Quantum Field Theory: PHY 539 Spring Semester 2018

Solution Assignment 7: Quantum Field Theory

1. In HW 3, Q4(d), we introduced the symmetric energy-momentum tensor for a source-

free electromagnetic field
. 1
T" = —Fr8o” Ag + Z—lg“”FaﬁFQ'B + O\ XM (1)

where XM =F#* AV, Show that this symmetrized tensor is gauge invariant.[10 marks]

Answer 1
™ _ —F“'Bal’Aﬁ + ;lQWFaﬁFaﬂ 1 8,\XA’“’
where XY —FHA AV,
Ay Ay = Ay = 9ux
Let’s look at the terms in 7' one by one.

P8 — gr AP _ 9B Ar
s OM(AP — Py) — 0P (A" — 0"y
— 9MAT — 0Py — P A + 0Py
_ b

So the electromagnetic field tensor F' remains invariant.

6”145 — 8”(145 — 85X)
= 3”/15 - 8”85)(.

The second term —iF s M0 is clearly invariant.

XMV = 9\ (FMAY)
(F*(A” = 9"x))

— ON(FMAY) — O\(FM0"y)
(FHA”) = (O\(F#)(9"x) — F*(9,9"X)
(

= O\(FMAY) — F*"(0,0"x) (using the source free Maxwell’s equation)
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—w
Hence T transforms as:

1
— F“B(GVAB — 8”8@() + Z—lg‘uyFagFaﬁ + (9AXA‘“’ — F“A(c‘h&"x)
= T" + FP0" 95y — F"2030" x
= 7"
Hence T" is gauge invariant.

2. (a) For the source-free Proca Lagrangian (corresponding to a massive vector field)

1 1
L= _Z MVFMV + §m2AHA“ (2)

the energy-momentum tensor is given by,
== ]. v ].
™" = — PP Ag + Zg“”FaﬁFaﬁ + O\(FFMA7Y — §m2g“”AaAa. (3)

Compute the energy density in terms of E, B, Ay and A. [10 marks]
(b) Now determine the momentum density in terms of these vectors. [10 marks]

Answer 2

(a)

=707 1 v 1
T = 0" Ay + 19" FagF™ + 0\(F) = Sm?g A, A°

500

1
T = —F0r A, — (B — [B) + 05(F™4°) — Smgh A, A°
2 2

Now

ALA™ = (A% — AP
Fol — —Ei, F° =

O (F°* A°) becomes,

—8Z(E’A°) - (—8ZEZ)AO - E’i@AO
— V-EA-E.V A°
—FPA; = —F%9°A; = E'0°A; = —E - A,
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Inserting all these values into T°° tields:
T° = -E-A - %(|E[2 - |B]2) ~V-EA°~E-V A° — %m2((A°)2 - yAP)
Keep in mind V - E = 0 (no sources), simplify:
T — —E.(A+VA%) - %(|E|2 _ |B|2) — GmAA o AP
Now E = —A-VA°

So,

1
—mQ(AO)Q.

_ 1 1 1
T” = Z|[E* + B> + -m?|A]* —
S| B+ 5IBI" + omiAF — o

=777 1 v 1
T = —F0 Ag + 19" FagF 4+ 0y(F*) = SmPg A, A°

Put 1 =0 and v = ¢ in above equation,
o . 1 R T
T — _FoﬁazAﬁ + Zgoz a,BFaB + a)\(Fo)\Az) . §m2gozAaA

Now F° = —E', F° = ( and ¢°* = 0. Therefore

01

T" = E'9'Aj + 0;(F7 A"
= E'0'A; + 0;(E'AY)
= B'0'A; — (0;E7) A" — BV (9;A")
= F/(0'A; — 9;A")  (since A-E =0).
Now consider

(ExB) = (Ex A x A)".
T _ Ez‘jk;EjBk
_ GFE(A X A
— €% B (epumO° A™)
= ety (E;0°A™) (I can cyclically permute i, j, k).
= (6069, — ¢ 6))(E;0°A™)
= E;0'A1 — ;00 A,
— EIQA; — F'9;A!

