
Quantum Field Theory: PHY 539 Spring Semester 2018

Solution Assignment 3: Quantum Field Theory

1.

L.H.S = ∂µFντ + ∂νFτµ + ∂τFµν

= ∂µ(∂νAτ − ∂τAν) + ∂ν(∂τAµ − ∂µAτ ) + ∂τ (∂µAν − ∂νAµ)

= ∂µ∂νAτ − ∂µ∂τAν + ∂ν∂τAµ − ∂ν∂µAτ + ∂τ∂µAν − ∂τ∂νAµ

= 0.

Since ∂µ∂νAτ = ∂ν∂µAτ i.e., (Tµν = ∂µ∂ν is symmetric).

2.

d

dt

(
∂L

∂(∂µϕ)

)
=

∂L

∂ϕ

d

dt
Πµ =

∂L

∂ϕ

Π̇µ =
∂L

∂ϕ

Hence the time derivative of Πµ will be zero when L does not depend on the field ϕ.

3. (a) Tensor is,

T µν = Πµ∂νϕ− gµνL

Πµ =
∂L

∂µϕ
= ∂µϕ

∴ T µν = (∂µϕ)(∂
νϕ)− gµν

(
1

2
(∂λϕ)

2 − 1

2
m2ϕ2

)
.

that (∂λϕ)
2 is short hand for (∂λϕ)(∂λϕ). See part (b) below.

(b)

T 00 = (∂0ϕ)(∂
0ϕ)− 1

2
(∂λϕ)

2 +
1

2
m2ϕ2

=
1

2

[(
∂ϕ

∂t

)2

+
(
∇⃗ϕ

)2]
+

1

2
m2ϕ2

=
1

2
(∂µϕ)

2 +
1

2
m2ϕ2 = H.

In this calculation, we have use the formula,

(∂iϕ)(∂
iϕ) = −(∂iϕ)

2.
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(c) See the index acrobites here. I have laid out each step carefully.

∂µT
µν = ∂µ(∂

µϕ)(∂νϕ)− gµν∂µ

(
1

2
(∂λϕ)

2 − 1

2
m2ϕ2

)
= ∂µ(∂

µϕ)(∂νϕ)− gµν∂µ

(
1

2
(∂λϕ)

2

)
+ gµν∂µ

(
1

2
m2ϕ2

)
= (∂µ∂

µϕ)(∂νϕ) + (∂µϕ)(∂µ∂
νϕ)− ∂ν

(
1

2
(∂λϕ)

2

)
+ ∂ν

(
1

2
m2ϕ2

)
= (∂2ϕ)(∂νϕ) + (∂µϕ)(∂µ∂

νϕ)− 1

2

(
∂ν(∂λϕ)

2

)
+

1

2
m2∂ν(ϕ2)

= (∂2ϕ)(∂νϕ) + (∂µϕ)(∂µ∂
νϕ)− 1

2

(
∂ν(∂λϕ)(∂λϕ)

)
+

1

2
m2ϕ∂νϕ

= (∂2ϕ)(∂νϕ) + (∂µϕ)(∂µ∂
νϕ)− 1

2

[
(∂ν∂λϕ)(∂λϕ) + (∂λϕ)(∂ν∂λϕ) +m2ϕ∂νϕ

]
= (∂2 +m2)ϕ(∂νϕ) +

[
(∂µϕ)(∂µ∂

νϕ)− 1

2
(∂ν∂λϕ)(∂λϕ)−

1

2
(∂λϕ)(∂ν∂λϕ)

]
.

first term vanishes because of Klein-Gorden equation.

∂µT
µν = (∂µϕ)(∂µ∂

νϕ)− 1

2
(∂ν∂λϕ)(∂

λϕ)− 1

2
(∂λϕ)(∂ν∂λϕ)

= (∂µϕ)(∂µ∂
νϕ)− (∂ν∂λϕ)(∂

λϕ)

= (∂µϕ)(∂µ∂
νϕ)− (∂µϕ)(∂ν∂µϕ)

= (∂µϕ)(∂µ∂
νϕ)− (∂µϕ)(∂µ∂νϕ)

= 0

since aµbν = aνbµ. Hence T satisfies the continuity equation.

(d)

pν =

∫
d3xT 0ν

p0 =

∫
d3xT 00 =

∫
d3xH is the energy inside the field

=

∫
d3x

(
1

2
(∂µϕ)

2 +
1

2
m2ϕ2

)
.
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(e)

pn =

∫
d3xT 0n

T 0n = (∂0ϕ)(∂nϕ)− g0n (anything)

= (∂0ϕ)(∂nϕ)

= (∂0ϕ)(∂
nϕ)

pn =

∫
d3xϕ̇∂nϕ.

pn is the momentum inside the field.

4. In part (a) of this question, the β should be as downstair index of A.

(a)

L = −1

4
(Aν, µ − Aµ, ν)(A

ν, µ − Aµ, ν)

If both indices are space -like, i.e. α, β = 1, 2, 3, then the Lagrangian density is,

L = −1

2
(Aβ, α − Aα, β)

2 + other terms that don’t contain α, β.

However, if one index is time-like, e.g. α = 0, β = 1, 2, 3

L = −1

4
(Aβ, α − Aα, β)(A

β, α − Aα, β)− 1

4
(Aα, β − Aβ, α)(A

α, β − Aβ, α) + others

=
1

2
(Aβ, α − Aα, β)

2 + others.

