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Abstract

Quantum computing holds great promise for the next information revolution and
may be considered a holy grail of physics. A number of physical platforms are avail-
able to realize quantum bits (qubits), including those based on nuclear magnetic
resonance, trapped ions, superconductors, spin-1/2 particles and single photons.
Qubits based on photons are very accessible at room temperature and hence can be
used to perform experiments in the undergraduate laboratory. In this document,
we report our efforts to develop a laboratory, incorporating modern, cost-effective
versions of a few experiments which have shaped our modern understanding of
quantum mechanics. The experiments majorly include demonstration of existence
of single photons, tests of Bell inequalities, single photon interference, quantum
eraser, and quantum state tomography.

We generate single photon pairs through type I spontaneous parametric down-
conversion and develop a coincidence counting unit to count single photons and
coincidence events. We measure the second order correlation function of heralded
photons and demonstrate the existence of single photons. We then generate a num-
ber of polarization-encoded single-qubit states and estimate them by performing
a set of measurements. We also investigate the principle of complementarity by
observing quantum erasure in a single photon interferometer. Furthermore, we gen-
erate two-qubit entangled states and perform three tests of local realism. Finally,
we perform two-qubit quantum state tomography and obtain density matrices for
a few states.

The laboratory of these experiments can complement quantum mechanics courses
and help students prepare for research in quantum optics, quantum computing,
and foundations of quantum mechanics.
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Chapter 1

Introduction

Optics, the study of light, is arguably one of the oldest branches of natural sciences.
Remarkably, it continues to be an active area of research nowadays in the guise of
quantum optics and nano-optics. Quantum mechanics, the study of the extremely
small, on the other hand, was born in the 20th century. Some label it as the most
successful theory in physics ever devised as it correctly explains a large number
of physical phenomena. Nevertheless, scientists had a hard time getting comfort-
able with quantum mechanics because it shook their classical world view as well
as their intuition. According to the celebrated physicist Richard Feynman, ‘the
only mystery’ of quantum mechanics is superposition [1], which has some really
astonishing effects.

To understand superposition, let us consider a system with only two possible states,
0 and 1. These states may correspond to a particle taking either of two possible
paths. We can do some measurement and determine which path the particle is
opting to travel. This situation seems classical so far. Enter quantum superposi-
tion, and we get a bizarre possibility: the system can be in a superposition of both
the 0 and 1 states, i.e., the particle is taking both paths at the same time. Quan-
tum mechanics also tells us that the system is in superposition as long as we are
unable to determine which path the particle is taking. As soon as a measurement
is performed, the superposition state collapses and the particle is found to take
one of the two paths. Hence, the act of measurement makes the particle choose
one path. There is a specific probability of find the particle in either of the two
paths but it is not possible to know prior to performing the measurement, which
path the particle will take.

This bizarre result has made scientists uncomfortable right since the inception of
quantum mechanics. Even Einstein had serious reservations. In 1935, he along
with Rosen and Podolsky [2] published a thought experiment and showed that
quantum mechanics proposes ‘non-local’ behaviour. Since he believed in localism,
he concluded that quantum mechanics must be either wrong or incomplete. This
debate however gave rise to the property of quantum entanglement.

Let us define quantum entanglement in terms of an optical setup. The non-linear
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process of optical spontaneous parametric down-conversion can produce a photon
pair that is entangled in terms of polarization. An arbitrary polarization of light
is usually expressed in terms of two mutually independent orthogonal linear states
of polarization, say horizontal and vertical. One example of an entangled state
would be the superposition of the state in which the photons 1 and 2 are both
horizontally polarized and the state where both the photons are vertically polar-
ized. Here, superposition implies the photon pair to be in the two aforementioned
states simultaneously. Again, the photons in the pair will be entangled as long
as no measurement to determine their state is made. For instance, if we use a
horizontally or vertically oriented polarizer to determine the state of one of the
two photons, the measurement collapses the entangled state and the other pho-
ton is found to be in the same polarization state. If the photon 1 is found to have
horizontal polarization, we immediately know the photon 2 is also in horizontal po-
larization. Hence, measurement of polarization state of one photon determines the
polarization state of the other entangled photon. This strange result of quantum
mechanics was termed ‘spooky action at a distance’ by Einstein.

The Einstein-Podolsky-Rosen (EPR) thought experiment, where particles are en-
tangled in momentum, remained untested until 1964, when Bell formulated a set of
experimentally testable inequalities that could prove the local or non-local nature
of reality [3]. These ‘Bell’s inequalities’ if verified would de-bunk non-locality and
prove quantum mechanics incorrect or incomplete. On the other hand, violation
of these inequalities would be a verdict in favour of quantum mechanical non-
localism. A series of experiments [4] have shown violation of Bell’s inequalities,
hence proving that nature is non-local and quantum mechanics is indeed correct.

In the last few years, technological advancement has caused noteworthy progress
in investigating and harnessing the non-local properties of nature. One of the
remarkable results is quantum teleportation [5], where quantum state of a particle
is ‘teleported’ to a remote location through entanglement. Subsequent work on
this theme has caused the birth of the field of quantum information [6].

The technological ‘quantum leap’ has also brought quantum mechanical experi-
ments to the tabletop by a significant reduction in the size and cost of the ap-
paratus involved. One class of such experiments comprises single photons. These
experiments, although minimalistic, are powerful enough to demonstrate the fun-
damentals of quantum mechanics that have, in the last century, eluded many a
great physicist. The same quantum mechanical principles lie at the heart of cut-
ting edge applications like quantum computing and cryptography [6]. Particularly,
the relative ease to produce pairs of entangled photons has brought us to the junc-
ture where we can do quantum mechanics with relatively simple and affordable
optical setups [7].

Over the last two decades, a number of experiments incorporating individual pho-
tons or correlated photon pairs have been devised for supplementing the under-
graduate and post-graduate teaching of quantum mechanics [8, 9]. Some of the
important experiments include ‘proof’ of the existence of photons [10], interference
with single photons [11, 12], local realism tests [4, 7, 13] and quantum erasure [14].
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Contrary to popular belief of many students, explanation of photoelectric effect
does not strictly require the existence of photons [15, 16]. Lamb and Scully showed
that photoelectric effect could be explained using a semi-classical model where the
detector atoms are considered quantized but the light is deemed classical [17]. An
experiment to prove the existence of photons should rather prove the ‘granular’
nature of light. The results of such an experiment cannot be explained through the
classical wave theory of light. Some of these pioneering experiments were performed
in [18–20]. Later on, in 1986, Grangier et al. performed a simple experiment
proving the particulate nature of light [21]. They observed coincidences between
photo-detections at the transmission and reflection outputs of a beam-splitter.
Their results demonstrated that the field incident on the beam-splitter could be
described by a single-photon state. Hence, it was experimentally shown that a
single particle of light can be detected only once. Thorn et al. adapted the same
experiment for an undergraduate laboratory in 2004 [10].

The experiments of interference and quantum erasure are closely related. When
light is made to pass through an interferometer, the interference pattern visibility
is dependent on the ‘which-way’ information that is available to the observer. If
the ‘which-way’ information is not available, it is said to be ‘erased’. In this
case, high visibility interference fringes are obtained. For example, polarization
analysis can be performed using polarizers, which can provide or erase ‘which-way’
information, determining the visibility of interference fringes [11, 22, 23]. Gogo
et al. [24] demonstrated a quantum eraser through correlated photon pairs. The
pump laser beam is split into so-called idler and signal beams. The ‘which-way’
information is obtained by performing measurements on the idler beam. Other
examples of quantum eraser experiments can be found in [25, 26].

Violation of local realism in quantum mechanics stems from the ideas of the EPR
paradox [2]. Bell, through his inequalities, pointed out that violation of local
realism in quantum mechanics could be experimentally tested [3]. Bell’s work mo-
tivated similar testable inequalities, which are now collectively termed as Bell’s
inequalities. Almost all of these inequalities vindicate the foundational correct-
ness of quantum mechanics and indicate that nature indeed violates local realism
[4]. The first experimental test of a Bell’s inequality, proposed by Freedman, was
performed in 1972 [27]. The now-standard version of Bell’s inequality (CHSH in-
equality) for optical tests was proposed by Clauser et al. [28] and proved by Aspect
et al. [29].

Greenberger et al. pointed out the possibility of an ‘all or nothing’ test of local
realism [30]. The original argument of Bell was statistical, i.e., it was based on
different classical and quantum mechanical predictions of the probability of occur-
rence of some results. However, in Greenberger’s test, classical mechanics predicts
a certain event while quantum mechanics predicts an impossible event. In all cases,
the experimental results have been demonstrated to agree with quantum mechan-
ics [31]. In 1993, Hardy derived a version of Bell’s theorem that is significantly
easier to perform experimentally and comprehend [32]. The experimental tests
of Hardy’s local realism have been shown to agree well with quantum mechanics

12



[33–35].

Over the last two decades, experimental tests of Freedman’s, Hardy’s and CHSH
inequalities have been successfully performed strictly within undergraduate lab
resources [4, 7, 13, 36]. Similar resources have been utilized to perform single
qubit measurement [8] and two-qubit quantum state tomography [37, 38]. Table
1.1 lists some important research groups along with their published experiments
suitable for exploring quantum optics in an undergraduate laboratory.

Research group Publications
Proof of existence of photons [10, 39],

Beck’s group single photon interference [8], tests of
at Reed College local realism [4, 7, 8], quantum eraser [24],

entanglement witness [40], and EPR steering [41]
Single photon interference [11, 42], bi-photon

Galvez’s group interference [11], quantum eraser [43], a test
at Colgate University of local realism [44], and Hong-Ou-Mandel

interferometer [45]
Kwiat’s group Source of polarization-entangled photons [46],

at University of Illinois tests of local realism [35, 47], and
at Urbana-Champaign quantum state tomography [37, 38]

Lukishova’s group Single photon sources and photon
at University of Rochester anti-bunching [48]

Table 1.1: Some research groups with significant experimental work on single pho-
ton based quantum mechanics.

As a senior year capstone project, we have re-created some of the aforementioned
experiments and devised some additions as well. The purpose was to design a series
of experiments using single photon sources and optical setups that demonstrate the
fundamental principles of quantum mechanics. We hope the experiments, currently
housed at the Optics Lab at PhysLab, LUMS, will be employed as a laboratory
for pedagogical purposes or as a sandbox for experimental research in quantum
optics.

This report documents various aspects of the project and is organized as follows.
Chapter 2 briefly discuss the classical view of light along with a few experiments.
Chapter 3 gives a short overview of quantum theory in terms of photons. Chapter
4 furnishes general details of our single photon lab and documents five experiments
to investigate the quantum nature of light. Chapter 5 is about three experiments
related to entanglement and non-locality whereas Chapter 6 discusses quantum
state tomography. Chapter 7 concludes the report.
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Chapter 2

Classical Nature of Light

Before investigating the quantum nature of light, we would like to briefly review its
classical explanation. It will serve two purposes. First, it will help us familiarize
with the theoretical and experimental tools to formally undertake the study of
light. Second, it will help us draw and appreciate an analogy between the classical
description of coherent light and the quantum description of a beam of single
photons. For instance, we will see that polarization analysis for a single optical
beam fetches us identical results for both the quantum and classical descriptions
of light.

Classical optics is based on an elegant explanation of electricity and magnetism,
and sufficiently explains a great number of optical phenomena. This is one of
the reasons quantum optics is often not talked about in conventional undergrad
courses on optics, which mostly revolve around geometrical and physical optics.
Some recommended books for classical optics include [49], [50] and [51].