Hence T° = (E x B)" is the momentum density.
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3. Consider an undamped harmonic oscillator. It’s Green’s function is defined as

~—

(mg—z + mEQ) G(t,u) = 6(t — u). (4

Use the following definitions of Fourier transformation and its inverse:

F(E) = /OO dt f(t) e’

1 /> . ,
t) = — dEF(E)e'*t,
ft) = 37 | dEF(E)e

(a) Fourier transform Equation (4) above to obtain G(E,u). [3 marks]

(b) Inverse Fourier transform G(E,u) and hence determine the retarded Green func-
tion G(t,u). Notes: (i) Sketch the function. (ii) You will need to perform contour
integration in the complex plane, employing Cauchy’s theorem and the reside the-
orem. Furthermore, you will ensure causality by adding infinitesimal imaginary

components to the energy E. Clearly show all your working. [17 marks]
Answer 3

(a) Fourier transforming both sides and using the property

H(5s) = pr = -p

We have,
(—mE?* + mE2)G(E,u) = / dt et §(t — u)
_ eiEu‘
So,
eiEu
(b)
Gt u) = —/ dE G(E,u) et

dE e—zE (t—u)
N 27Tm/ .
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In order to ensure casuality, I like to replace £ — E + 10", where 07 is an

infinitesimal positive number.

dE e~ {(E—i0T)(t—u)
G(t,u) / 3
2mm (E 4 i0+)2 EO)

We now use results from complex integration to solve this. Let,

1 6—7L(E—i0+)(t—u)

2mm ((E' +1i0%) + Ep)((E + i0+) — Ejp)

$(B) = -

be the integrand here. The poles of F(FE) are at By = —FEy — (0" and Ey =
Ey — i0". These poles are shown in the complex plane as lying in the lower half

plane.

Eo

We draw a closed contour with an infinitely large semi-circle in the lower half

plane. Using the residue theorem applied to the contour shown, we have:

G(t,u) + /f(z) dz = —2mi (sum of residues of f(z)) (5)
The minus sign on the R.H.S shows that we go around the circle in a clockwise
fashion. On the semicircle F = —i|n|, so
1 e—i(—iln|—i0™) (t—u)
f(E) = - . + - +
2mm ((E =10t + Ey)((E —i0T — Ep)
1 e(=Inl—i0)(t—u)

" 2mm ((E —i0F + Eo)((E — i0t — Ey)
The desired G(t,u) is the integral of f(z) along the real line from —oo to +o0.

] (~lnl—i0") (t—u)
]{f(Z) dz = G(t,u) + / “2mm ((E —i0+ + Eo)((E — i0F — Ep)

semicircle

= —2mi(sum of residues).
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For t > u, the integral over the semiinfinite semicircle is zero. So,
G(t,u) = —2mi(sum of residues)

Residue of f(E) at By = —FEy — 07"

1 efi(Ein'*')(tfu)

- —— 1 E+ B, +i0*

2Tm E——Eq—i0+
1 o—i(=Eo—i0t —i0*)(t—u)
2mm ((—Ey — 0+ +i0+ — Ey)
1 ei(Eo+2i0+)(t—u)

“2mm (—2E)

Residue of f(E) at By = Ey — 07"

1 o—i(B—i0F)(t—u)

= —— i E — Ey+i0"

27Tm E—Ey—i0+
1 e—i(EO—io+ —i0H) (t—u)

2mm ((Ey — i0F +i0+ + Ey)
1 e—i(Eo—2i0+)(t—u)

2tm (2Ep)

211 1 . .
G(t,u) fort >u = (—QZ) <—27Tm) (_eon(tfu) + eon(tfu)>

_ ¢ __iBy(t—u) iEo(t—u)
2E0m ( c te )

_ ]' 1 _eiEo(t—u)+6iE0(t—u))

Eom Z

.
= Fom Sln(Eo(t — u))

Likewise for t < u, we can draw an infinite semi-circle in the upper half plane.
Since it does not enclose any poles, each side of equation (5) is § f(z) dz = 0.
On the semi-circle,| F| = +i|n| yielding the integral on the semi-circle to be zero

as well. This implies G(¢,u) = 0. Hence

1
G(t,u) = Bt sin(Eo(t —u)) for t>u,

=0 for t<u.

Here is a sketch.
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G(t,u)

1/Eom I‘

27'E/E0

N
VU




