Quantum Field Theory: PHY 539 Spring Semester 2018

Solution Assignment 11: Quantum Field Theory
Due Date: 7 May. 4 pm

1. Starting with

GH(z,y) = O(x — y) (x] e 1) |y)

compute the Green function for a free particle with end points ¥ = ¢ = 0. Show that

this equals:

Note that H = $?/2m and T = t, —t,. [5> Marks]

Answer 1

GH(x,y) = O(a® —4°) {a] e Enlt=t0 |y

since
) = [ do 1) ol
dp ;
we have

dp dq L i(ge i
GH(z,y) =O0(2" — ") / “or etilaz=ry) {q|e m L Ip)
dp d . p2 .
=0(2" —3°) / ]; L qlp) e BT ity
T

Since (q|p) = (¢ — p)

2m

d; p
G =0y =0) =0~y [ I b

2

Using
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we have
, 1/2
" B 0 oy —t2mm 1
60,0 - ol -0 “F) 5
—im\?
+ _ 0_,0 :
G7(0,0) =0(z" —y )(QWT) as desired.
2. Using
G(x,y) = T (0] () (y) 0)
and

R dB3p . . .
J— S ~ —ip-T S '|‘ +ip-x
900 = | gy Z (0 0
show a complete, neat and systmetic derivation of the fermionic free propagator

d*p p+m ,
G _ ; —ip-(z—y)
ol ) / (2m)* p “m2 ot ©

[15 Marks|

Answer 2

T (0] (@)db(y) [0) = ©(x° — %) (0 (@)b(y) | 0) — O(y° — ) (0] (1) (x) | 0)

Now

N d3 4 R '
V() = / (gﬂ)s/Q(gE )12 Z (Us(p)dspe_”” + Us(p)blpe“p'””)

S

A

} /y d3p d3 s ~ —ip-x s 7 ip-x
O Y(x)¥(y) |0) = 0|/ 1/2(2Eq)1/22(u (p)aspe” T +v (p)bipe” )

(wwﬂyW+W@mam)m

we have (0] dspaly |0) = S®(p — q)d,.,

= O = § [ Gt e e
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II:

<O| ?Z(y)?ﬁ(w) ‘0> - <0‘ %/ (27T>3(22532?2Eq)1/2 <as(p>&lpe+ip‘y + @s(p)l;meip.y)

(ur (q>&rq€—iq.x 4" (q)giqeﬁ-iqm) ‘O)

= % / %(63@)1}5(@(3“;0.(”))

70110 = 06 ) [ G5 S e
_@(yo_mo)%/ (27?)3Ep - o (p)v* (p)e P
1

=0(z" —y’)

d3p :
. ip(a—y)
2/(27r)3Ep(7 p+mje

L[ dp i (o
— 0@’ — $0)§/ G, (v -p—m)etP@y)

Y-p=7"po+7'P1 + VP2 +’ps =p

P="pu

,l' ee} efzzt
o) = — d
(*) 27T/Z:ooz+i0+ :

N N 7 o dz d3p p +m —iz(29—=40)  —ip-(z—
T (0] ¥(x)(y) |0) = o /Z_OO 2r B0+ %) 17 (20 =y%) —ip-(z—y)

A /Oo dz d’p p—m etz (@ =y°) tip(z—y)
21 oo (2m)3 2E,(z +1i07T)
_ i / Toodedp AT i@y i)
21 .o (2m)3 2E,(z +1i07T)
A /OO dz d’p p—m ei(Ep+2)-(x° =) —ip-(z—y)
21 J—_ (2m)3 2E,(z +1i07T)
_ Z-/OO d'p ptm o~ (=)
oo (2m)* 2Ep(p° — Ep +107)
B Z./Oo d*p p—m et (z—y)
oo (2m)F 2E,(p° — Ep +101))
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In the second term p +— —p, p® — —p°

o0 d4p p +m .
A —y) =i +ip-(z—y)
re-0=i| o R
_ Z'/oo d'p —p-m G
(2m)* 2E,(—p° — Ep +1i01))
19 d4 Le—izr(m—y) P +m n —p —m
YR D0 — B, +i0F ' pO+ Ep + 07

/ . d4 ] 1
—e m —
19E, y P — By +i0t 0+ Ep + 0"
/°° d4 i ipey) 9+ m) P’ + Ep 41407 — p° + Ep, — 0"
+2E, (p°)? — (Ep)? +140*
= /oO d4 Z(p +m) e~ (z=y)
oo (2m)F (P°)? = (Ep)? +1i0F
®°)* =p* +|p/
=" - Ip)?

Now EZ =m’+ |p|?

