ~ + ( - B + L s  2 # 3 + ca) ~ + L 2 C 2  2 - -  ( l ' / l )  L 2 

where s i  and c i now denote  sin q~ and cos qi, respect ively.  Regard  q~ as a funct ion of  a 
dimensionless var iable  ~, and solve the  differential  equa t ion  

dq5 1 C 
d~ - 2 ~ (44) 

(see equat ions  (4) for 85) in the  in terva l  0 ~< ~ ~< 1, taking qa equal  to zero a t  ~ = 0. Then  
the  value  obta ined  for qa a t  ~ = 1 is a solution of  equa t ion  (2) corresponding to the  chosen 
values of  ql . . . . .  q~. 

\0 

FIe .  3. Solid cylinder.  

A s tudy  of  the  behavior  of  a body  suspended from two cables of  unequal  length 
provides  a pract ical  appl icat ion for the  equat ions  der ived above,  for the  ex ten t  to which 
cable length  inequal i ty  downgrades  the  per formance  of  the  bifilar pendu lum can be assessed 
by  reference to plots  const ructed wi th  the  aid of  these equat ions.  Suppose, for example ,  
t h a t  the  suspended body  is a solid r ight-c i rcular  cyl inder  whose height  and  d iamete r  are 
equal  to  the  dis tance b be tween  the  points  of  a t t a c h m e n t  of  the  cables to the  overhead 
suppor t  (see Fig.  1), and let  the  cables be a t t ached  to the  cylinder a t  opposite  ends of  a 
d iamete r  of  one base (see Fig.  3). Then,  i f  the  cable lengths  are 1 = 2b and  l '  = 1.8b, 
the  remaining  constants  requi red  for subs t i tu t ion  into the  equat ions  of  mo t ion  have  the  
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values  
r = b N 2 ,  )l = r r / 4  

11 = robS~8,  I ~  = I a  = 7 m b ~ / 4 8  [00] 
[b~j] = 0 1 0 

0 0 1 

and  a physical ly  meaningfu l  set  of init ial  condit ions is obta ined  by  imagining tha t  the  
sys tem is released f rom rest  in a posi t ion in which 81 . . . . .  ~4 (see Fig.  1) have  the  values  
t h a t  t hey  would  have  if  l '  = l and the  cyl inder  were raised vort ical ly  by  ro ta t ing  it th rough  
an  angle of  45 ° about  its axis of  symmet ry ,  wi th  the  cables tau t .  This  s ta te  is described 
by  [see equat ions  (40) and  (41)] 

ql = 0, q, = are  sin [½ sin 0r/8)], q 3 =  77r/8, q4=~r /4  q 6 = q ~ =  q8 = q g =  0 

and  the  ensuing mot ion  is character ized by  the  plots  shown in Figs. 4, 5 and  6, these 
represent ing  results  of  a numer ica l  in tegra t ion  of  the  equat ions  of  mot ion.  I n  each of  
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Fro.  4. Tors ion;  1 = 2b, l '  = 1.8b. 
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FIG. 5. Ti l t ing;  1 = 2b, l" = 1.8b. 
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F i e .  6. Side-sway;  l = 2b, l '  = 1.8b. 

these plots,  the  abscissa measures  a q u a n t i t y  ~ t h a t  is propor t ional  to t ime  t, name ly  
7 ---- ( g / b ' ) t  t .  Fig.  4 deals wi th  " to r s ion" ,  Fig.  5 furnishes a measure  of  " t i l t i ng"  and the  
q u a n t i t y  Q p lo t t ed  in Fig.  6 is the  rat io  to b '  of the  or thogonal  projec t ion  of  E O  (see 
Fig.  3) on a hor izonta l  plane.  Hence  this  p lot  describes wha t  m a y  be t e rmed  "s ide-sway" .  

I t  appears  f rom Fig.  4 t h a t  torsional  oscillations proceed in a regular  manner ,  despite  
the  fact  t h a t  one cable is 10 per  cent  shor ter  t han  the  other.  The  cable length  inequal i ty  
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makes  i tself  felt,  however ,  by  g iv ing rise to the  t i l t ing oscillations depic ted  in Fig.  5 and 
by  causing a considerable a m o u n t  of  side-sway, as indicated in Fig.  6. As migh t  be 
expected,  the  ampl i tudes  of  these oscillations can be reduced by  mak ing  the  cable lengths  
more  near ly  equal.  F o r  instance,  when the  difference in lengths  is decreased to one-four th  
of  its former  value,  i.e. l '  is changed f rom 1.8b to 1.95b, the  m a x i m u m  values  of  8t and 
Q are reduced by  about  the  same factor,  as m a y  be seen in Figs.  7 and 8. I n  the  case of  
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Fie .  7. Ti l t ing;  l = 2b, l '  = 1.95b. 
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FIe .  8. Side-sway;  l = 2b, l '  = 1.95b. 

