Quantum Field Theory: PHY 539 Spring Semester 2018

Solution Assignment 5: Quantum Field Theory

1. The second-quantization version of a single particle operator is:

A= (alA|B)afas.

a,f
If |ov) and |3) are momentum eigenstates, show that this operator in the position space

is given by
A= [ @ A6 0 D)
I am looking for a neat and systematic solution.

Answer 1

We start off by calculating,
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If A is a single particle operator,
(x|Aly) = AX)(x]y) = A(x)6® (x —y)
-/ / Pad*yQAX) (x — y)i (x) b(y)
F = [ a0 91(x) i)
— / PPz T(x) Ax) (x) as desired.

2. (a) Determine {@(X) ll
(b) Consider the fermionic particles in states p and q generated by the

operators,

ctel0) = | pa).

Find the representation of | pq) in the position basis. For this pur-
pose, you will calculate (x1Xs| pq) while using the (anti) commuta-

tor result derived in part (a). [Hint: |2) = ¢f(x)]0)].

Answer 2

(a)

sy = = %) = (Xla)

The anticommutator is,
Z{%(X)ém éL} = Z%(X){éqv él)}
q q
= Y y(x) dqp = Bp(x) = (x|p).
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We can also do some additional ramblings as here.

~

Y(x)e, = —ei(x) + (x|p).

(b) We have to determine (x1,Xo|p,q), where |pq) = &l 0). Note
that (x1,Xa| = (0]th(x1)1)(x3).
Let’s first determine (0|1ﬂ(x1)1ﬂ(x2)éflél)\ 0). We like to take all the

annihilation operators at the right side. From the previous part, we

have,
Y(x)h(x) el = d(x) {—éw(xﬁ + <><2|q>] ch
(x2)El, + (xola)t)(x1)],

24 + Galp) ) + Gl (—cpi

I
|
<
"
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>
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The third term acting on |0) does not lead us anywhere, we don’t

need to consider it. So,
(~cb) + Gale) ) hxe) — Gl (~24d ) + Gala) ) + el Gl
= —elh(x1)ehd (x) + (xa|@) el (x) + (xa|p)elh(x1) — (x2|p) (x:1|q)
+ (X2/q)(x1]p).

The second and third terms need not be proceeded any further,

because when they act on |0) to the right, they disappear. Similarly

3
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the first term above yields,

= —&f (é;f)@ﬂ(xl) + (X1|p>> 1) (x2)

A

= elebd(x1)d(xa) — (x1|p)efih(x2).

These terms don’t matter as well as they annihilate vacuum. Hence

Finally,

(x1,%2|p, q) = (x2|q)(x1|p) — (x2|p)(x1|q)

L iaxetpx)  —i(pxotqx)
= V(€ e .

This has the correct antisymmetric form. The antisymmetrization
for the fermions is built into the anti-commutation relation for the

field operators.

Consider the interaction between two particles described by
V(x) = A% (x),

where A is a constant. Find the second-quantization form of the

interaction.

If the inter-particle interaction is described by the Yukawa potential

—A\r
Vir) = Ae ,

r

determine the second-quantization form of the interaction. Con-

vince yourself that the coulomb interaction is the long range form
2

of the Yukawa interaction, where A =

27‘(’80.

Answer 3




Quantum Field Theory: PHY 539 Spring Semester 2018

(a)

X7q = %/d?’xAé(S)(x)e_iq'X
.y
v :§ > i tha i .
1,P2,
(b)
Vi) = A

~ 1
Vg = = /d%V() ax

—)\r
— _/d3 —zq~x

Now d®z = r’sinf df dgb dr

q-xX = qr cosf

—/\r
V / / / sinf df d¢ dr e~ lar cos?

