
Quantum Field Theory: PHY 539 Spring Semester 2018

Assignment 7: Quantum Field Theory

Due Date: 2 April, 10 am

1. In HW 3, Q4(d), we introduced the symmetric energy-momentum tensor for a source-

free electromagnetic field

T
µν

= −F µβ∂νAβ +
1

4
gµνFαβF

αβ + ∂λX
λµν (1)

where Xλµν = F µλAν . Show that this symmetrized tensor is gauge invariant. [10

marks]

2. (a) For the source-free Proca Lagrangian (corresponding to a massive vector field)

L = −1

4
Fµν F

µν +
1

2
m2AµA

µ (2)

the energy-momentum tensor is given by,

T
µν

= −F µβ∂νAβ +
1

4
gµνFαβF

αβ + ∂λ(F
µλAν)− 1

2
m2gµνAαA

α. (3)

Compute the energy density in terms of E, B, A0 and A. [10 marks]

(b) Now determine the momentum density in terms of these vectors. [10 marks]

3. Consider an undamped harmonic oscillator. It’s Green’s function is defined as(
m

∂2

∂t2
+mE2

o

)
G(t, u) = δ(t− u). (4)

Use the following definitions of Fourier transformation and its inverse:

F̃ (E) =

∫ ∞

−∞
dtf(t)eiEt

f(t) =
1

2π

∫ ∞

−∞
dEF̃ (E)e−iEt.

(a) Fourier transform Equation (4) above to obtain G̃(E, u). [3 marks]

(b) Inverse Fourier transform G̃(E, u) and hence determine the retarded Green func-

tion G(t, u). Notes: (i) Sketch the function. (ii) You will need to perform

contour integration in the complex plane, employing Cauchy’s theorem and the

reside theorem. Furthermore, you will ensure causality by adding infinitesimal

imaginary components to the energy E. Clearly show all your working. [17

marks]
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