ma

r=r-r,

m 1

9.1 Introduction

It was Newton’s fascination with planetary motion that |eq him
to formulate his laws of motion and the law of universal Bravita.
tion. His success in explaining Kepler's empirical laws of pjyp,
tary motion was an overwhelming argument in favor of the ey
mechanics and marked the beginning of modern Mathematicy
physics. Planetary motion and the more general problem o
motion under a central force continue to play an important role
in most branches of physics and turn up in such topics as particje
scattering, atomic structure, and space navigation.

In this chapter we apply newtonian physics to the general prop.
lem of central force motion. We shall start by looking at some of
the general features of a system of two particles interacting with
a central force f(r)r, where f(r) is any function of the distance ,
between the particles and ¥ is a unit vector along the line of cen.
ters. After making a simple change of coordinates, we shall show
how to find a complete solution by using the conservation laws of
angular momentum and energy. Finally, we shall apply these
results to the case of planetary motion, f(r) < 1/r% and show how
they predict Kepler's empirical laws.

9.2 Central Force Motion as a One Body Problem

Consider an isolated system consisting of two particles interacting
under a central force f(r). The masses of the particles are m;
and m, and their position vectors are r; and r.. We have

r=1r; —»r
r=|r| 9.1
= [r1 — ry.

The equations of motion are
mafy = f(r)r 9.20
Moty = —f(r)r. 9.2

The force is attractive for f(r) < 0 and repulsive for f(r) > 0.
Equations (9.2a and b) are coupled together by r; the behavior of
riand r; depends on r = r; —r,. We shall show that the pro2
lem is easier to handle if we replace r; and r, by r = r; — 2@
the center of mass vector R = (mr, + mar.)/(m, + m2)- The
equation of motion for Ris trivial since there are no external forces-
The equation for r turns out to be like the equation of motion of 2
single particle and has a straightforward solution.
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The equation of motion for R is

R=o,
which has the simple solution
R =R+ Vi, 58

The constant vectors R, and V depend on the choice of coordinate
system anq the initial conditions. If we are clever enough to
take tl"ie origin at the center of mass, Ro = 0 and V = 0.

To find the equation of motion for r we divide Eq. (9.2a) by m,
and Eq. (9.2b) by m, and subtract. This gives
¢ : ( 1 n 1 ) Py
1 — =\ -

2 e — (r)r

or

( mims )( " -
2 Y (F, — — ]
s + ma 1 r2) = f(r)r
Denoting mymy/(m; + m;) by u, the reduced mass, and using
f1 — F, = F, we have

ub = f(r)r. 9.4

Equation (9.4) is identical to the equation of motion for a par-

ticle of mass u acted on by a force f(7)r; no trace of the two par-

finr  ticle problem remains. The two particle problem has been trans-
formed to a one particle problem. (Unfortunately, the method
cannot be generalized. There is no way to reduce the equations
of motion for three or more particles to equivalent one body equa-

tions, and for this reason the exact solution of the three body

problem is unknown.)
The problem now is to find r as a function of time from Eq.

(9.4). Once we know r, we can easily find r, and r; by using the

relations
r=1t—"r 9.5a
R = mary + Male 0.5
my + ma
Solving for r; and r; gives
ma

= ¥ : 9.6a

it R+ (ml + mz)
R ( T ) d 9.6b

2= my + ma/ .
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mor/(my + ms) and —myr/(m1 + m2) are the position Vectors
m; and m. relative to the center of rpass, as the sketch sho

The complete solution of uf = f(r) r depends on the partic
form of f(r). However, a number of the properties of o
force motion hold true in general regardless of the form of
and we turn next to investigate these.

Ular
Ntra)
I,

9.3 General Properties of Central Force Motion

The equation uf = f(r) r is a vector equation, and although only
a single particle is involved, there are three components to be
considered. In this section we shall see how to use the conserva.
tion laws to find some general properties of the solution and to
reduce the equation to an equation in a single scalar variable,

The Motion Is Confined to a Plane

The central force f(r) r is along r and can exert no torque on the
reduced mass u. Hence, the angular momentum L of u is con-
stant. It is easy to show that this implies that the motion of s
is confined to a plane. Sincel = r X uv, wherev = F, ris always
perpendicular to L by the properties of the cross product. How-
ever, L is fixed in space, and it follows that r can only move in the
plane perpendicular to L through the origin.

Since the motion is confined to a plane, we can, without loss of
generality, choose our coordinate system so that the motion is

in the ry plane. Introducing polar coordinates, the equation of
motion uf = f(r) ¥ becomes

p( — ré?) = ) (D) 9.7a
M(Té + 27‘0) = 0. 9,7b

The Energy and Angular Momentum Are Constants of the Motion

We have reduced the problem to two dimensions by using the ¢
that the direction of L is constant. There are two other imporia
constants of central force motion: the magnitude of the an!
momentum |L| = [, and the tota] energy I. Using I and
can solve the problem of central force motion more easily and W
greater physical insight than by working with Eqs. (9.7a and 0

The angular momentum of # has magnitude

¥

L= proy = ureg,
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The total energy of u is
E = fw + U@
= $ui* + 1) + U, 980
where the potential energy U(r) is given by
Ue) = Utra) = — [ fr) ar.

The constant U(r,) is not physically significant and so we can
leave 7, unspecified; adding a constant to the energy has no effect
on the motion.

We can eliminate 6 from Eq. (9.8b) by using Eq. (9.8a). The
result is
E 1 '2+1 B + U 9.9
= — ur?4 - — ) )
M g T VO
This looks like the equation of motion of a particle moving in one
dimension; all reference to 8 is gone. We can press the parallel
further by introducing

12

Uei(?) = z — + U@, 9.10
2 ur?

so that

E = 3pi? + Uen(). 9.11

U. is called the effective potential energy. Often it is referred

to simply as the effective potential vy differs from the true

potential U(r) by the term 12/2ur?, called the centrifugal potential.
The formal solution of Eq. (9.11) is

ar _ \/—2- (E — Uenr) 9.12
dt 7
or

re V@2/uXE — Uett)

Equation (9.13) gives us 7 as a function of ¢, although the integral
may have to be done numerically in some cases. To find ¢ as a
function of ¢, we can use the solution for r in Eq. (9.8a):

2_ L 9.14
dt ~ wr? N |
Since r is known as a function of ¢ from Eq. (9.13), it s possible
to integrate to find 6
L 9.15
— 6= | —dt
o= j;. pr?
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