= — 27r / r dr/ df sin @ e e iarcos?
1% r=0 0=0

=
||

A (0.] s
= — 27 e Ay dr/ df sin @ e~iarcost
V r=0 0=0
A = —Ar ! —igr(cos )
= — 27 e rdr d(cosf) e
V r=0 1
A 00 —igr(cos ) |cost=—1
= — 27 / e N dr—e :
v r=0 —wr cos =1
A 00 +iqr __ —iqr
= — 27 e My dr(e . ‘ >
V r=0 —q
4T A [ . o
= —— sin(gr)e " dr
_Vq r=0 ( )
~ —8mAA
T V(@ NP

4. Consider two fermions a; and as.




Quantum Field Theory: PHY 539 Spring Semester 2018

(a) Show that Bogoliubov transformation

A~

¢1 = uay + U&E

N ~ ~T
Cy = —Va1 + uas,

where u and v are real, preserves the canonical anticommutation
relations if u? + v =1

(b) Use this result to show that the Hamiltonian
H = e(a] a1 — asa) + Aa] al + aas),
can be diagonalized in the form
H=+e2+ N ey + ¢l ¢y —1).

(¢c) What is the ground-state energy of this Hamiltonian?

(d) Write out the ground-state wavefunction in terms of the orig-

inal operators é{ and é£ and their corresponding vacuum

10),i.e., (6172\ 0) =0).
Answer 4

(a)
{¢1,¢1} = {uay + val, ual + vay}
= w*{ay,al} +v¥{al, as)
=+’ =1
(&9, 60} = {—vay + ual, —val + uay}
= v*{ay,al} + u*{al, ar}

= u4+0P=1
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{é1,éh} = {uay + vad, —val + uay}

= —uv{ar,al} + uv{aj, o}

= —uv(l) +uv(l) = 0.

udy + vab

—va, + ual

el (uél — véy)(uéy — véh) — (vél + uéy)(vey + ueg))

A ((ué{ — vé9)(véy + uég) + (vé{ + uéy)(ucéy — vég))
5 <u%{él — wvél el — vuéaly + v3eel — vPele, — uwvéld)

vuéyly + v262é;> +A (m{@l + u?elel — 02698 4 uvésed
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+ woele, —vPelel — uleye, — uvéQé§>
— ¢ ((u2 —v?)(eléy — éel) — 2uvelel — 2uv6261>
+ A (mm{al — Quvéadh + (u? — v?)(elel + @@)
= <s(u2 — ) + A2uv> (élér — éa6h)
+ (—62uv + A(u® — UQ)) (Elé] + e0ey).

Let u = cosb

v = sin6
which is legitimate since u? + v? = 1.

= u? —1v® = cos20 and 2uv = sin 26.

Then
e(u? — v*) + A2uv = £cos 26 + Asin 26
= Pcos(20 — a)
where
P*=¢*4+A%” and e=Pcosa, A= Psinc.
Similarly

—e 2uv + A(u? — v*) = Psin(20 — ).
Under these transformations:

H = Pcos(20 — a)(élé) — éel) + Psin(20 — o) (éleh + é061).
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Under the particular case when 260 = « which corresponds to ¢ =

u? —v? and A = 2uwv,

H = e+ A2(ele) — éped)

— \/e2 + AQ(éiég + é;ég — 1) as desired.

(¢) the ground state energy is —v/e2 + A2. This can be seen by writing
H in the basis spanned by the states, 10,0), ]0,1), |1,0), |1,1), which
are written in number-state representation, (e.g. |1,0) corresponds
to one particle with momentum p; and no particle with momentum

p2). H is diagonal in this basis and is given by,

(—100 0 )
JaTa| 0000

0000
Ko 00-1)

where the states are labeled in he order

{10,0), 10,1), [1,0), [1,1)}.

(d) Clearly the ground state is a superposition of |0,0) and |1, 1).

5. Defining the density matrix for a single particle as,

pr(x—y) = @(x)¥(y)).

Express this matrix in the form of creation and annihilation operators.




Quantum Field Theory: PHY 539 Spring Semester 2018

Answer 5
bly) = = D ety g
VV 4 g
1 .
fx) = — e—iax gt
1 . )
H6uly) = 30 e oY al g,
P.q

W) = 5 S e P (if ay).
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