In this chapter, we present the classical description of light backed up by few exper-
imental investigations conducted at PhysLab, LUMS. Most of these experiments
were either built for the first time or refinements were made to already existing
experiments.

2.1 Electromagnetic waves

The theory of light as electromagnetic waves was developed by Maxwell in the
nineteenth century and is considered as one of the great triumphs of classical
physics. The study of electricity and magnetism is encapsulated in Maxwell’s
equations of electromagnetism, which can be stated as

∇ ·D = ρ, (2.1)

∇ ·B = 0, (2.2)
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∇× E = −∂B
∂t
, (2.3)

∇×H = J +
∂D

∂t
, (2.4)

where E and B are the electric and magnetic fields respectively, ρ is the free charge
density, and J is the free current density. Moreover, D is the electric displacement
and H the equivalent magnetic quantity.

The first of these four equations is Gauss’s law of electrostatics. The second is
the equivalent of Gauss’s law for magnetostatics with the assumption that free
magnetic monopoles do not exist. The third equation combines the Faraday’s and
Lenz’s laws of electromagnetic induction. The fourth is a statement of Ampere’s
law, where the second term on the right-hand side accounts for displacement cur-
rent.

If there are no free charges or currents, we can obtain the following wave-like
equation from the Maxwell’s equations:

∇2E = µ0ε0εr
∂2E

∂t2
, (2.5)

which describes electromagnetic waves with the velocity v = 1/
√
µ0ε0εr. In free

space, this is equal to c = 2.998× 108 ms−1

The usual solutions to Maxwell’s equations in free space are transverse waves with
the electric and magnetic fields at right angles to each other. Consider a wave of
angular frequency ω propagating in the z-direction with the electric field along the
x-axis. With Ey = Ez = 0 and Bx = Bz = 0, the Maxwell equations bear electric
field solutions of the form

Ex(z, t) = Ex0 e
i(kz−ωt+φ), (2.6)

where Ex0 is the amplitude, φ is the optical phase, and k is the wave vector given
by 2π/λ. The complex form is often used to simplify mathematical manipulation.
Similar solutions exist for the magnetic field, expressed as

By(z, t) = By0 e
i(kz−ωt+φ). (2.7)

Therefore, an electromagnetic wave, such as a light wave, consists of propagating
electric and magnetic fields. Waves propagate energy without moving matter, and
this energy flow in an electromagnetic wave can be calculated from the Poynting
vector, given by

S = E×H. (2.8)

The Poynting vector gives the intensity (i.e. energy flow (power) per unit area in
Wm−2) of the light wave. The time-averaged intensity is given by

〈S〉 =
1

2
cε0nE

2
x0, (2.9)
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which shows that the intensity of a light wave is proportional to the square of the
amplitude of the electric field.

2.2 Polarization

The direction of the electric field of an electromagnetic wave is called its polar-
ization. The electromagnetic field is a transverse wave, and its electric field E is
perpendicular to the direction of propagation. Assume that a wave is propagating
in vacuum in the z-direction. Based on the formulation of Equation 2.6, the total
electric field can be written generally as

E = Ex0 e
i(kz−ωt)ex + Ey0 e

i(kz−ωt+φ)ey

= E0 e
i(kz−ωt)

[
Ex0

E0

ex + eiφ
Ey0

E0

ey

]
= E0e

i(kz−ωt)[A ex + eiφB ey] = E0 e
i(kz−ωt)ε̂,

(2.10)

where ε̂ = [A ex + eiφB ey] is a complex unit vector termed as the polarization

vector and E0 is the amplitude of the electrical field, given by E0 =
√
E2
x0 + E2

y0.

2.2.1 The Polarization Ellipse

The polarization vector generally traces an ellipse, which is usually termed as
polarization ellipse, shown in Figure 2.1. Since it is an intuitive way to visualize
the polarization state of light, let us try to explain the various canonical/degenerate
polarization states through the polarization ellipse.

Light is linearly polarized if the polarization vector does not change its direction
as light propagates. In this case, there is a zero phase shift (φ = 0) between the
x-and y-components of the field, and the polarization vector is real, given by

ε̂ = A ex +B ey. (2.11)

Some common examples of linear polarization include horizontally polarized (H,
where A = 1 and B = 0), vertically polarized (V, where A = 0 and B = 1),
diagonally polarized (D, where A = B = 1/

√
2) and anti-diagonally polarized (A,

where A = 1/
√

2 and B = −1/
√

2). These polarization states are illustrated in
Figure 2.2.

If the polarization vector rotates, mapping out a circle as the wave propagates, the
light is called circularly polarized. Circularly polarized light comes in two flavors
depending on clockwise or anti-clockwise rotation of the electric field vector. The
polarization vector is composed of equal parts of x and y components with a phase
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Figure 2.1: Polarization ellipse of an arbitrary polarization state. Parameters of
the ellipse include the semi-major and semi-minor axes (p and q, respectively), the
orientation angle ψ and the ellipticity angle χ.

difference of φ = π/2 between them, given by

ε̂ =
1√
2

(ex ± i ey). (2.12)

As we mentioned before, for an arbitrary polarization, the polarization vector
generally traces an ellipse. In this case, either the amplitudes of the x and y
components are different or the phase difference between the two components is
neither 0◦ nor 90◦.

Light is said to be unpolarized if there are random fluctuations in the polariza-
tion vector with time. The exact parameters cannot be determined in this case.
However, statistical description can be made using Stokes parameters, which are
discussed in a later section.

2.2.2 Polarization Manipulation

We have briefly described the commonly studied polarized states. In optical ex-
periments, we frequently need to modify polarization. For this purpose, we use a
number of optical elements, based on birefringent crystals. These crystals separate
arbitrarily polarized beams into two orthogonally polarized beams called the ordi-
nary ray and the extraordinary ray. These two rays experience different refractive
indices that could be labelled as no and ne, respectively. Let us briefly discuss the
functional description of few of these elements.
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H V

D A

R L

Figure 2.2: Polarization ellipse representations of canonical polarization states, in-
cluding horizontal (H), vertical (V), diagonal (D), anti-diagonal (A), right circular
(R) and left circular (L).

A linear polarizer transmits only the component of the incident electric field par-
allel to its preferred transmission axis. The transmitted polarization component is
given by

Et = E0 e
i(kz−ωt)(ε · eθ)êθ. (2.13)

It is evident that the output field is linearly polarized along eθ, and the amplitude
is reduced by a factor of |ε · êθ|.

A wave plate modifies the relative phase shift between the orthogonal components
of the polarization vector. Quarter wave plates (QWPs) and half wave plates
(HWPs) are the most commonly used wave plates. Depending on its orientation
and the input polarization, a QWP can turn a linear polarization into an elliptical
(circular) polarization and vice versa. Similarly, a HWP can rotate a linear polar-
ization, the rotation controlled by the orientation of the HWP with respect to the
input polarization.

A polarizing beam splitter (PBS) resolves the incident light to its orthogonal po-
larization components. In the kind of PBS that we will mostly use, the horizontal
and vertical components emerge at right angles to each other.

Using a laser and the polarization modifying components we have described so
far, we can perform many experiments by generating arbitrary polarization states,
manipulating them and detecting the resultant light beams. To mathematically
analyze such experiments of polarization optics, Jones calculus is an effective tool.
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2.2.3 Jones Calculus

Jones calculus maps any pure polarization state to a 2 × 1 column vector and
maps the (single-input single-output) polarization manipulating elements to 2× 2
matrices. Consider again the polarization vector

ε̂ = A ex + eiφ B ey. (2.14)

Since we normalized the polarization vector earlier, A and B satisfy A2 + B2 = 1
and φ is the phase difference between the orthogonal components. Conventionally,
the horizontal and vertical linear components are taken to be eH = ex and eV = ey.
These vectors are then used as basis vectors to describe any arbitrary polarization
vector, as follows:

ε̂ = A eH + eiφ B eV =

[
A

B eiφ

]
. (2.15)

The polarization written as a column vector in this (HV ) basis is referred to as a
Jones vector. The Jones vectors for the canonical polarization states are listed in
Table 2.1.

We have earlier described certain optical elements that can manipulate the polar-
ization of a wave. The mathematical counterparts of these objects are matrices
which change one Jones vector into another. The polarization modifying elements
are represented by Jones matrices. Jones matrices for the commonly used optical
experiments are listed in Table 2.2.

To compute the effect of a polarization changing element on a particular polariza-
tion, the Jones matrix of the optical element is simply left-multiplied to the Jones
vector corresponding to the original polarization state. Usually, the polarization
vector is normalized before performing Jones calculus manipulations. The output
of a particular polarization element is then a unit vector multiplied by a complex
constant, whose phase and amplitude determine the phase and amplitude of the
electric field. The direction of the unit vector then determines the direction of the
polarization, represented by the polarization ellipse.

If a beam with a certain polarization state ε̂0 passes through a series of polarization-
modifying elements with Jones matrices J1, J2, . . . , Jn, the resultant polarization
ε̂n is given by

ε̂n = Jn · · ·J2J1εi = Jeffε̂0, (2.16)

i.e., the Jones matrices corresponding to the different optical elements are ordered
from right to left. It is obvious that the output polarization is generally dependent
on the order of the polarization manipulators. Moreover, any series of optical
elements maps to an effective Jones matrix which can be found by multiplying the
respective Jones matrices.

Jones calculus works perfectly well for polarized light, but it is not applicable
to partially polarized or un-polarized light. In the latter cases, we use Stokes
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Polarization state Jones vector

Linearly polarized along x axis

(
1
0

)

Linearly polarized along y axis

(
0
1

)

Linearly polarized at angle α

(
cosα
sinα

)

Right circularly polarized 1√
2

(
1
−i

)

Left circularly polarized 1√
2

(
1
i

)

Elliptical polarization (general)

(
A

B eiφ

)

Table 2.1: Jones vectors corresponding to canonical polarization states. The angle
α is with respect to the horizontal axis of the lab frame of reference.

Optical element Jones matrix

Linear polarizer (axis at θ)

(
cos2 θ sin θ cos θ

sin θ cos θ sin2 θ

)

Half wave plate (fast axis at θ)

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)

Quarter wave plate (fast axis at θ)

(
cos2 θ + i sin2 θ (1− i) sin θ cos θ

(1− i) sin θ cos θ sin2 θ + i cos2 θ

)

Table 2.2: Jones matrices corresponding to commonly used polarization changing
optical elements. The axis orientations, represented by θ, are with respect to the
horizontal axis of the lab frame.
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parameters, which (in contrast to the amplitude description in the Jones calculus)
is the intensity representation of polarization states and can describe even un-
polarized light.

2.2.4 Stokes Parameters

The Stokes parameters describe the polarization of light in terms of four observ-
ables. There are a number of ways to express the Stokes parameters, one of which
is

S =


S0

S1

S2

S3

 =


E2

0x + E2
0y

E2
0x − E2

0y

2E0xE0y cosφ
2E0xE0y sinφ

 . (2.17)

It can be seen that the Stokes parameters are related to the polarization ellipse
parameters. For completely polarized light, S2

0 is 1; for partially polarized light, it is
less than 1 while for completely un-polarized light, it is 0. The Stokes parameters
can graphically be graphically represented as the Poincare sphere, as shown in
Figure 2.3, where S1, S2 and S3 represent the three dimensional coordinate axes
and S0 vector represents the particular polarization state.

S
1

O 2χ

2Ψ

S
3

S
2

S
0

Figure 2.3: The Poincare sphere representation of polarization, where the Stokes
parameters S1, S2 and S3 represent the three dimensional coordinate axes and
S0 vector represents the particular polarization state. The sphere shows that the
Stokes parameters are related to the ellipse angles ψ and χ.