Whatever the case may be, we obtain,

Παβ =
L

∂(∂αAβ)
=

∂L

∂(Aβ, α)
= ∓(Aβ,Παβ=α − Aα, β) = ∓Fαβ

while the “-” sign means that both α and β are space-like and the “+” sign means

that one of these is time-like. Combining these options we obtain,

Παβ = ∓Fαβ = −Fαβ.

(b) For a scalar field ϕ we have,

T µν = Πµ∂νϕ− gµνL ,
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Whereas for a multi-component vector field A we can write,

T µν = Πµβ∂νAβ − gµνL

= −F µβ∂νAβ − gµν
(
−1

4
FαβF

αβ

)
= −F µβ∂νAβ +

1

4
gµνFαβF

αβ.

(c)

T νµ = −F νβ∂µAβ +
1

4
gνµFαβF

αβ ̸= T µν .

This is clearly not symmetric.

(d) We need to symmetrize. Add ∂λX
λµν where Xλµν = F µλAν , and also show that

Xλµν = −Xµλν .

Since Xλµν = F µλAν , we obtain,

Xµλν = F λµAν = −F µλAν = −Xλµν since F is antisymmetric,

adding the divergence of X to T leads to,

T̄ µν = −F µβ∂νAβ +
1

4
gµνFαβF

αβ + ∂λX
λµν

= −F µβ∂νAβ +
1

4
gµνFαβF

αβ + ∂λ(F
µλAν)

= −F µβ∂νAβ +
1

4
gµνFαβF

αβ + (∂λF
µλ)Aν + F µλ∂λA

ν

= −F µβ∂νAβ + F µλ∂λA
ν +

1

4
gµνFαβF

αβ since ∂λF
µλ = 0 because of Maxwell.

= −F µβ∂νAβ + F µβ∂βA
ν +

1

4
gµνFαβF

αβ

= F µβ(∂βA
ν − ∂νAβ) +

1

4
gµνFαβF

αβ

Now Fµν = ∂µAν − ∂νAµ

Fβν = ∂βAν − ∂νAβ

⇒ Fβ
ν = ∂βA

ν − ∂νAβ

Hence T̄ µν = F µβFβ
ν +

1

4
gµνFαβF

αβ,

and interchanging µ and ν yields,

T̄ νµ = F νβFβ
µ +

1

4
gµνFαβF

αβ (∴ gµν = gνµ).
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We now show that T̄ is indeed symmetric. The second term on the R.H.S is

symmetric. We only need to verify symmetry for the first term.

F µ0F0
ν + F µ1F1

ν + F µ2F2
ν + F µ3F3

ν = T̄ µν (first term only)

F ν0F0
µ + F ν1F1

µ + F ν2F2
µ + F ν3F3

µ = T̄ νµ (first term only)

Now F µ0 = F0
µ and F µn = −Fn

µ

while F0
ν = F ν0 and Fn

ν = −F νn

which results in each term in −T̄ µν being equal to corresponding term in T̄ νµ.

Hence T̄ µν = T̄ νµ.

By adding (∂λX
λµν), T̄ νµ becomes symmetric. We like to have symmetric tensors,

especially in general relativity.

(e)

T̄ 00 = F 0βFβ
0 +

1

4
FαβF

αβ

Now

F µν =


0 E1 E2 E3

−E1 0 B3 −B2

−E2 −B3 0 B1

−E3 B2 −B1 0



Fµ
ν =


0 E1 E2 E3

E1 0 −B3 B2

E2 B3 0 −1

E3 −B2 B1 0



∴ F 0βFβ
0 = +|E|2

T̄ 00 = |E|2 − 1

2

(
|E|2 − |B|2

)
=

1

2

(
|E|2 + |B|2

)
which is the energy density.
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(f)

T̄ µν = F µβFβ
ν +

1

4
gµνFαβF

αβ

T̄ 0i = F 0βFβ
i +

1

4
g0iFαβF

αβ

g0i = 0

∴ T̄ 0i = F 0βFβ
i

= F 00F0
i + F 0nFn

i

= F 0nFn
i = F 0jFj

i

Now

T̄ 0i = F 0jFj
i = ϵijkEjBk = (E⃗ × B⃗)i

∴ T̄ 0i = (E⃗ × B⃗)i

P i =

∫
d3xT̄ 0i =

∫
d3x(E⃗ × B⃗)i.

(E⃗× B⃗)i is the Poynting vector or energy flow per unit volume in the i direction.

(g) We need to show ∂µT̄
0µ = 0 i.e. ∂tT̄

00 + ∇ · T̄0 = 0 , where T̄0 = (T̄ 0i) =

(T̄ 01, T̄ 02, T̄ 03).

Now ∂tT̄
00 = ∂t

1

2

(
E · E+B ·B

)
from the previous parts

= E · Ė+B · Ḃ

= E · ∇ ×B−B · ∇ × E Using Maxwell’s equations in source-free environment

= −∇ ·
(
E×B

)
= −∂iT̄

0i.

Hence ∂µT̄
0µ = 0 as desired, i.e. T̄ 0 forms energy tensor, whose time-like term

is the energy density and space-like term shows the flux of energy.
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