01, the  reduct ion  in ampl i tude  is accompanied  by  a considerable decrease in f requency,  
which means  t h a t  the  t i l t ing oscillations have  a fundamenta l ly  nonl inear  character .  
This  observa t ion  is of  in teres t  in connexion wi th  s tabi l i ty  quest ions,  as will be seen later .  

W h e n  the  bifilar pendu lum is used for m o m e n t  of  iner t ia  de terminat ions ,  t he  cables 
are  usual ly  a t t ached  in such a w a y  t h a t  bo th  are  ver t ica l  and  paral le l  to  a pr incipal  axis 
for the  mass center  of  the  suspended body  when  the  sys tem is a t  rest.  Torsional  oscillations 
can  then  occur  wi thou t  accompanying  t i l t ing or  side-sway. To find out  whe ther  or  n o t  
misa l lgnment  of  pr incipal  axes modifies the  mo t ion  significantly,  we consider  an  example  
invo lv ing  p ronounced  misa l ignment ,  name ly  t h a t  of a th in  t r iangular  p la te  suspended 
as shown in Fig.  9. 

The  pr incipal  axes of  the  p la te  for the  mass center  R* are  the  lines R ' D ,  R*C and  a 
line passing th rough  R*  and  normal  to  the  p lane  of  the  plate .  The associated momen t s  
of  iner t ia  have  the  values  

11 = robS~16, I~ 3mb2/16, 1~ = tubal14 
while lie,] [~t~] = 1.,.. --  1 0 1 

o 4~ o 

and,  as in the  previous  example,  

r---- b/~/2, A = ~r/4 

I f  t he  p la te  is released f rom rest  af ter  being ro ta t ed  th rough  an  angle of  45 ° abou t  the  
line passing th rough  O and E (see Fig.  9), the  init ial  condi t ions are  t he  same as in the  
preceding example  and the  subsequent  mot ion  proceeds in such a w a y  t h a t  0a, 8t and  Q 
v a r y  wi th  ~ as shown in Figs. 10, 11 and  12. These plots  reveal ,  perhaps  surprisingly,  
t h a t  even  ra the r  severe misa l ignment  of  pr incipal  axes  need  no t  d is turb  the  torsional  
mot ion  v e r y  m u c h  (Fig. 10) and m a y  lead to t i l t ing  (Fig. 11) and side-sway (Fig. 12) no 
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more violent  than  those a t t r ibu tab le  to a 10 per  cent  difference in cable lengths,  as in 
the  previous example  (Figs. 5 and 6). I n  s i tuat ions of  the  kind under  consideration,  a 
theory  in which t i t l ing and side-sway are left  out  of account  may ,  therefore,  be expected 
to yield sat isfactory results. 

S T A B I L I T Y  O F  T O R S I O N A L  O S C I L L A T I O N S  

I n  pract ical  applicat ions of the  bifilar pendu lum one somet imes encounters  the  following 
phenomenon :  soon af ter  apparen t ly  pure ly  torsional  oscillations have  been ini t ia ted,  
t i l t ing oscillations are observed,  and these become more  pronounced  wi th  each successive 
swing. A change in the  geomet ry  of the suspension, e.g. in cable lengths  or dis tances 
be tween  points  of a t t achmen t ,  can then  have  a stabil izing effect, i.e. subsequent  to the  
change, torsional  oscillations proceed wi thou t  noticeable t i l t ing.  I t  is the  purpose of  wha t  
follows to establish a ma thema t i ca l  basis for predict ing such events.  