Similar to Jones calculus, the effect of polarization changing elements on the polar-
ization state can be computed by multiplying 4×4 Mueller matrices with the Stokes
vector of Equation 2.17, which is termed as Mueller calculus. On the Poincare
sphere, these polarization manipulations are mapped as rotation and scaling of
the S0 vector.
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2.3 Light Source and Detection

Usually, various kinds of lasers are used as the light source in optical experiments.
The helium-neon (He-Ne) gas laser is the most commonly used light source which
has usually a wavelength of 632.8 nm at room temperature. In the classical optical
explorations we describe, we use Thorlabs He-Ne lasers1 with optical powers ≤ 10
mW. The lasers are unpolarized and polarizers and waveplates are used to generate
the required states.

For light detection, we use silicon photodiodes, which output current proportional
to the intensity of the light beam incident on it. We convert the current to a
proportional voltage through an current to voltage (IV) converter. An optical
detector does not respond directly to the electric field, but instead to the power
incident on it. The power is proportional to the intensity I, which we define to be
equal to the square magnitude of the field, as follows:

I ≡ E∗ · E = |E|2 = E2
0 . (2.18)

This intensity is in fact proportional to the magnitude of the time-averaged Poynt-
ing vector, which gives the energy flow of the light wave.

2.4 Experimental Explorations

To brush up on our experimental skills, we performed a number of classical optics
experiments, developing some new and fine-tuning the existing ones at LUMS
PhysLab. The suite of experiments was incorporated in the newly set up Ibn Sahl
Corner for Optics2, and includes

1. Investigating Polarization of Light through Jones Calculus3

2. Polarization Peanuts with Fourier Analysis4

3. Tuning a Laser Diode5

4. Diffraction from Single Slit6

5. Reflection, Transmission and Fresnel Coefficients7

6. Diffraction from One Dimensional Grating8

1https://www.thorlabs.com/newgrouppage9.cfm?objectgroup id=1516
2https://www.physlab.org/optics-lab/
3https://www.physlab.org/experiment/investigating-polarization-of-light-through-jones-

calculus/
4https://www.physlab.org/experiment/polarization-peanuts-with-fourier-analysis/
5https://www.physlab.org/experiment/tuning-a-laser-diode/
6https://www.physlab.org/experiment/diffraction-from-single-slit/
7https://www.physlab.org/experiment/reflection-transmission-and-fresnel-coefficients/
8https://www.physlab.org/experiment/diffraction-from-one-dimensional-grating/
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7. Mach-Zehnder Interferometry and Erasure of ‘Which-path’ Information9

We briefly review here few of the classical experiments that will be helpful in
interpreting some of our quantum experiments as well.

2.4.1 Polarization Manipulation

Based on the first two experiments enumerated above, in this section, we investi-
gate optical polarization with Jones calculus and Fourier analysis.

Referring to the schematic in Figure 2.4, we generate different linear polarization
states through a polarizer and a HWP. Light from a HeNe laser passes through
a linear polarizer oriented at α with respect to the horizontal and then an HWP
oriented at θ with respect to the horizontal. The polarization of light coming out
of the HWP can be computed using Jones calculus as

E =

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)(
cosα
sinα

)
=

(
cos (2θ − α)
sin (2θ − α)

)
. (2.19)

This light is incident on a PBS, which separates the two orthogonal components of
the field, which are then detected as intensities at the two photodiodes A and B,
given by IA = cos2 (2θ − α) and IB = sin2 (2θ − α), respectively. These intensity
expressions are simulated and plotted in Figure 2.5.

Laser

P HWP
A

B

PBS

Figure 2.4: Schematic diagram of an experiment to study the polarization of light
via Jones calculus. Light from a 633 nm laser passes through a polarizer (P)
oriented at α, a half wave plate (HWP) oriented at θ and falls on a polarizing
beam splitter (PBS); which lets horizontally polarized light transmit and fall on
photo-detector A and reflects the vertically polarized light towards photo-detector
B.

The simulations show that the two intensities detected are orthogonal to each other,
confirming the functionality of the PBS. Moreover, the HWP shows a periodicity
of π

2
while the polarizer shows a periodicity of π.

9https://www.physlab.org/experiment/mach-zehnder-interferometry-and-erasure-of-
whichpath-information/
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Not shown in Figure 2.4 are IV converters, which convert the photodiode out-
put current (proportional to light intensity) into voltage which is then measured
through a voltage meter. The measured intensities, plotted in Figure 2.5, show
excellent agreement with curve fits of intensity expressions obtained from Jones
calculus.
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Figure 2.5: Simulated and experimental results of the experiment of Figure 2.4.
Blue plots represent detector A while red plots represent detector B. (a) Simulated
variation in intensity with respect to polarizer orientation when the HWP is ori-
ented at 0◦. (b) Simulated variation in intensity with respect to HWP orientation
when the polarizer is oriented at 0◦. (c) Measured variation in intensity with re-
spect to polarizer orientation. (d) Measured variation in intensity with respect to
HWP orientation. The solid squares represent the measurements while the smooth
plots represent the curve fits.

We perform another experiment to analyze the polarization state of light through
Fourier analysis. Here, we are interested in the Stokes parameters description of
polarization. As shown in Figure 2.6, a polarizer oriented at β and a QWP oriented
at θ are used to generate an arbitrarily polarized laser beam. Another polarizer
oriented at α is then used as an analyzer. With all angles oriented with respect to
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the horizontal of the lab frame, we have

E =

(
cos2 α sinα cosα

sinα cosα sin2 α

)(
cos2 θ + i sin2 θ (1− i) sin θ cos θ

(1− i) sin θ cos θ sin2 θ + i cos2 θ

)(
cos β
sin β

)
=

(
1−i

2
cosα(cos (α− β) + i cos (α + β − 2θ))

1+i
2

sinα(−i cos (α− β) + cos (α + β − 2θ))

)
.

(2.20)

Laser

P QWP PDP

Figure 2.6: Schematic diagram of an experiment to study the polarization of light
via Fourier analysis and Stokes parameters. Light from a 633 nm laser passes
through a polarizer (P) oriented at β, a quarter wave plate (QWP) oriented at
θ, another polarizer oriented at α and finally falls on a photo-detector (PD). The
dotted square represents polarization state generator while the solid line square
represents polarization state analyzer.

For the field in Equation 2.20, the intensity can be calculated as

I = E∗ · E =
1

4
(2 + cos (2(α− β)) + cos (2(α + β − 2θ))), (2.21)

which can also be expressed as a Fourier series in α, given by

I =
1

2
+

1

2
cos 2θ cos (2θ − 2β) cos 2α +

1

2
sin 2θ cos (2θ − 2β). sin 2α (2.22)

The Fourier coefficients in Equation 2.22 are in fact, the first three Stokes param-
eters, S0, S1 and S2. Therefore, if for a given polarization state, we have intensity
measurements at a number of analyzer orientations, we can make a Fourier curve
fit to find the three Stokes parameters. This method however does not fetch us S4

which provides information about the handedness of the polarization state. Hence,
the analyzer cannot differentiate, for example, between left circularly polarized and
right circularly polarized light. To determine S4, at least a QWP needs to be added
to the analyzer.

We use the state generation polarizer and QWP to generate a number of polar-
ization states. For each state, the analyzer is oriented in steps of 10◦ from 0circ

through 360◦ and the photodiode output, proportional to the intensity, is mea-
sured. The aforementioned technique is used to determine the respective Stokes
parameters, summarized in Table 2.3. The measured results show good agreement
with the theoretical predictions.
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Polarization state Measurement Prediction

Horizontal
S0 = 1.00± 0.02 1
S1 = 0.97± 0.02 1
S2 = 0.00± 0.02 0

Vertical
S0 = 1.00± 0.02 1
S1 = −0.97± 0.02 −1
S2 = 0.10± 0.02 0

Anti-
diagonal

S0 = 1.00± 0.02 1
S1 = 0.00± 0.02 0
S2 = −0.98± 0.02 −1

Diagonal
S0 = 1.00± 0.04 1
S1 = 0.04± 0.04 0
S2 = 0.94± 0.04 1

Left
circular

S0 = 1.00± 0.01 1
S1 = 0.07± 0.01 0
S2 = −0.01± 0.01 0

Right
circular

S0 = 1.00± 0.02 1
S1 = −0.02± 0.02 0
S2 = 0.04± 0.02 0

Table 2.3: Optical polarimetry results of canonical polarization states.

2.4.2 Interference and Erasure of ‘Which-path’ Informa-
tion

A Mach-Zehnder interferometer [8], shown in Figure 2.7, divides the input light
beam into two paths and then re-combines them. The path difference between the
two component beams results in an interference pattern. Two mirrors are used
to align or ‘walk’ the HeNe laser beam into a beam splitter (BS), which lets half
the incoming light to pass through it and reflects the rest. Each of the two beams
are then reflected off a mirror in its path; and the beams combine at the second
BS and fall on a white screen where interference fringes can be seen. It can be
observed that if one of the two interferometer beams are blocked, no interference
can be seen.

A Mach-Zehnder interferometer is also a useful device not only to study not only
the basic principles of polarization but also the erasure of ‘which-path’ information.
This erasure experiment underlies an important discussion in quantum mechanics.
Let us see how.

Consider the interferometer setup in Figure 2.8, where we have added a linear
polarizer in each of the two interferometer paths. We set the polarizers P0 at 45◦

and P1 at 0◦, and record the interference pattern for two orientations of polarizer
P2: at 0◦ and at 90◦. According to Figure 2.9, we see that no interference is
seen when the polarizer axes are perpendicular to each other, implying that light
has taken only one of the two paths. On the contrary, high visibility fringes are
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Figure 2.7: Schematic diagram of a Mach-Zehnder interferometer experiment.
Light from a 633 nm laser is reflected off two mirrors (M), passes through a po-
larizer (P), and enters an interferometer comprising two beam splitters (BS) and
two mirrors (M). Light from the two paths of the interferometer combine and fall
on a screen.

observed when P1 and P2 axes are parallel, when it is not possible to determine
the path taken by light quitting the interferometer. The presence of interference
pattern shows that light has taken both the paths simultaneously. Another way
to state this is in terms of information: in absence of ‘which-path’ or ‘which-way’
information, light takes both the available paths in an interferometer and hence
interference fringes are observed.
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BSLaser
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2

Figure 2.8: Schematic diagram of the Mach-Zehnder interferometer with three
polarizers P0, P1 and P2.

Let us look at the experiment mathematically. The polarization state of light
entering the interferometer can be expressed as

Ein =
1√
2

(
1
1

)
, (2.23)
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Figure 2.9: Referring to the experiment in Figure 2.8, with polarizer P0 set at 45◦,
(a) when polarizers P1 and P2 are crossed (oriented orthogonally), no interference
is visible; (b) when polarizers P1 and P2 are oriented with parallel axes, interference
fringes are observed.

while the polarization state of light hitting the screen can be computed as

Eout = rP2rmrEin + eiφtrmP1tEin, (2.24)

where r, t are BS reflection, transmission coefficients and rm represents the re-
flection coefficient of each mirror. eiφ represents the phase difference between the
two beams arriving due to small path difference within the coherence length of the
laser. We take the mirror reflection coefficients rm to be 1 and for a 50 − 50 BS,
the coefficients r = t are equal to 1/2. Taking P1 to be oriented horizontally and
P2 to be oriented at θ, Equation 2.24 becomes

Eout =
1

2

(
cos2 θ cos θ sin θ

cos θ sin θ sin2 θ

)
1

2

1√
2

(
1
1

)
+ eiφ

1

2

(
1 0
0 0

)
1

2

1√
2

(
1
1

)
=

1

4
√

2

(
cos2 θ + cos θ sin θ + eiφ

cos θ sin θ + sin2 θ

)
,

(2.25)

for which the detectable intensity is computed to be

I =
1

32

[
2 + sin (2θ) + sin (2θ) cos (φ) + 2 cos2 (θ) cos (φ)

]
. (2.26)

It can be seen that for P2 set at θ = 0◦, I becomes 1
16

(1 + 1 cosφ), which accounts
for interference fringes. On the other hand, if P2 is set at θ = 90◦, I becomes 1

16
,

giving a constant intensity pattern and no interference. Our observations are in
agreement with the mathematical analysis.

