Quantum Field Theory: PHY 539 Spring Semester 2018

Solution Assignment 1: Quantum Field Theory

1. (" +y")(x, +y,) being a scalar is Lorentz invariant. Now
(@ + ") (2 + yu) = 2w + 2y + Y o, + Yy, (1)
Similarly (z* — y*)(z, — y,) is also Lorentz invariant.
(@ =y (@n = y) = M, — 2y — y 'z, + Yy, (2)
ubtracting equation an ylelds yet another Lorentz invariant.
Sub i ion (1) and (2) yield her L i i
(@ +y") (@ + yu) — (@ — y")(@u — yp)
= (@"wu + 2y + v e+ y'y) — (@e, — 2y, — yre, £+ v )
= 2(5L‘My,u + x,uy'u)
= 4at'y, since a'b, = a,b"

This implies that z#y, is also Lorentz invariant.

1 1 1 1
L = §(au¢'1)2 + 5(3u¢’2)2 - §m¢'12 —gm b+ (61" + 647), (3)
where
@) = cosB ¢ —sinf oo
@y =sinf ¢1 + cos b ¢y
Here 0 represents some internal degree of freedom.

Substituting these fields to equation (3) yields
2

2

7. %[8#(0089 ¢1 —siné ¢2)] + % [au(sinﬁ ¢1 + cos b gbz)] — %m(cos@ ¢1 — sin 6 ¢y)?
2

m(sinf ¢1 + cosf ¢p)* + g {(cos& ¢1 —sinf ¢2)* + (sinfd ¢y + cos (/52)2}

(0, cos6 ¢1)* + (0,80 ¢g)* — 20, (cosf ¢1)d,(sin ¢2):|

(0,800 ¢1)* + (0, cos O ¢a)? + 20, (sin b ¢1)0,(cos d qbg)]

N~ N~ N~ N

1
m(cos® 6 ¢F +sin? 0 @3 — 2cosOsinf ¢ipy) — im(sin2 0 &7 + cos® 0 ¢35+ 2cosfsinb ¢y¢9)

+ g(cos®f ¢7 +sin® O @3 — 2cosOsinf Gy + sin? @ ¢ + cos® O ¢35 + 2cosOsinh 1 ¢o)*
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— %[0082 0(0,61)* + sin? 0(0,,¢92)* — 20,,(cos 0¢;)0,,(sin O¢y)

+ sin® 0(9u¢1)* + cos® 0(8,¢2)% + 20,,(sin 0¢1)9,,(cos 0¢s)]

— %m[cosz 0 @7 +sin® 0 ¢3 — 2cosOsin 6 ¢1¢o + sin® 0 ¢7 + cos” 6 ¢3 + 2 cosOsind ¢ o]
+ g[(cos® 6 + sin® §)¢; + (cos® 6 + sin® 6)¢3] ?

= 31001 + @u62] = Jmldh + 63+ 9(6% + )
1 1 1 1

= 5(5;@1)2 + §(au¢2)2 - §m¢% - §m¢§ +g(¢7 + ¢3)?

= Z.

Hence the Lagrangian is invariant under the SO(2) transformation.

3. For a particle

02 _ _90) i
ox ox

0L — m+o(x),
() 2v1 — 32

i(%)Z_(m+¢(;¢))i< i ):—Mm.

dt \ 0(z) t\V1— 22 oz
4.
Now A, = g,/A" = g A, AY (4)
But A, = M, A, (5)

Comparing equation (4) and (5)
M, A, = g, A\, AY
— gijwygw)\A)\
= g/u/AngwTAT

Hence M, = guA,"g"".

is the required relationship.
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5. With the given Lagrangian,

0%
=0
00,0
% = —m’— > A(2n+2)¢™"!

n=1

¢ + m’p+ Y A(2n+2)¢™ ! =0
n=1

(0% + m)p+ > Aa(2n+2)™ " =0

n=1

is the desired equation of motion.
6. The simplified form of the given Lagrangian is
Z = ("N (0) — m*elp — ¢ (UTy)?

upto some scalar factor.

Y= %(le +iga), Y= %@51 — i)
Adding and subtracting these equations to get
R A
¢ = V2 P2 = —i /32
1 1 L 5o 1 55 2 | 12\2
Z = 5(3“(]518#@) + 5(8#¢2au¢2) - im o7 — §m ¢5 — g(¢1 + ¢3)
I AV AN I w) (—z'(w - wﬂ
2=l ) ()] el () (T
_ 1m2<¢ +w’f)2 - 1m2(—z'<¢ - w)? ~ wa)? N (—zw - w))?r
2\ va ) 2 V2 AN V2
2 = 110" +0"9) (0 + 01| - 1070 — 0790 — 0,01
— T 2gy) + R 4 — 2)
— 30+ 4 2gut — 2 = gt 4 2gyt)?
# = {10 510,0) - {rP(A0Te) — dg(v'0)?
with 49 = ¢

L = (0N (0,) — m*viy — g (Yi)2.

which is the required form.
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7. (a)

1 1
# = 5(0,0)* = Gmie?

Our definition of Hamiltonian is

H=rd—%
Now W:%:
¢

which is called the canonical momentum.
(b) Let’s find the Hamiltonian now.
H=rnp—%
) 1 . - 1
= () = 5(8* = V) + 5me*

1., 1= 1
_ = il v Zm2et.
2¢+2 ¢+2m¢

0L

9(0u9)
= Q.

I =

0L

9(9:9)
= O = .

Ir° =