Confining a t t en t ion  to s i tuat ions in which the cables are of  equal  length and the 
iner t ia  propert ies  of the suspended body are such that ,  when the  body is at  rest, its mass 
center  lies on the  ver t ical  bisector of line AB (see Fig. 1) and one principal  axis for the  
mass center  is vert ical ,  one m a y  expect  on grounds of " s y m m e t r y " ,  and it  can be verified 
by reference to the equat ions  of mot ion,  equat ions  (37), t ha t  the following is a possible 
mot ion :  pure ly  ver t ical  oscillations of  the  mass center  are accompanied  by  torsional  
oscillations of the  body about  the vert ical  line passing through the mass center.  I t  follows 
from equat ions  (42) and (43) that ,  dur ing such mot ion,  q4 and q9 [see equat ions  (40) and 
{41)] are governed by the  pair  of differential  equat ions  [see equat ions  (42) and (43)] 

q4 = q9 (45) 

(19 = N t ( N ~  q~ + Na) (46) 

where Nx, N2 and N a are funct ions of q4, and the  remaining q's e i ther  vanish or depend 
only on q4 and qg. Specifically, 

N 1 = -- [ I  1 + mf(b2/41) 2 sin s q4] -1 ] 

N 2 = mf(bg/41) ~ [cos q4 + f (b /21 )  2 sin z q4] sin q4t (47) 

N a = m g  ~ ( f )  (b~/4l) sin q4 
where 

f = {1 - [(b/l) sin (qJ2)]2} -~ (48) 
and the  q's are g iven by 

q l = 0  

q3 = rr - q4/2 

q6 = 0 

qs = - -qg/2  

q2 = arc sin [(b'/1) s in  (qJ2)]" 

q s = O  

q~ = (b/21) ~/(f) q9 cos (qJ2) 

qlo = 0 

(49) 

where ei is a funct ion of t. When  these expressions are subs t i tu ted  into equat ions  (42) 
and (43), and all te rms of second or higher degree in the  e's and/or  thei r  t ime-der iva t ives  

Subst i tu t ion  f rom equat ion  (45) into equa t ion  (46) leads to a second-order differential  
equa t ion  in q4. This equa t ion  possesses an osci l latory solution whose period t* depends on 
the  ampl i tude  of the  oscillations, and t* can be found by  a numerica l  in tegra t ion  of  
equat ions  (45) and (46). Divis ion of  equat ion  (46) by equa t ion  (45) has  the  effect of 
e l iminat ing the  t ime  t, and  it  follows tha t  q9 is a funct ion of  q4 only. Thus i t  appears  tha t ,  
dur ing the  mot ion  under  consideration,  ql . . . .  , ql0 all are periodic funct ions of the  same 
period t*. These funct ions will hencefor th  be denoted  by ql*, . . . .  q*o, and  they  can always 
be genera ted  explici t ly by a numerical  solution of equat ions (45) and (46) toge ther  wi th  
equat ions  {47)-(49). 

A descript ion of any mot ion  tha t  differs from the  one jus t  considered is obta ined  by 
taking 

ql = q ~ W e i ,  i = 1 . . . . .  10 (50) 
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are  d ropped ,  t h e  r e su l t i ng  e q u a t i o n s  a s sume  t h e  fo rm 

10 

~ i =  ~ Z i j e i ,  i =  1 . . . . .  10 (51) 

where  Zi~ is a k n o w n  f u n c t i o n  of  q* . . . . .  q*0 a n d  m a y ,  therefore ,  be  r ega rded  as a per iodic  
f u n c t i o n  of  t, of  pe r iod  t*. T he  b e h a v i o r  of  t he  so lu t ions  of equa t i ons  (51) charac te r i zes  
t he  s t ab i l i t y  of  t he  so lu t ion  qi = q~*, i = 1 . . . .  , 10, of  equa t i ons  (42) a n d  (43), in  t he  
fol lowing sense:  w h e n  el(t), .. . ,  el0(t) c a n n o t  be  k e p t  a r b i t r a r i l y  smal l  for t > 0 b y  ass ign ing  
suff icient ly smal l  va lues  to  el(0) . . . . .  el0(0), t h e n  one or more  of  I qi(t) -q*( t )  l, i = 1 . . . . .  10, 
c a n n o t  be k e p t  a r b i t r a r i l y  smal l  for t > 0  b y  ass igning  suff iciently smal l  va lues  to  
[ q i ( 0 ) - q * ( 0 )  t, i = 1 , . . . ,  10. T he  m o t i o n  descr ibed  b y  qi = q*, i = 1 . . . . .  10, is t h e n  
sa id  to  be  uns t ab l e .  Now, t h e  necessa ry  i n f o r m a t i o n  a b o u t  the  b e h a v i o r  of  t h e  so lu t ions  
of e q u a t i o n s  (51) is fu rn i shed  b y  F l o q u e t  theory .  8 The  app l i ca t ion  of  th i s  t h e o r y  to t he  
p r o b l e m  a t  h a n d  invo lves  t h e  fol lowing s t eps :  l e t t ing  H(t) be  a 10 × 10 m a t r i x  whose  
e l emen t s  are  func t ions  of  t i m e  t, a n d  t a k i n g  H(0)  = I ,  t h e  10 × 10 u n i t  m a t r i x ,  i n t e g r a t e  
t h e  d i f ferent ia l  e q u a t i o n  