Let us consider yet another extension of the interferometer, shown in Figure 2.10.
We add another polarizer P3, and setting the polarizers P0 at 45◦, P1 at 0◦ and P2 at
90◦, observe the interference pattern for different orientations ψ of P3. Mathemat-
ically, this means putting θ = 90◦ in Equation 2.25 and multiplying the resulting
Jones vector with another polarization matrix oriented at ψ, as follows:

Eout =

(
cos2 ψ cosψ sinψ

cosψ sinψ sin2 ψ

)
1

4
√

2

(
eiφ

1

)
=

1

4
√

2

(
cos2 ψeiφ + cosψ sinψ
cosψ sinψeiφ + sin2 ψ

)
.

(2.27)
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Figure 2.10: Schematic diagram of the Mach-Zehnder interferometer experiment
with four polarizers P0, P1, P2 and P3.

The intensity in this case is calculated to be

I =
1

32

[
1 + sin (2ψ) cos (φ)

]
, (2.28)

which implies that high visibility interference fringes will be visible when ψ = 45◦

whereas no interference will be observed for ψ = 0◦ or ψ = 90◦. The experimental
results, shown in Figure 2.11, agree with this prediction.

Figure 2.11: Referring to the experiment in Figure 2.10, with polarizer P0 set at
45◦, P1 set at 0◦ and P2 set at 90◦; no interference is observed for polarizer P3

oriented at (a) 0◦ or (c) 90◦, but interference fringes are observed for P3 oriented
at (b) 45◦.

In the setup of Figure 2.8, we saw that when the polarizers P1 and P2 were cross-
polarized (horizontal and vertical, respectively), the two paths were ‘tagged’ and
no interference could be observed. We concluded that the absence of which-path
information is necessary to obtain interference. We then added a polarizer oriented
at 45◦ after the second BS (Figure 2.10), ‘erasing’ the which-path information and
making interference appear again.

The counter-intuitive aspect of this experiment is the delayed choice. Light, having
a finite speed, hits polarizer P3 after allegedly taking one of the two tagged paths.
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Just quitting the second BS, the which-path information is available and interfer-
ence cannot be observed. As light passes through P3, the path information is lost
and even though we believe light originally took one of the two paths, we still see
interference, implying that light actually took both paths. Later, we will see that
this applies to single photons as well, implying single-photon interference! This
erasure experiment is a classic example of Wheeler’s delayed choice experiment
[52, 53], which lies at the heart of the debate about the foundations of quantum
mechanics. Let us briefly review the fundamentals of quantum mechanics in the
next chapter before beginning our experimental investigation of single photons.
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Chapter 3

Quantum Nature of Light

The purpose of this chapter is to give a brief overview of quantum mechanics
needed to understand the quantum picture of light. Throughout our single photon
experiments, we will use the theoretical tools discussed in this chapter. While the
traditional textbooks [54] on quantum mechanics make an excellent introduction
to the subject, we follow an approach similar to the textbooks [8, 55, 56], because
we fell it is very well-suited to study photons.

3.1 Quantum Mechanical States

In the language of quantum mechanics, a state gives complete description of a
physical system. We describe the state of a physical system through a state vector,
denoted generally as ket |ψ〉. This vector resides in a complex vector space having
inner product, called a Hilbert space. The superposition of, say, |ψ1〉 and |ψ2〉 is
also a valid state of the same Hilbert space, and is called a superposition state,
expressed as

|ψ〉 = a |ψ1〉+ b |ψ2〉 , (3.1)

where a and b are complex numbers and |a|2 + |b|2 = 1. Its conjugate is described
by the dual vector, denoted as bra 〈ψ|, given by

〈ψ| = a∗ 〈ψ1|+ b∗ 〈ψ2| , (3.2)

where a∗ and b∗ represent complex conjugates of a and b, respectively.

The inner product is used to determine the overlap between two vectors |ψ〉 and
|φ〉 and is described as

〈ψ|φ〉 . (3.3)

The inner product of a state with itself is real and positive. A state is said to be
normalized if its inner product with itself is one. Two states are said to be orthog-
onal if their inner product is zero. Two normalized states which are orthogonal
to each other are called orthonormal. If the components states |ψ1〉 and |ψ2〉 in
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Equation 3.1 are orthonormal, the numbers a and b can be computed from the
inner product, as

〈ψ1|ψ〉 = a, (3.4)

〈ψ2|ψ〉 = b. (3.5)

For normalized |φ〉 in Equation 3.1, we have 〈ψ|φ〉 = |a|2 + |b|2 = 1 where |a|2
and |b|2 represent the probabilities that the state |φ〉 will be measured to be in the
states |φ1〉 and |φ2〉, respectively. The complex numbers a and b are hence termed
as probability amplitudes. The above treatment can be easily extended to n states
inside the superposition.

All states that can be represented as state vectors are called pure states whereas
states that cannot be represented as state vectors are called mixed states. They
are represented by density matrices covered in Section 3.6.

3.2 Qubits

A qubit forms the simplest quantum system, having just two basis states. Just as
a bit is the fundamental unit of information in computing, a qubit (short for quan-
tum bit) is the fundamental unit in quantum computing or quantum information.
However, unlike a classical bit, a single qubit can exist in a superposition of 0 and
1 states, usually represented as |0〉 and |1〉, respectively. Hence, we can write the
qubit state corresponding to Equation 3.1 as

|ψ〉 = a |0〉+ b |1〉 . (3.6)

A qubit is actually a mathematical description of a quantum two-state system. It
can be physically realized through any system having two orthogonal states, such
as spin-1/2 particles [57–59] and 2-level atoms [60, 61]. One way is through the
polarization state of a photon [35, 36, 62–71]. We can choose any orthogonal basis,
just as we express an arbitrary polarization state in classical optics, as discussed
in Chapter 2. In canonical basis, a horizontal polarization |H〉 may be used to
represent |0〉 and a vertical polarization |V 〉 may be used to represent |1〉. The
state in Equation 3.6 can then be represented as

|ψ〉 = a |H〉+ b |V 〉 = a

(
1
0

)
+ b

(
0
1

)
=

(
a
b

)
. (3.7)

The dual vector (i.e. bra) would then be represented by the row vector, given by

〈ψ| =
(
a∗ b∗

)
. (3.8)

Equation 3.7 seems similar to the Jones vector representation of the polarization
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Polarization Quantum state Column vector

Linearly polarized along x axis |H〉
(

1
0

)

Linearly polarized along y axis |V 〉
(

0
1

)

Linearly polarized at angle α |α〉
(

cosα
sinα

)

Right circularly polarized |R〉 1√
2

(
1
−i

)

Left circularly polarized |L〉 1√
2

(
1
i

)

Elliptical polarization (general) |Ψ〉
(

A
B eiφ

)

Table 3.1: Polarization-encoded quantum states and the corresponding state vec-
tors. The angle α is with respect to the horizontal axis of the lab frame of reference.

of classical light, covered in Chapter 2. Indeed, the polarization-encoded quantum
state representation for single photons is analogous to the Jones vector represen-
tation of polarization for classical source of light. Hence, in Table 3.1, we write
qubit states identical to the Jones vectors listed in Table 2.1. However, there is one
crucial subtlety. In case of classical light, we could say that |a| is the amplitude of
horizontally polarized light while |b| is the amplitude of vertically polarized light.
However, while dealing with single photons, we need to remember that a and b
are not the components of horizontal or vertical component of light. Rather, their
squared modulus determines the probability of finding the horizontal or vertical
state as a result of an appropriate measurement.

In quantum computing, we usually perform two types of operations, unitary op-
erations and measurement. A unitary operator usually encodes the operation of
waveplates on photons whereas a measurement is a projective operation. We talk
more about these operations in the next section.
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3.3 Transforming Quantum States

We discussed quite a few optical elements during our discussion of classical optics
in Chapter 2. The functional description and the matrix representation of those
elements is no different for quantum systems. However, the mathematical notation
differs, in that the matrices are called operators, denoted by ‘hat’ on capital letters.

A single-input and single-output polarization manipulating element is usually a
projection or a unitary operator. A linear polarizer is essentially described by a
linear projection operator for photons. When coupled with a photodetector, it is
usually called a measurement operation.

On the other hand, a unitary operator Û is one that preserves the normalization
of a state and is formally defined as

Û Û † = Û †Û = Î , (3.9)

where Û † represents the adjoint of the operator. Î represents the identity operator,
which is just the 2 × 2 identity matrix. The unitary operation on a state can be
represented as

Û |ψ1〉 = eiφ |ψ2〉 , (3.10)

whereas for a series of unitary operations Û1, Û2,..., Ûn, the overall operation can
be calculated as

Ûeff = Ûn...Û2Û1. (3.11)

This expression is similar to that of Equation 2.16 for classical picture of light. For
qubits expressed in the canonical basis, the unitary operations corresponding to
waveplates are represented by 2× 2 matrices identical to the corresponding Jones
matrices. As a convenient reference for the quantum experiments, we enlist the
three most commonly used operators in Table 3.2.

We have briefly hinted at measurement. Let us explore it in more detail in the
next section.

3.4 Measuring Quantum States

In quantum mechanics, quantities that can be physically measured are represented
by observables (say O) and a Hermitian operator Ô corresponds to observables. A
Hermitian operator has real eigenvalues, and its eigenvectors form an orthonormal
basis, meaning that they can be used to express any vector in the Hilbert space.

The eigenvalues of the operator Ô are the possible results of a possible measurement
on the observable O. While measuring O in a system having the state given by
|ψ〉, the probability of obtaining the eigenvalue λ as a result of the measurement
is given by P (λ| |ψ〉) = | 〈λ|ψ〉 |2 where |λ〉 is the corresponding eigenstate. The
probability postulate is called Born’s rule [8].
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Optical element Operator

Linear polarizer (axis at θ)

(
cos2 θ sin θ cos θ

sin θ cos θ sin2 θ

)

Half-wave plate (fast axis at θ)

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)

Quarter-wave plate (fast axis at θ)

(
cos2 θ + i sin2 θ (1− i) sin θ cos θ

(1− i) sin θ cos θ sin2 θ + i cos2 θ

)

Table 3.2: Quantum operators for commonly used polarization manipulating ele-
ments. The axis orientations, represented by θ, are with respect to the horizontal
axis of the lab frame.

Prior to the measurement, the system was in the state |ψ〉. However, once the
measurement is made, the system is left projected in the state |λ〉. The act of
measurement is to change the state of the system. This is called von Neumann
projection postulate [8]. If a subsequent measurement is made in the same basis,
the system is found to be in the same state with 100% probability.

In our case, the observable is the polarization state. If we are measuring in the
canonical basis, our eigenvalues are H and V (we can assign any numbers or values
to them depending on our apparatus or convention).