Bl = E2 — m?
p2 o E12) :p2 + ’p’2 - m2 - |p|2
— p2 o m2.
© d'p  i(p+m)
A = G — =
F(x7y> (ZE y) /OO (27_‘_)4 pg . m2 +ZO+

—ip-(z—y)

3. In the minimal coupling technique, ordinary derivatives are replaced by covariant
derivatives. Apply this to a complex massive scalar field and a non-interacting elec-
tromagnetic field. The resulting theory is not only gauge invariant but leads to an
interaction between the complex scalar field and the electromagnetic field. What is

the interaction term? [6 Marks]

Answer 3
1
= (aM@D)T(aMD) - mszw - ZFMVFMV
Applying the minimal coupling prescription, (only to the massive field)

& = (D) (D) — m1y — LFyu
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Since D, = 0, + iqA,, we have

o) = (@ + z'qA“w)T
T
(D) = (B, + igA, )0
= 0,0 +iqA,
So 2 = (040" — iqA" ) Oy +igAu) — AT — LEu P
= ("Y1 (0u1) — mPyTy — }lFWFW +ig("YN)(A) — ig(A" ) (8,0) + 2 AT A

The last three terms represent the coupling of the scalar field with the electro magnetic

field.

4. (a) Show that the momentum space representation of the fermionic free propagation

~ ) p+m
Gp)=i —
(p) =i p? —m?2 4+ i07F
can be written as
~ 1
Glp) = ——— .
(v) p—m+1i0*

[5> Marks]

(b) The free propagator

G = / d4p L e~ (z=y)
(2m)* p—m +i0+

is a Green’s function of which operator? Substantiate your answer by a calcula-

tion. [5 Marks]

Answer 4

(a)
~ sz—}—m
Gp =i p? —m?2 440t M)
(p+ m)(p = m) = §* = pm+ pm —
:p2_m2

= Y'p, ' py — m?

= '7#7Vp,upl/ - m2
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d.

Now  {+*,~4"} = 2¢"
= Y+ =29

Y Dupy = VA PP = VA Puby

Since p,p, is symmetric with respect to swapping of 1 and v. So we can write

VA pupy as

1 v %
5{7", Y Ipupy = ¢" pupy

(P + m)(lﬁ —m) = g"'pup, — m? = p2 —m?.

Inserting this into the denomenator of equation (1) yields

G0 = o

d*p i o
i — —ip-(z—y)
(i9 m)/ @m) p—m+io+

choose to calculate

2m)t p—m 2m)* p—m
- d'p L By emw(@—y)
B / 2m)* p—m 7" O

Now

0, e~ (@=y) — o—ip(z—y) (—ip,)

4 ; 4 ‘
a/ d p4 l e~ (z=y) _ —Z'/—(d p Zp e~ (z=y)

2m)* m

—m

. d'p i ey [ d'p (P ip(ay
(Za_m)/mw—me | )_/<27r>4 p=m

d* 4

= i6W(z — ).

(a) Find the conserved Noether current for the massless Dirac equation. [5 Marks]

Spring Semester 2018
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(b) Consider the Global chiral symmetry

W s ey
where +° is the chirality operator. Show that the massless Dirac Lagrangian is
invariant under the chiral transformation. [5 Marks|
(c) What is the corresponding Noether current? [> Marks]
Answer 5

(a)
Zp = (i) = P(iv"0,u1))

The system has U(1) global symmetry.

0%p

= 5y ~ =
I =0
Dip = iah

Ty =D = (i) = —dbdp = =" 0,0

Lp = (i) = P(iv"0,))
Y(x) = e ()
—-10
0 1

where 7° =iy %3 =

Under the chiralioty transformation,

Yi(@) s f (@)

U(z) = i (@)e 7’y

2L =P (2)e 70 (i99,) (€7 )
= it (z)e @7y e’ 9,y
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We know that
{77} =29
We have

e T e e A 1 e e e

=12 iy = i (7P +42)
= (P + ) =i (%7} =0
So we can swap the order of 4° and 4" terms. Likewise for i = 1,2,3

012,37 101,23

{7°, 7'} = i Y + iy Py

Since {7,7'} =2 = (79)?% = 1, the anti commutator above will have two

~¥’s removed from the terms as they multiply togather to yield identity. Suppose

1 = 3, the above anticommutator becomes

v+ iy = iy =0

~® and 72 can be swapped. Similarly v° and 7? and +° and ! can be mutually

swapped. So ® swaps will all y#’s. This allows us to write the lagrangian density

as:

L = ity Oyre 9 0h = iy P = — i = Z.

b = WP = Wy 9
I, = iy, I =0

Under the chirality transformation,
(e e_i“751/) ~ (1 —iay® )
So

Dy = —in*
Jy =Dy = iy (—in°Y) = Py