dH 
- Z H  

dt 

where  Z is t h e  10 × 10 m a t r i x  h a v i n g  Zi~ as t he  e l emen t  in  t he  i t h  row a n d  j t h  co lumn.  
T e r m i n a t e  t h e  i n t e g r a t i o n  a t  t = t*, a n d  f ind t he  e igenvalues  hi ,-- . ,~10 of  t he  m a t r i x  
H(t*). I f  t he  m o d u l u s  of a n y  one of these  exceeds un i ty ,  t h e n  equa t i ons  (51) possess  
so lu t ions  t h a t  c a n n o t  be  k e p t  a r b i t r a r i l y  smal l  b y  ass igning  suff iciently smal l  va lues  to  
el(0), ..., el0(0). T he  assoc ia ted  m o t i o n  qi = q* is t h e n  uns t ab le .  The  phys ica l  s ignif icance 
of one such  i n s t ab i l i t y  is i l l u s t r a t ed  b y  t he  example  t h a t  follows. 
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FIc .  13. R e c t a n g u l a r  para l le lep iped  ; uns tab le .  

Fig.  13 shows a r e c t a n g u l a r  pa ra l l e lep iped  suspended  f rom two equal ly  long cables  
a t t a c h e d  to t he  m i d p o i n t s  of  two  sides. W h e n  t he  p rocedure  descr ibed  a b o v e  is app l ied  
to  t e s t  t h e  s t ab i l i t y  of  to r s iona l  osci l la t ions d u r i n g  which  04 ha s  a n  a m p l i t u d e  of 45 °, t he  
m o d u l u s  of  one  of t he  q u a n t i t i e s  ~1 . . . . .  210 is found  to  h a v e  the  va lue  2643, a n d  t h e  m o t i o n  
u n d e r  cons ide ra t ion  m u s t  t h u s  be  t e r m e d  uns t ab l e .  I f  one now in t eg ra t e s  t h e  full  non-  
l inear  equa t ions  of  mo t ion ,  equa t i ons  (42) a n d  (43), ass igning  to  ql t h e  smal l  in i t ia l  va lue  
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of 0"01 rad.,  and using for the  remaining q's ini t ial  values  appropr ia te  to a pure  torsional  
oscil lat ion wi th  an  ampl i tude  of  45 ° , one obtains  the  plot  shown in Fig. 14, in which the  
previous ly  ment ioned  t i l t ing mot ion  comes into evidence in ra ther  d ramat ic  fashion. 
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FIG. 14. Uns tab le  t i l t ing.  
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FIe .  15. Rec tangu la r  parallelepiped ; 
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Fro. 16. Stable t i l t ing. 

I n  view of the  instabi l i ty  jus t  encountered,  the a r r angemen t  shown in Fig. 13 mus t  
be regarded as unsui table  for an  exper imenta l  de te rmina t ion  of  the  m o m e n t  of  iner t ia  ] 1. 
To discover  a sa t is factory  m e t h o d  of  suspension, one can in such a case use the  s tabi l i ty  
analysis for var ious combinat ions  of b and l unt i l  one is found t h a t  does no t  lead to a 
predic t ion of instabi l i ty.  One such scheme is represented by  Fig.  15. In i t ia l  condi t ions 
ident ical  to those used to ob ta in  Fig.  14 now lead to Fig.  16, and i t  is apparen t  t ha t  
changing the  m e t h o d  of suspension has brought  about  a fundamenta l  change in the  
charac te r  of  the  t i l t ing oscillations. 

C O N C L U S I O N S  
Inequa l i ty  of cab le  lengths  and pronounced  misa l ignmcnt  of pr incipal  axes of iner t ia  

bo th  have  re la t ive ly  l i t t le effect on torsional  oscillations, bu t  cause t i l t ing and side-sway. 
Catas t rophic  t i l t ing oscillations can occur even  if the  cables have  equal  lengths  and the  
pr incipal  axes are perfect ly  aligned, bu t  this instabi l i ty  can be e l iminated  by  changing 
the  geomet ry  of the  suspension. 
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