If we have a beam of photons generated in the state as in Equation 3.7, placing
a horizontally oriented linear polarizer in front of the beam, half the number of
incoming photons will transmit through it. However, the transmitted photons will
be randomly distributed. We can just talk about the probability of the transmitted
photons, calculated as

P (H| |ψ〉) = | 〈H|ψ〉 |2 = |a|2. (3.12)

Similarly, if the polarizer is rotated such that its transmission axis is vertically
oriented, the probability of transmission of photons will be

P (V | |ψ〉) = | 〈V |ψ〉 |2 = |b|2. (3.13)

Now, if another horizontally oriented polarizer is placed after the first polarizer,
we get no light transmitted because after the first projection, the system is left in
the state |V 〉 and:

P (H| |V 〉) = | 〈H|V 〉 |2 = 0. (3.14)
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On the contrary, if the second polarizer is vertically polarized, we will have

P (V | |V 〉) = | 〈V |V 〉 |2 = 1, (3.15)

meaning all light coming out of the first polarizer will be transmitted through the
second polarizer. If we do the aforementioned measurements with a classical light
source, we get similar results. However, instead of probabilities, we will obtain
proportional intensities.

So far, in the quantum description of light, we have replaced Jones vectors with
state vectors, Jones matrices with operators and intensities with probabilities.
While polarization optics for a single beam of light does not look very different
for quantum and classical worldviews, two or more particles can sometimes show
a behaviour which has no classical counterpart. For instance, two particles can
become entangled, which is a purely quantum mechanical phenomenon. Let us
discuss such composite systems.

3.5 Composite Systems

In this section, we extend our discussion from single particles to two particles
in terms of photon polarization states. Generally, if we have two independent
quantum systems, we can express their composite state as the direct product given
by

|ψ〉 = |ψ1〉 |ψ2〉 = |ψ1ψ2〉 . (3.16)

The direct product combines two vectors in different Hilbert spaces to form a larger
vector that expresses the state of the two-particle system in a larger Hilbert space.
In case of polarization-encoded photons, the two systems are usually two beams
of photons, and the state may be |HH〉, |V V 〉, |HV 〉, or |V H〉. However, these
do not describe all the possible two-photon states. According to the superposition
principle, a general composite state can be expressed as

|ψ〉 =
∑
n

an |ψn1ψn2〉 . (3.17)

Such states which are inexpressible as direct product states are entangled states
[8, 72]. Mathematically, these states may not seem to have profound implications.
However, physically, these states personify some of the most bizarre characteristics
of quantum mechanics. We will experimentally play with such systems in Chapters
4, 5 and 6. An entangled state we will be generating is one of the four famous Bell
states [72], given by

|φ+〉 =
1√
2

(|HH〉+ |V V 〉), (3.18)

|φ−〉 =
1√
2

(|HH〉 − |V V 〉), (3.19)
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|ψ+〉 =
1√
2

(|HV 〉+ |V H〉), (3.20)

|ψ−〉 =
1√
2

(|HV 〉 − |V H〉). (3.21)

This state expresses that the two-photon system is simultaneously in the two states
|HH〉 and |V V 〉 and that once one of the photons is measured in the state |H〉
(|V 〉), the other photon is also projected into the state |H〉 (|V 〉) regardless of its
measurement. In other words, the state measurement of one party instantaneously
determines the state of the other party.

3.6 Mixed States and the Density Matrix

All the states we have described so far can be represented as state vectors |ψ〉 and
are called pure states. Even the entangled state expressed in Equation 3.18 is a
pure state as it is a superposition of two pure states. Sometimes, rather than being
entangled, the system may be randomly prepared in one of the two possible states
(say |HH〉 and |V V 〉). In this case, the system is in a statistical mixture of the two
possible states. For instance, the state |HH〉 may be produced with a probability
50% and the state |V V 〉 may be produced with a probability 50%. Such states are
called mixed states and cannot be represented as kets.

Mixed states can be represented in the density matrix/operator formalism. The
density operator ρ̂ represents the generalized quantum state. It can be used to
describe both pure and mixed states, unlike the state vector which only describes
pure states. If a mixture of states |ψj〉 are prepared with the probabilities P (|ψj〉) =
pj respectively, the density operator can be expressed as

ρ̂ =
∑
j

pj |ψj〉 〈ψj| . (3.22)

We know that probabilities must be real, positive numbers in the range 0 ≤ pj ≤ 1
and must be normalized

∑
j pj = 1. The states that are part of mixed states need

not be orthogonal or form a basis. The component states are any states that the
system can be prepared in. For a pure state |ψ〉, the density operator of Equation
3.22 simply reduces to

ρ̂ = |ψ〉 〈ψ| , (3.23)

which implies that the density operator of a mixed state is a probability-weighted
superposition of density matrices of pure states. Like any other operator for a
discrete basis system, the density operator can be expressed as a matrix. The
normalization condition for a density matrix then requires that Tr(ρ̂) = 1.

Let us look at few examples of density matrices. The density matrix for the pure
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Bell state given in Equation 3.18 is given by

ρ̂φ+ = |φ+〉 〈φ+|

=
1

2
|HH〉 〈HH|+ 1

2
|HH〉 〈V V |+ 1

2
|V V 〉 〈HH|+ 1

2
|V V 〉 〈V V |

=
1

2


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 .

(3.24)

On the contrary, the density matrix for a completely mixed two-photon state, in
which half the time the photons are detected in the state |HH〉 and half the time
they are detected in the state |V V 〉, is given by

ρ̂mix =
1

2
|HH〉 〈HH|+ 1

2
|V V 〉 〈V V |

=
1

2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 .
(3.25)

Another important two-qubit state is the Werner state [73], represented by

ρ̂W = ε |ψent〉 〈ψent|+ (1− ε)1

4
I4, (3.26)

where |ψent〉 〈ψent| represents the density matrix of a maximally entangled state,
given by one of the four Bell states described in the previous section. 1

4
I4 (where I4

is the 4×4 identity matrix) represents the density matrix of maximally mixed two-
qubit state. ε represents the probability the photons are in the state |ψent〉 〈ψent|
and 1− ε represents the probability the photons are in the state 1

4
I4.

For a pure state given by |ψ〉 〈ψ|, it is evident that Tr(ρ̂2) = Tr(ρ̂) = 1. On the

contrary, for mixed states, it can be seen that ρ̂2 6= ρ̂ and Tr(ρ̂2) < 1. So, Tr(ρ̂2)
can be used as a figure of merit for the ‘purity’ of a system. The closer it is to 1,
the purer the state is [8]. For a completely mixed two-qubit state, Tr(ρ̂2) = 1

4
.

3.7 Photon Statistics

Apart from multi-photon entangled systems, another aspect in which single pho-
tons remarkably differ from coherent light is statistics of photodetection. Photon
statistics for coherent light with constant intensity are described by Poisson dis-
tribution [55], represented as

p(x) =
nx

x!
e−n x = 0, 1, 2, ..., (3.27)
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where x represents the number of photons successfully detected, n represents the
mean photodetections while the standard deviation is given by ∆n =

√
n. If

there are any classical or thermal fluctuations in the light (source), a larger stan-
dard deviation is seen, and such light is said to exhibit super-Poissonian statis-
tics (∆n >

√
n). However, a beam of single photons exhibits sub-Poissonian

(∆n <
√
n) statistics [55], which has no classical counterpart. The observation of

sub-Poissonian light is quite difficult but a clear signature of quantum nature of
light.

In the next chapter, we will discuss experiments pertaining to measuring statis-
tics and polarization of single photons. The theoretical toolbox developed in this
chapter will prove to be very useful all the while.
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Chapter 4

Experiments Related to the
Quantum Nature of Light

Experiments based on statistics of photons and single-photon states have been
explored as an effective tool to study and teach quantum mechanics in the un-
dergraduate lab, where simplicity, affordability and modularity are important con-
cerns. Important work in this regard has been championed by experimental physics
groups headed by Beck [8, 12, 74, 75], Galvez [12, 74, 76–78] and Lukishova [79–82].
Our experimental work here is motivated by these studies. A general overview of
this ‘single-photon lab’ can be visualized through Figure 4.1, which schematically
depicts the three major aspects of our lab: optical setup, photon counting, and
post-processing of photon statistics. Moreover, Figure 4.2 shows a bird-eye view
of the lab.

BBO

B

B′

A

A

B

B′

AB′

AB

ABB′

RS232

Coincidence 

pulse 

shaping

Counters

FPGA

5V, 20 ns

LabVIEW

Figure 4.1: The three major aspects of the single photon experiments include op-
tical setup, photon counting, and post-processing of photon statistics. The sample
optical setup here shows BBO crystals, a polarizing beamsplitter and three detec-
tors A, B and B′. The FPGA detects and counts single photon and coincidence
photon pulses and sends the photo-counts periodically via serial communication to
a LabVIEW program running on a computer.

For the sake of convenience, we will refer to our table-top single photon experiments
through the following nomenclature:

40



Figure 4.2: The single photon lab. Optics is set up on the optical table. Single
photon detectors transmit TTL pulses for each photo-detection. The pulses are
counted by an FPGA, which transmits photon count information to a PC, where
counts are monitored via a LabVIEW program. The single photon experiments
are performed with lights turned off.

• Q1: Spontaneous Parametric Downconversion

• Q2: Proof of Existence of Photons

• Q3: Polarization State Estimation of Single Photons

• Q4: Polarization Pattern Measurement of Single Photons

• Q5: Single Photon Interference and Quantum Erasure
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In this chapter, we will discuss the instrumentation details common to all our
experiments. Moreover, we will elaborate Experiments Q1-Q5, which focus on
quantum properties of a single beam of photons. Experiment Q1 is about setting up
a source for single photons through the process of downconversion. Experiment Q2
shows the granular or particle nature of light. Often dubbed as a proof of existence
of photons, this experiment serves as a confirmation of successful generation of
single photon states. Experiments Q3 and Q4 estimate and visualize, respectively,
the polarization state of single photons. Finally, Experiment Q5 brings home the
wave-particle duality by exploring the interference of single photons and quantum
erasure.

Since the experiments are modular, we have ordered them such that the subsequent
experiments build up on the setup of the preceding ones. Before we jump to the
experiments, we need to discuss some instrumentation aspects which form the
backbone of all our experiments.

4.1 General Components of the Lab

For convenience, we divide this discussion into three groups: the light source, the
light detection system and the coincidence counting unit.

4.1.1 Light Source

The light source in all our experiments incorporates photon pairs produced through
the non-linear process of downconversion. This process is discussed in sufficient
detail in Experiment Q1. Downconversion is a very inefficient process and hence
the experiments require a sufficiently bright light source. It will help in doing the
optical alignment quickly and the experiments could be done in few minutes. We
use a vertically polarized, 405 nm violet-blue laser1, which is very convenient to use
for these experiments because of its turn-key operation and high nominal power of
50 mW, which can be controlled by rotating a knob (Figure 4.3a). Before falling
on the downconversion crystal, the laser is made to pass through a half wave plate
(HWP), which enables helps adjusting the laser polarization. Downconversion
is achieved in two stacked β-Barium Borate (BBO, BaB2O4) crystals2, cut for
type-I downconversion (Figure 4.3b). Since they are hygroscopic, the crystals are
protected from moisture by placing silica gel beneath them and maintaining a
gentle flow of nitrogen over the crystal mount. When not in use, the crystals are
stored in a desiccant jar.

