Quantum Field Theory: PHY 539

Spring Semester 2018

Solution Assignment 10: Quantum Field Theory

1. When a fermion is at rest, the Dirac spinor for the particle is

Due Date: 2 May. 10 am

The left and right handed components are equal.

(a) Show that (v" —1)u(p") = 0.

(b) Show that eT90c=K¢ — Ly

Answer 1

(a)

Therefore (7% — 1)u(p®) = 0 when the fermion is at rest.
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Let’s work at these terms one by one:
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where o, is the projection of the pauli vector along ¢. Note (04)* = (54)* = 1

and so on. Therefore
o-¢p 1 2 1 3
(& =1+U¢¢+§¢ +§0'¢§Z5 + ...
_ Ly 14 13 15
= (1+§¢ +Z¢ +...)+a¢(¢+§gb +§¢ —+ ...
= cosh(¢)1 + o, sinh(¢)

= cosh(¢)1 + o - L sinh(¢)
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Now
P =7"pu
= v%po +7'p1 + 2Pz + 7 p3
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2. (a) Prove that u'(p)u(p) = 2E,£T¢. where

) = | VP7€
VP&
is the momentum space solution of the Dirac equation [5> Marks|
(b) Show that @(p)u(p) = 2m&TE, where @(p) = u'(p)° [5> Marks|
Answer 2
(a)
VDo &
u(p) ulp) = (Voo & vpaeh | V0
Nl
Now
p-o=pc’—p-o
p-d=pc"+p-o
pofle+pale=(p-o+p a)Ee
= (p°0" —p o+’ +p-o)E'e
= 2poTE
= 2EP£T€'
(b)
a(p) u(p) = u'(p) 7" u(p)
01 VP o &

= o & Al
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=2y/(p%0% — p - 0)(p°0° + p - 0)£'¢

=2,/E2 —|p|* £'¢
=2m £'¢

=2m since §T§ =1

3. The momentum space solution of the Dirac equation for the antiparticle is

VP o
—VP- a0

where 0 = (I,0), 6 = (I, —0) and s labels the spin state s = 1,2. Prove the identity,

v¥(p) =

Y ) =v-p-m

s=1

where v°(p) = vT(p)7°. [7 Marks]
Answer 3
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p-o=p'c’—p-o
p-6:p000+p o
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="+ + P+ —m = p—m.
4. The Dirac equation is given by
iy" 0, — may = 0.

Find the adjoint (“barred” version) of the Dirac equation which employs ¢ instead of

Y. [8 Marks]

Answer 4

iy —mp =0
i’ Opt) + iy O — map = 0
i7°(00y") = i(=") 0" —mypt =0

Post multiply by ~°

—iv° (BN + iy (00 T)7° — mapTy® =0
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Now 170 =4 = o=y
— 1 (00¥)7™° + 7 (811)7"7" — myy™y =0
Since (7°)? =1
—iv" Qo) + i7" (0) — map = 0
" (Bot)) — 17 (0p) +map = 0
iY* O, +mip =0,  as desired.

5. Derive explicit representation of the boost matrix K and show by explicit calculations

that [K!, K?] = —iJ?. Your starting point are the representations D(6") and D(¢").
Assume we are dealing with vectors (spin= 1). [> Marks]
Answer 5

For a boost along z,
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1 0 0 0
0 cosf® —sinf® 0
u(6?) =
0 sinf® cosf® 0
0 0 0 1
J3 — _1 au(03)
i 003 4,
0 0 0 0
110 —sinf® —cos#® 0
Pl 0 cos#® —sinB® 0 .
0 0 0 0
00 0 O
1 00-10
=1
01 0 0
00 0 O
Hence [K' K?] = —iJ®.
6. I define a boost along the x axis as
’Yl ’}/1’1)1 00
1?)1 1 00
nah ="
0 0 10
0 0 01
Boosts along other axes are defined correspondingly.
(a) For infinitesimal boosts, construct the boost matrix A*(z!, 2%, 23).  [3 Marks]
(b) Construct the infinitesimal rotation matrix A*(6', 62, 63). [3 Marks]

(c) Construct the infinitesimal Lorentz matrix A#(z!, 2% 23; 60,62, 63) and show that

it can be written as A = 1 +w. What is w? [3 Marks|

(d) Show that w" = whg™ and w,, = g, w, are antisymmetric. [3 Marks]

(e) What is the relationship between 6, v and the terms of w? [3 Marks]
Answer 6

(Thanks to Bilal Azam for this.)
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(a) According to given boost, for infinitesimal boost by v/, we can write

, ‘
20 = 2% 4 vz

. A .
x?) =27 + vix”
Lorentz transformation gives
, :
ZUD — AO,/.CEV — AOO.CEO—FADZ'ZEl

, .
0 = 2% + vzt

and

9 = N,z" = Nz + Nya®
— v — 0 kL

z7 = 072" 4 9"

Thus we get,

1 vl 2w
v 1 0 0
v2 01 0
v 0 0 1

(b) Rotation matrix can be written as
Ry Ry Ry
Rj(0) = | R} R} R;
R RS R}
since rotation does not act on time component, so we can substitute this matrix

into A*, to get the desired result.

10 0 0
01 6 —¢
APL(0Y,62,0%) = i
0-6 1 6
0 0 -0 1
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(c) In general, infinitesimal Lorentz transformation is the combination of boots and

rotations and is given by:

!/
xt =AY

= (1+wh,)z”
where [ is the identity matrix and here
A=T+w
i.e. a combination of boosts and rotation. Moreover

wh, =A*, —1

1 ol w2 3 1000
wh, — vl 1 63 —6? B 0100
v? =0 1 6 0010
0?2 —6' 1 0001
0 ot 2?2
B vl 0 63 —6?
B I
v 02 -6t 0
(d)
W = by g
0 ot ¥ 10 0 0
B vl 0 6 —p? 0-1 0 O
B R R Y 00 -1 0
v3 0?2 -6t 0 00 0 -1
0 —v! —0? —3
- ol 0 03 —6?
- o0
vd62 -0 0
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and
Wy = GrapWy,
10 0 O 0 ot v?
0-1 0 0 vl 0 03 —6?
00 —1 0 v =03 0 4!
00 0 -1 v 62—t 0
0 ot 0?2 3
—vl 0 03 —6?
—?2 =6 0 o
—v3 0% -0 0
Thus
Wy = —w"
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