Quantum Field Theory: PHY 539 Spring Semester 2018

Solution Assignment 3: Quantum Field Theory

LHS = 0,F,, +0,F., +0.F,,
= 0,(0,A; — 0,A,) + 0,(0: A, — 0,A,) + 0,(0, A, — 0,A,)
= 0,0,A; — 0,0 A, + 0,0.A, — 0,0,A, + 0.0,A, — 0.0,A,
~ 0.

Since 0,0, A; = 0,0, A; i.e., (T, = 0,0, is symmetric).
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Hence the time derivative of II* will be zero when £ does not depend on the field ¢.
3. (a) Tensor is,

T = 119" — gL

0L
= 5= =00
T = (0,000°0) (30107 - ).

that (0x¢)? is short hand for (0*¢)(9x¢). See part (b) below.
(b)
™ = (3o¢)(50¢)——( )" + m ‘¢?

=1[() ]

= (u¢) QZ)

2 2

[\.')|>—‘

In this calculation, we have use the formula,

(@gb)(@igb) = —(8i¢)2-
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(c) See the index acrobites here. T have laid out each step carefully.
0T = 0,(00)(0°0) — 0, 5000 — Je?)

= 9,0°0)(0°0) - 50, (5010") + 99, y0?)
= 0,000 + 0°0)0,0°0) - 5030 ) + 0 (e
= @000+ @'00.) - 5(0010)) + 30
= (0)(0°6) + (0°6)(0,0°0) — 5 (9"(09)(0r0) + 5006
— (@)0°0) + (0)0,0°0) — | (0 010) + (0°0)0*010) + w60
= @+ ) + | (040)0,0°0) - 100 6)000) - @ (°0r0)|

first term vanishes because of Klein-Gorden equation.

T = (0"9)(9,0"¢) — —(3”3@)(5%) (0A¢)(5”5‘A¢)
= (0"9)(0,0"¢) — (0"0x9)(0¢)
= (0"9)(9,0"0) — (9"9)(9"0u0)
= (0"9)(9,0"¢) — (9"9)(0"0,9)
=0

since a*b, = a”b,. Hence T' satisfies the continuity equation.
(d)

.ITOV

/ 2T = / d®*xH is the energy inside the field
/ ( R m ¢ )
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(e)

pn — /d3xT0n

T = (8°9)(9"¢) — g™ (anything)
= (8%9)(9"9)
= (000)(0"9)

Pt = /d3$¢8”¢.

p" is the momentum inside the field.

4. In part (a) of this question, the 5 should be as downstair index of A.

(a)

1
# = (A= A (A = A7)

If both indices are space -like, i.e. a, § = 1,2, 3, then the Lagrangian density is,
1 2 9 :
Z = —5(14570[ — A, p)° + other terms that don’t contain «, .
However, if one index is time-like, e.g. « =0, § =1,2,3

Z = —i(Aﬁ,a — Ay 5) (AP — A%F) 411<Aa’5 — Ag o) (A*P — AP} 4 others

1
5 (A0 = Ao, ) + others.

Whatever the case may be, we obtain,

% 0.7
af = = = aB_ . — =
N = Sy ~ 3(Ayy T Aameima = Aap) = Fhus

while the “-” sign means that both o and [ are space-like and the “+” sign means

that one of these is time-like. Combining these options we obtain,

% = FF,5 = —F*.

(b) For a scalar field ¢ we have,

™ = G- g2,
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Whereas for a multi-component vector field A we can write,

T = 11" A — g™ &
1
= —FrPo" Ay — g <—ZFQ5FO‘B>

1
= —FrPQYAg + Zg;#"zayﬁz«"fm.

1
TvH — —F”ﬁa“Ag + Z_lgzquaBFozB £ TH .

This is clearly not symmetric.

(d) We need to symmetrize. Add 9y X where X = [F#* A and also show that

XA/W — _Xu)\u
Since XA — prrpY. we obtain,
XV — PAAY — _PRA AV = XA since F' is antisymmetric,

adding the divergence of X to T' leads to,
T = —F"P9"Ag + ig‘“’FagFaﬁ + Oy XA
= —F"0"Ag + ig“"FaﬁF‘w + O (FHAY)
= —F"P9" Ag + ig‘”’FaﬁFaB + (ONF'MAY + FrA 0, A
= —F“BG”Aﬁ + P9, AY + ig’“’FaﬁFQ'B since 9y F** = (0 because of Maxwell.
= —FM9" Ag + F"95A" + %g“l’FaﬁF“B
= FrB(9zA" — 0¥ Ag) + ig“”FagFO‘B
Now F. = 0,A, - 0,4,
Fg, = 03A, — 0,Ap
= [3" = 0gA” — 0"Ap

_ 1
Hence T" = FM [z + 1 g Fop P,
and interchanging ;1 and v yields,

_ 1
T = PR + 29" Fop P (o g™ = g™,
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We now show that T is indeed symmetric. The second term on the R.H.S is

symmetric. We only need to verify symmetry for the first term.

FRORY + FMEY 4 FREY 4 FPEY = T (first term only)
FPR! + PR+ FP R + FP P = TV (first term only)
Now F* = F* and FH** = —F,"
while F,Y =F*° and F,Y = —F""

which results in each term in —7"" being equal to corresponding term in 7.
Hence 1" =T""

By adding (9, X*), T"* becomes symmetric. We like to have symmetric tensors,

especially in general relativity.
(e)

_ 1
T = F R0 ¢ ZFaﬁFaﬁ

Now

v =
~E, -By; 0 B
—Ey By —B; 0
0 E E, Fj
E, 0 —-B; B
FY = 1 3 D2

FOBFﬁO — +|E|2

_ 1
T = |EF =5 (EF = 1BF) = 5(IEF +|B)

N | —

which is the energy density.
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(f)

(2)

_ 1
THY — F;L,BFBV + ZQMVFOJBFOCB
. ) 1 ..
TU’L — FOBFBZ 4 ZgOlFaBFaﬁ
gU’i =0
TOi — FOBFﬁZ
— FOOFOi + FUnFnZ
Now
T% = FYF = 9*E;B, = (E x B);
T% = (E x B),
pi = / BPaT% = / &*z(E x B);.
(E X E)Z is the Poynting vector or energy flow per unit volume in the ¢ direction.

We need to show 9,7% =0 ie. 8T+ V- -T° =0, where T = (T%) =
(T, 702, T93),

_ 1
Now O, T = 9, 5 (E -E+B- B) from the previous parts

—E-E+B-B

=E-VxB-B -V xE Using Maxwell’s equations in source-free environmer

= -V (E x B)
= —9,T".

Hence 9,7 =0 as desired, i.e. T° forms energy tensor, whose time-like term

is the energy density and space-like term shows the flux of energy.