The performance or quality of the light source can be gauged in terms of single
and coincidence count rates, measured in counts per second (cps). In our various

1https://readylasers.com/products/mdl-iii-405-violet-blue-diode-laser
2http://www.newlightphotonics.com/SPDC-Components/405nm-Pumped-SPDC-

Components

42



(a) (b)

Figure 4.3: (a) The 50 mW, 405 nm, turn-key laser used as the pump laser the
single photon experiments. (b) Mounted BBO crystals, held in a mirror mount.
The white line shows the axis of the crystal. To protect the crystals from moisture,
silica gel is placed below the mount and a small pipe is used to provide a gentle
flow of nitrogen.

experiments, we achieved maximum single photon detection rates of around 70000
cps and coincidence count rates of 3000 cps between the signal and idler beams.

4.1.2 Light Detection

The light collection optics that we use helps alignment as well as rejection of
background/ambient light. Optical fibres help making the system very flexible
and efficient. The collection optics and detection schemes described in this section
will be used identically for all the detectors in all our experiments.

As shown in Figure 4.4a, the downconverted photons are collected with fibre-
coupling lenses3, coupled into multimode fibre optic cables4 having fibre-coupling
(FC) connector at both ends, and directed into single photon counting module
(SPCM)5 where they are detected. In front of the collection lenses are RG780
filters6, which are long pass filters that block light of wavelengths smaller than 780
nm and transmit light of higher wavelengths. These filters are important to block
the ambient or scattered light which can not only distort the photon statistics but
also be harmful for the SPCM.

The lens is packaged pre-aligned so that no alignment of the fibre with the lens is

3https://www.thorlabs.com/thorproduct.cfm?partnumber=F220FC-780
4https://www.fs.com/products/12390.html
5https://www.excelitas.com/product/spcm-aq4c
6https://www.thorlabs.com/thorproduct.cfm?partnumber=FGL780
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needed. The other end of the fibre is connected to a fibre-to-fibre coupler7, which
couples the light into another fibre (Figure 4.4b). This arrangement allows us the
flexibility to swap the connections between the coupling lenses and the different
detectors, which is important in setting up and testing the coincidence counting
system. This scheme is also helpful for connecting a fibre-coupled alignment laser in
order to propagate it backwards through the coupling lens for alignment purposes
(more on this in the alignment sections).

Kinematic mounts are used to hold the fibre coupled collimation lens as well as the
RG780 filters. The mounts are flexible and efficient for alignment purposes. They
have knobs which can adjust the horizontal and vertical tilt of the coupling lenses.

(a)
(b)

Figure 4.4: (a) To collect the downconverted photons, fibre-coupling lenses are
held in kinematic mounts. The photons are coupled into multimode fibre optic
cables, the other end of which are connected to (b) fibre-to-fibre couplers, which
couple light from one fibre into another.

The second fibre takes the photons to the SPCM. We use SPCM AQ4C8 which has
four independent channels of avalanche photodiodes (APDs) (Figure 4.5), which
can detect photons between wavelengths 400 nm and 1060 nm and have a dead
time of 50 ns between pulses. The APD modules are optimized for high quantum
efficiency.

For each photodetection, an output TTL pulse (5 V) of about 20–25 ns is produced
at the BNC output port of the corresponding channel. A high speed oscilloscope
was used to view this pulse (Figure 4.6). The APDs set are powered by three
power supplies of 2 V, 5 V and 30 V.

It is important to keep the APDs safe from receiving ambient light; otherwise they
can be easily damaged due to excess of photons. For this purpose, the experiments
need to be conducted with room lights turned off. Thermal fluctuations can cause
the APDs to register photons even when there is no light incident on the APDs.

7https://www.thorlabs.com/thorproduct.cfm?partnumber=FCB1
8https://www.excelitas.com/product/spcm-aq4c
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Figure 4.5: Single photon counting module, SPCM AQ4C, has four independent
detectors, three of which are in use in this picture. The photo-detection output
pulses are transmitted via the BNC terminals.
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Figure 4.6: Signature pulse of a single photo-detection by an APD.

These are called ‘dark counts’. For the four detectors, the manufacturer mentioned
the dark counts to be 311± 18 cps, 365± 19 cps, 243± 16 cps and 344± 19 cps,
while we measured them to be 333±18 cps, 352±19 cps, 242±16 cps and 339±18
cps, respectively.

4.1.3 Coincidence Counting Unit

Coincidence counting means detecting two or more particles simultanously at dif-
ferent detectors [83]. Widely employed in experimental physics, this technique
particularly plays an essential role in experiments pertaining to quantum optics.
Coincidence detection and photon counting lie at the heart of investigating and
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making use of the quantum characteristics of correlated light sources. As we will
see in this report, most of such experiments demand counting of only two-fold co-
incidences. Others require counting of multiphoton coincidences for more than two
detectors [84–86]. Traditionally, coincidence counting has been mostly performed
using time-to-amplitude converters (TACs), where each TAC allows to count an
additional coincident photon pair [87]. Hence, it is obvious that coincidence count-
ing becomes very difficult and costly for multiphoton experiments. Moreover, the
maximum rate of TAC-based coincidence counting is severely capped by the con-
version time involved in each start or stop event. In the last two decades, these
problems have been addressed and many solutions have been proposed focusing
on particular applications, including quantum information processing [88], fluores-
cence measurements [89, 90], x-ray microscopy [91], and physics education [7, 83,
92, 93]. For performing experiments in quantum optics, a cost-effective solution
for coincidence counting is based on field-programmable gate array (FPGA) [94,
95]. We develop a minimalist version of such a coincidence counting unit (CCU),
as discussed below.

The Hardware

The pulses generated by the SPCM are counted through a CCU based on Nexys
2 FPGA9, as shown in Figure 4.7. The FPGA has an internal clock of 50 MHz,
which enables an effective coincidence window of 2× 20 ns and hence provides an
efficient, cost-effective solution for simultaneous counting of single and coincident
photons from a number of photo-detectors.

The CCU counts the single and the coincident photo-detection events simply by
detecting the rising edges in the pulse-based signals. The photons are considered
coincident if they arrive at different detectors within a specified coincidence win-
dow of time (i.e. 20 ns in our case). Coincidence counting calculations are also
performed by hardware logic on the FPGA, which communicates all coincidence
and single count information to a computer. Using a LabVIEW-based interface
on the computer, the experimenter can monitor the single detection counts and
coincidence counts in the form of numbers and plots.

The logic inputs of the FPGA are rated at 3.3 V. Therefore, 5 V pulses from the
SPCM are transmitted to the FPGA through a potential divider box. The FPGA
is programmed to detect two-detector and three-detector coincidences for different
detectors. To perform this coincidence detection, the pulses for the coincidence in
question are simply ANDed together, producing an output only if the pulses overlap
in time (Figure 4.8). For two pulses, this overlap only occurs if one pulse arrives
after another pulse within the width of the first pulse. The coincidence window
is directly proportional to width of the pulses. In fact, due to the independence
of which pulse arrives first, the true coincidence window is exactly two times the
width of the pulses.

9https://reference.digilentinc.com/reference/programmable-logic/nexys-2/reference-manual
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Figure 4.7: The coincidence counting unit consists of an FPGA, which can simul-
taneously count up to four single photon detections and up to four coincidence
photon detections. The black box consists of potential dividers which step down
the 5 V signals from the SPCM to 3.3 V signals. The FPGA transmits the photo-
detection counts to the computer through serial communication via a USB-TTL
converter.
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AND

AB

ABB′

Figure 4.8: Schematic description of coincidence logic programmed on the FPGA.
To determine the coincidence signal of two or more detectors, the single detector
signals are simply ANDed and the resulting signal is transmitted to a regular
counter in the FPGA.

The FPGA is programmed to use eight 32-bit counters four of which count single
photons from four detectors while the rest count coincidences. Not all counters are
used in each experiment. Moreover, the type of coincidence detection may vary
from experiment to experiment. Therefore, these slight changes are made in the
FPGA program before performing a different experiment. The commented code
of the FPGA is listed in Appendix A.
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The coincidence counts and single counts information are transferred to the com-
puter through RS-232 serial communication and all the counters are reset every
0.1 s. For monitoring these photocounts, we use a LabVIEW program based on
the one developed by Beck group10.

The Software

The LabVIEW program receives the photocount data in the form of a bit-stream,
decodes it into a readable format and displays the single photon counts and the
coincidence counts in the form of numbers and plots. For each experiment, we
make a different variation of the program depending on the required single and
coincidence counts.

The front panel of the program (Figure 4.9) is minimalistic and the common func-
tions in all the versions of the program are a STOP button, and two input parame-
ters. The Counter Port input specifies the hardware component in communication
with the LabVIEW software, which in this case is the RS-232 serial connection.
The Update Period input is how often the displayed data is refreshed on the in-
terface, and is selected as increments of 0.1 s. 0.1 s is the smallest update period
due to the read-out rate of the FPGA.

The overall inventory as well as optical components for individual experiments are
enlisted in Appendix B. In the next section, we discuss our first quantum optics
experiment.

4.2 Q1: Spontaneous Parametric Downconver-

sion

At the heart of all our quantum optics experiments is a process called spontaneous
parametric downconversion (SPDC) [7, 10, 46, 96]. The process is called downcon-
version since the frequency of the output beams is smaller than the frequency of
the input beam. This is a nonlinear process since it changes the frequency of the
light beam, in contrast to the linear optical processes studied in Chapter 2, which
could change many properties of light but not the frequency.

In SPDC, schematically illustrated in Figure 4.10, a pump (p) photon of one fre-
quency essentially decays into two photons (signal (s) and idler(i)) of half the
original frequency. The downconverted photon pairs are used as a light source to
study the peculiar quantum nature of light. The process is dubbed ‘spontaneous’
since there are no signal and idler beams in the input but are created sponta-
neously. In fact, in SPDC, an electron is excited by the incident pump photon;
as the electron returns to the ground state, it emits two photons rather than one.
SPDC is a parametric process since it depends on the electric fields (polarizations)

10http://people.reed.edu/ beckm/QM/labview/labview.html
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(a)

(b)

Figure 4.9: (a) A screenshot of the front panel of the LabVIEW program for
Experiment Q2. Counter Port is used to select the hardware port for serial com-
munication. Update Period helps select the data acquisition rate in increments of
0.1 s. (b) A screenshot of the block diagram of the same program.

rather than intensities of the light beams. Therefore, there is a definite phase rela-
tionship between the input and output beams. The phase-matching requirements
and calculations are outlined in the next section.

SPDC has a number of merits that make it effective in tabletop quantum optical
experiments. While SPDC is extremely inefficient, it is easier to implement and
is more efficient as compared to atomic cascade used by Grangier et al. [21].
Moreover, the downconverted photons are always emitted in pairs. Thus detection
of one photon tags the presence of its sibling. This enables SPDC to be used as
a heralded single-photon source. SPDC has been used in correlated-photon pair
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Figure 4.10: Concept diagram of type-I spontaneous parametric downconversion.
A photon of frequency ω0 and wave-vector k0 is absorbed and two photons of
frequencies ω1 and ω2, and wave-vectors k1 and k2 are released.

experiments such as test of existence of photons [10], single-photon interference
[8], quantum erasure [24, 97], state measurement of single photons [8], quantum
state tomography [38], and tests of Bell inequalities [4, 13, 36].

4.2.1 The Downconversion Crystal and Phase-matching

For SPDC, we used two stacked BBO crystals11, each of dimensions 5×5×0.5 mm.
They are mounted in such a way that the axis of one is rotated 90◦ relative to the
other. This allows for downconversion of both horizontally and vertically polarized
photons. The BBO crystals are cut for type-I SPDC to produce photon pairs with
linear polarization parallel to each other but orthogonal to the polarization of the
input beam. This means that the downconversion relations for the two crystals
can be described separately, respectively, as

|V 〉 −→ |HH〉 , (4.1)

|H〉 −→ |V V 〉 . (4.2)

Moreover, if the pump polarization is oriented at θ with respect to the verti-
cal, the right hand side of the downconversion relations becomes cos2 θ |HH〉 and
sin2 θ |V V 〉, respectively. At this stage, we are only looking at the two downcon-
version crystals separately. When we are interested in the polarization correlations
of the two beams, an important subtlety arises about this assembly of two BBO
crystals [46]. It will be discussed in Chapter 5 where we talk about entanglement
and non-locality.

The directions taken by the output photons are determined by the angle formed
by the optic axis (OA) of the crystal with the direction of propagation of the pump
beam. This angle is called the phase matching angle θm.

In our experiments, the pump laser has a wavelength of around 405 nm, while

11http://www.newlightphotonics.com/SPDC-Components/405nm-Pumped-SPDC-
Components
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the signal and idler beams are at 810 nm (twice the wavelength and hence half
the frequency). In order to separate the signal and idler beams, they are made
to exit the BBO crystal making an angle of 3◦ with the pump beam. The signal
beam comes out 3◦ from the pump and the idler comes out 3◦ on the opposite side
of the pump. Since only the relative angles between the pump, signal, and idler
are important, the signal and idler beams are emitted into cones surrounding the
pump beam. Shown in Figure 4.11, conservation of energy requires that Equation
4.3

ωp = ωs + ωi, (4.3)

whereas conservation of momentum requires that

kp = ks + ki. (4.4)

Energy 

conservation
Momentum 

conservation
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ω
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Figure 4.11: Momentum ~k and energy ~ω are conserved in downconversion. Sub-
scripts p, s and i stand for pump, signal and idler, respectively.

The frequencies and wave vectors are not independent of each other, but are related
by a dispersion relationship. For the pump wave, for instance, we have

kp =
npωp
c

, (4.5)

where np is the index of refraction of the downconversion crystal at the pump
frequency. There are similar expressions of Equation 4.5 for the signal and idler
waves. The Equations 4.4 and 4.5 lead to

npωp = nsωs cos θs + niωi cos θi, (4.6)

0 = nsωs sin θs + niωi sin θi. (4.7)

The downconverted photons come out of the crystal at a range of wavelengths and
angles. However, for our experiments, we consider the photons which come out
in the horizontal plane and for which ωs = ωi = ωp/2, ns = ni and θs = θi = θc.
Therefore, Equation 4.6 becomes

np = ns cos θc. (4.8)
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It is not possible to satisfy this equation in an isotropic medium because, for normal
dispersion, np > ns when λp < λs. However, this problem can be overcome with
BBO, which is a uniaxial birefringent crystal, having two indices of refraction. For
light having polarization that is perpendicular to the crystal optic axis, there is
ordinary index of refraction. For light with polarization in the same plane as the
optic axis, the index of refraction neff depends on the phase matching angle θm
between the propagation direction and the optic axis. It is given by [11]

neff(θm) =

(
cos θm

2

n2
o

+
sin θm

2

n2
e

)−1/2

. (4.9)

This effective index of refraction can be ‘tuned’ between ne and no by tuning θm.
Plotted in Figure 4.12, the indices of refraction of the BBO crystal are given by12

n =

[
A+

B

λ2 + C
+Dλ2

]1/2

, (4.10)

where constants for no(ne) areAo(e) = 2.7359(2.3753), Bo(e) = 0.01878(0.01224)µm2,
Co(e) = −0.01822(−0.01667)µm2, and Do(e) = −0.01354(−0.01516)µm−2.
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Figure 4.12: Refractive indices of BBO versus wavelength of light. The effective
index neff is tuned between ordinary index no and extraordinary index ne by tuning
the phase matching angle.

For type-I phase matching, the pump photon has the effective index of refraction
neff (θm) and the down-conversion photons have the ordinary index of refraction
no. If we want the signal and idler beam to form a laboratory angle of θL with
pump beam outside the crystal, we can use Snell’s law, sin θL = no sin θc, to obtain
θc and find the phase matching angle θm that satisfies Equation 4.8. In our case,
for θL = 3◦, the phase matching angle comes out to be 29.24◦. The crystals we
purchased13 were cut for phase-matching angle of 30◦. We use kinematic mount

12https://www.unitedcrystals.com/BBOProp.html
13http://www.newlightphotonics.com/SPDC-Components/405nm-Pumped-SPDC-

Components
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to hold the mounted crystals so that fine-tuning of the phase-match angle can be
done by adjusting the tilt of the BBO crystals.

4.2.2 Optical Alignment

The optical setup and the alignment process requires care but once it has been
accomplished, it is quite robust and flexible. For instance, we conveniently remove
the downconversion crystal when it is not in use. Inserting the crystal again and
tweaking its mount to fine-tune the alignment does not take a lot of time.

If one is starting from scratch, one should affix the major components to the optical
table in rough alignment, shown in Figure 4.13. First, the downconversion crystal
and the collection optics of detector A are aligned. The detector collection optics
include an assembly of coupling lens and a fibre optic cable. The collection lens
is mounted on a kinematic mount, which enables horizontal, vertical and angular
adjustments. The height of the lens is adjustable using a post holder and a post.
Details of the alignment are presented in the following sections.

Aligning the Downconversion Crystal

For the crystal alignment, the pump laser should be horizontally or vertically
polarized and collimated. The laser we use is already collimated and vertically
polarized. Using two mirrors, the pump beam can be aligned so that it travels
level to the optical table or breadboard at a consistent height. Once aligned, the
pump beam is used as a reference to align other optical objects at the same height.

A 405 nm HWP and the downconversion crystal are inserted in the path of the
pump beam. The HWP axis should be vertical.

The alignment laser is used to roughly align the detector A (more details in the
next section). Once detector A is coarsely aligned, the alignment laser is removed,
the detector A is connected with the respective APD. Turning the lights off and
turning the APDs on, the knobs of the detector A mount are adjusted to optimize
the vertical and horizontal tilts in order to maximize the detected count rate.
Slightly slide the detector A mount sideways to optimize the beam detection angle.

The adjustment screws on the crystal mount are used to fine-tune the tilt angles of
the crystal. After aligning both the detectors, the crystal tilt is carefully adjusted
again to maximize the coincidence detection rate.

Aligning the Detectors A and B

Since the downconverted photon beams make an angle of 3◦ with reference to the
pump beam, the detector A is placed facing the downconversion crystal, roughly at
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3◦ with respect to the pump beam. For coarse alignment, a back-propagation laser
is shone backward through the detector A mount and aligned towards the down-
conversion crystal (Figure 4.13a). This beam actually shows where the detector A
is pointed at. The knobs of the detector A kinematic mount are tweaked so that
the beam falls at the centre of the downconversion crystal. Once it is achieved,
the detector A is roughly aligned.

For fine alignment of detector A, the alignment laser is removed and the detector
A lens is connected with the detector A APD. Turning off the lights and turning
on the laser and APDs, the photon counts are monitored and the knobs of the
detector A are adjusted such that the its counts are maximized.

BBO

AB

HWP

Laser

Alignment 
Laser

(a)

BBO

AB

HWP

Laser

Alignment 
Laser

(b)

Figure 4.13: Rough alignment of detectors A and B. The pump beam is blocked
and a visible wavelength alignment laser is back-propagated through the collection
optics of (a) detector A and (b) detector B one by one. The task is to adjust the
detector mount to orient the alignment beam at the center of the BBO crystals.

Once the detector A is aligned, the next step is to align detector B such that the
coincidence counts AB are maximized. Place the detector B at a spot so that
it roughly makes the same angle as does detector A, but on opposite side of the
pump beam. The alignment laser is used for coarse alignment (Figure 4.13b). Fine
alignment is done with detectors connected. The knobs of detector B are adjusted
such that the coincidence counts AB are maximized. It should be ensured that
maximized AB counts are way above the accidental coincidence counts, discussed
in the next section.

The alignment procedure may need to be repeated quite a few times to obtain
desirable results.
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4.2.3 Accidental Coincidence Counts

To ensure reasonable alignment and results in our experiments, we need to estimate
the accidental single counts and coincidence counts, of which there are three main
sources, in this experiment. Firstly, there will be accidental detection of photons
due to dark counts of the detector and detection of scattered light, which is not due
to downconversion. Secondly, because of width of coincidence time window and
detector inefficiency, some photons which are not part of the same downconversion
pair will be coincidentally detected, and hence give rise to accidental coincidence
counts. Lastly, the coincidentally detected photons may be non-twins because of
alignment mismatch of the two detectors. These sources of accidental counts are
assumed to be random.

We can model the measured single counts for, say, detector A as given by

NA = N t
A +N

(bg)
A , (4.11)

where N t
A are the true single photons generated by downconversion whereas Nbg

A

are the background photons, which include both the dark counts and the scattered
photons. Detector B counts can be modelled likewise.

Extending the argument for coincidence detections, the measured coincidence
counts for AB are given by:

NAB = N t
AB +N

(acc)
AB , (4.12)

where N t
AB are the true coincidence counts and N

(acc)
AB are two-fold accidental co-

incidence counts, a good approximation for which is given by [71]

N
(acc)
AB = τcNANB, (4.13)

where τc is the effective coincidence detection time window.

Since we will not use the single photon counts in most cases, we will not compensate
for accidental detections in single photons. However, in all our experiments, we
will calculate and subtract the accidental coincidence counts from the measured
coincidence counts.

4.2.4 The Experiment

This experiment is essentially an exercise to properly couple the downconverted
photon beams into the detector optical fibres and maximize the coincidence counts
of the two beams. Aligning the two detectors, as explained in the previous sections,
is the major component of this experiment. Aligning the detectors actually refers
to aligning the collection optics, i.e., the lens and the optical components that
bring the downconverted photons to the actual photodetectors. This may look like
a tedious task but this milestone once achieved will be the foundation stone of our
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subsequent experiments.

The schematic layout can be seen in Figure 4.14, whereas a photograph of the
experimental setup is shown in Figure 4.15. Light from the pump laser, which
is vertically polarized, is reflected off two mirrors and passed through an HWP
before reaching the down-conversion crystals. The downconverted photons fall
at collection optics of detectors A and B. For the sake of simplicity, we use
the term ‘detector’ to collectively denote each set of the collection optics and
photodetectors. The detectors output an electric pulse for each photon that they
detect. These single photon pulses as well as the pulses coincident on the two
detectors are counted by a CCU. These count rates are transmitted from the CCU
to a computer, where they are visualized and monitored in real-time.

BBO

A

B
HWP

Laser

Figure 4.14: Schematic of the experimental setup for downconversion experiment.
Vertically polarized light from a violet-blue laser is reflected off two mirrors and
passed through a half wave plate (HWP) and BBO crystals. Most of the light
passes straight and is blocked. Very few photons undergo downconversion and are
picked by detectors A and B.

To see if the crystals are well-aligned, the HWP is rotated and for different orien-
tations of the HWP, counts registered by the detectors A and B and coincidence
counts are recorded. Since, we are using two BBO crystals with orthogonal ori-
entations, photons of both horizontal and vertical polarization states are down-
converted. Hence, for proper alignment of the crystals and detectors, we should
observe minimal or no change in coincidence counts on rotating the HWP.

Figure 4.16 shows the plot of single and coincidence counts for different orientations
between 0 and π of the HWP. The periodic change of the single and coincidence
counts against the change in the of the HWP implies that one of the two BBO
crystals is still un-aligned. However, the three plots corresponding to detector A
counts, detector B counts and AB coincidence counts, respectively, are in phase,
which confirms the SPDC process.

We repeated the alignment procedure for the downconversion crystal and recorded
the single and coincidence counts against the rotation of the HWP. As evident from
Figure 4.17, the single and the coincidence counts show that the BBO crystals and
the detectors were well-aligned.
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Figure 4.15: Photograph of the downconversion experiment setup. The optics is
mounted with screws to the table so that the alignment is robust. The irises are
needed during alignment. The single photon detectors are covered with a black case
to protect them from ambient light of, say, the PC. The experiment is performed
with room lights turned off.
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Figure 4.16: Variation of (a) single counts and (b) coincidence counts with changing
orientation of the pump beam half wave plate (HWP). All the counts are in phase
and show a sinusoidal variation, as depicted by the curve fits.
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Figure 4.17: Almost no variation in (a) single counts and (b) coincidence counts
with changing orientation of the pump beam half wave plate (HWP). The hori-
zontal lines show the respective mean values of the photo-counts.

This is an important benchmark towards the further experiments discussed in the
rest of the report.

4.3 Q2: Proof of Existence of Photons

Since our experiments examine light, any attempt to look into the quantum me-
chanical world first needs to demonstrate that light is quantized. Usually, in text-
books, the quantum nature of light is introduced through a discussion of the pho-
toelectric effect. Even though Einstein’s explanation of this effect is elegant and
simple, there are semi-classical theories (which treat light as electromagnetic wave
and quantize the detector atoms) that could explain the photoelectric effect as
well. Such theories have been there since as early as 1927 [15, 16].

An experiment to prove the existence of photons should show the ‘grainy-ness’ of
individual photons, i.e., it should be necessary to treat the light field quantum
mechanically. In other words, the experiments should not be explainable using
classical wave theory of light. On the other hand, we would like the experiment
to be easily realizable. Certain experiments in the 1970s [18–20] demonstrated
the existence of a field requiring a quantum mechanical description. Even though
many such experiments have been subsequently performed, few are realizable in
an undergraduate laboratory [4, 7, 98].

The first experiments to study these intensity correlations were performed by Han-
bury Brown and Twiss in 1956 [99]. They measured second-order (intensity) cor-
relations in light for applications in astronomical interferometry. Using an arclamp
source, they observed more coincidences than would be expected by chance. This
was in contrast to what would be naively expected from the photon model [99,
100]. If the photon model were correct, the observed photons were arriving in
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‘bunches’.

Even though the semiclassical theory predicted these results, they motivated a
theoretical investigation of the statistical and coherence properties of light using
quantum mechanical description [101–103]. These studies, along with others [104–
106], led to the foundation of modern quantum optics. Many experiments to study
the statistical properties of various light sources were carried out [18, 20, 107, 108],
resulting in the observation of photon ‘antibunching’, coincidence measurements
less than the random/accidental measurements, which could not be explained using
any classical theory [19]. An elegant experiment was performed by Grangier et al.
in 1986 [21, 109]. It was conceptually very simple. The approach was to study
correlations between photodetections at the transmission and reflection outputs of
a 50/50 beam splitter. If the beam consisted of single photons, only one of the
detectors (either transmission or reflection) would register a count at an instant
and there would be no coincident detections. The experiment showed that the field
incident on the beamsplitter could only be described by a single-photon state [21].
The key challenge in this experiment is creating a single photon state. A weak
laser beam containing on average a single photon or even less is not enough.

We will perform an updated version of the same experiment, closely following
the work of [8, 10, 21]. We ensure that a single photon is present in the signal
beam incident on the beam splitter by using the SPDC source we developed in
Experiment Q1. By conditioning the measurements on the detection of an idler
photon at A, the signal beam is projected into a single-photon state.

The measurements are quantified using a parameter called the degree of second
order coherence, g(2)(0). We will show that a classical wave theory of light requires
g(2)(0) ≥ 1. Classical inequalities such as these are violated by quantum mechan-
ics and in these cases we say that we are observing strictly quantum mechanical
phenomena. We will study more of such inequalities in Chapter 5.

For the current experiment, if we measure a value of g(2)(0) < 1, the field cannot
be explained classically. We will take this as proof of the existence of photons.
The quantum state which yields maximum violation of this classical inequality is
the single-photon state, for which the quantum prediction is g(2)(0) = 0.

The above described experiment uses three detectors to measure g(2)(0). We can
think of this as measuring g(2)(0) for the signal beam striking the beam splitter,
conditioned on a detection in the idler beam. The conditioning is crucial - it
prepares the signal beam in a single-photon state. Without this conditioning, the
beam striking the beam splitter is classical. To prove this, we will also perform a
two-detector, unconditional measurement on the signal beam, for which we should
observe g(2)(0) ≥ 1 .
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4.3.1 Photodetection and Degree of Second-order Coher-
ence

In this section, we model the photodetection process and discuss the classical and
quantum predictions for g(2)(0).

The Classical View

By a classical field, we mean an electromagnetic wave that is completely described
by Maxwell’s equations. Referring to Figure 4.18, if the intensity of the field inci-
dent on the polarizing beam splitter (PBS) is II(t), the transmitted and reflected
fields from the PBS go to detectors B and B′, and their intensities are IB(t)
and IB′(t). The correlations between IB(t) and IB′(t) are given by the degree of

second-order (temporal) coherence, g
(2)
B,B′(τ), which is a function of the time delay

τ between the intensity measurements [8, 55]:

g
(2)
B,B′(τ) =

〈IB(t+ τ)IB′(t)〉
〈IB(t+ τ)〉 〈IB′(t)〉

. (4.14)

This quantity is called the degree of second-order coherence because it involves cor-
relations between intensities, whereas the degree of first-order coherence describes
correlations between fields [8].

PBS B

B′

Figure 4.18: A typical polarizing beam splitter (PBS) transmits horizontally po-
larized component and reflects the vertically polarized component of incident light.
The transmitted intensity, in this case, is detected by detector B while the reflected
intensity is detected by detector B′.

We are interested in the case of simultaneous (τ = 0) intensity correlations. If
the beam splitter has an intensity transmission coefficient of T , and reflection
coefficient of R, the transmitted, reflected and incident intensities are related by
IB(t) = TII(t) and IB′(t) = RII(t). Inserting these expressions into Equation 4.14
gives

g
(2)
B,B′(0) = g(2)(0) =

〈[II(t)]2〉
〈I(t)〉2

, (4.15)

Using the Cauchy-Schwartz inequality, we have 〈[II(t)]2〉 ≥ 〈I(t)〉2, and hence, for
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classical fields, Equation 4.15 gives

g(2)(0) ≥ 1. (4.16)

In Equation 4.16, equality with 1 is achieved if the input intensity is perfectly stable
with no fluctuations, while for fluctuating intensities the second-order coherence is
greater than 1. The closest experimental realization of a stable, classical wave is
laser light, which yields g(2)(0) = 1. For ‘chaotic’ light (e.g., light from a thermal
source, such as a vapor lamp) it can be shown that g(2)(0) = 2 [55].

Now that we have discussed correlations between the intensities of the fields leaving
the beam splitter, we need to model the photodetection process because, in an ex-
periment, one does not measure the intensity directly, but rather the photocurrent
from a detector.

The Semiclassical View

According to the semiclassical theory of photoelectric detection [8], the conver-
sion of continuous electromagnetic waves into discrete photoelectrons is a random
process. The probability of obtaining a single photocount from a single detector
(for example, detector B), within a short time window ∆t, is proportional to the
average intensity of the field striking that detector:

PB = ηB 〈IB(t)〉∆t, (4.17)

where ηB is a constant that characterizes the detection efficiency of detector B.
Likewise, the joint probability of getting a photocount (within a short time widow
∆t) at detector B′, and then after a time τ obtaining a photocount at detector B
(also within a time window ∆t), is given by

PBB′(τ) = ηBηB′ 〈IB(t+ τ)IB′(t)〉 (∆t)2. (4.18)

From Equations 4.14, 4.17, and 4.18, we get

g
(2)
BB′(τ) =

PBB′(τ)

PBPB′
, (4.19)

meaning that we can determine the degree of second-order coherence by measuring
the probability of joint and individual photocounts at detectors B and B′. For
τ = 0 and using Equations 4.19 and 4.16, we find that, for classical fields,

g
(2)
BB′(0) =

PBB′(0)

PBPB′
= g(2)(0) ≥ 1. (4.20)

The probability of a photodetection at detector B in a short time interval ∆t is
simply given by the average rate of detections, multiplied by ∆t. The average rate
of detections at detector B is just the count of photodetections NB divided by the
counting time T that we are averaging over. The probabilities for B′ detections
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(NB′) and BB′ coincidence detections (NBB′) are given similarly:

PB =

(
NB

T

)
∆t, PB′ =

(
NB′

T

)
∆t, PBB′ =

(
NBB′

T

)
∆t. (4.21)

∆t corresponds to the coincidence time window of the CCU. Substituting Equation
4.21 into Equation 4.20, we get

g(2)(0) =
NBB′

NBNB′

(
T

∆t

)
. (4.22)

This expression corresponds to two-detector measurements of g(2)(0), which must
be distinguished from the three-detector measurements we will discuss below.

The Quantum View

Consider the measurements of g(2)(0), conditioned on the measurement of a pho-
tocount on a third detector (Figure 4.19). In such a measurement all probabilities
are conditioned upon a detection at A. In this case, in place of Equation 4.20, we
have (at τ = 0)

g(2)(0) =
PABB′(0)

PAB(0)PAB′(0)
= g(2)(0) ≥ 1, (4.23)

where PABB′(0) is the probability of three-fold coincidence detection, and PAB(0)
and PAB′(0) are the probabilities of coincidence detection between detector A and
detectors B and B′, respectively.

A

B

B’

PBS

Source

Figure 4.19: The source produces pairs of photons, one of which goes to detector
A and the other goes to the polarizing beam splitter (PBS), with two detectors B
and B′ placed at the transmission and reflection outputs, respectively. Detection
of a photon at detector A projects the other photon into a single photon state.

Since we are not interested in any events unless detector A fires, the number of
detections at A, NA, serves as the total number of trials, which we can use to
normalize our probabilities:

PAB(0) =
NAB

NA

, PAB(0) =
NAB′

NA

, PABB′(0) =
NABB′

NA

. (4.24)
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Using these probabilities, g(2)(0), for the three-detector measurement, becomes

g(2)(0) =
NANABB′

NABNAB′
. (4.25)

For a single-photon incident on the PBS in Figure 4.19, we must have NBB′ = 0 in
Equation 4.22, and NABB′ = 0 in Equation 4.25. In both cases, quantum mechanics
predicts g(2)(0) = 0 for this single-photon field.

Classical light source must satisfy the inequality g(2)(0) ≥ 1. When the photo-
counts at B and B′ are completely uncorrelated, g(2)(0) = 1, which occurs when
the input field to the beam splitter is a perfectly stable wave, such as the light from
a laser. If the input field fluctuates, g(2)(0) > 1, indicating positive correlations
between the photocounts. Since g(2)(0) cannot be less than 1, we are left with the
conclusion that for classical fields the measured photocounts at B and B′ cannot be
anti-correlated. This makes sense because a beam splitter simply splits a classical
input field into two identical copies. These output fields either fluctuate together
(positive correlation or ‘bunching’) or do not fluctuate at all (no correlation). It
is not possible for the intensity of one to decrease while the intensity of the other
increases (anti-correlation, or ‘anti-bunching’).

There is a subtlety that we need to consider. In order to measure g(2)(0) = 0, it is
necessary to have a single photon incident on the PBS. By using our SPDC source,
this is achieved conditionally upon the detection of an idler photon at detector A.
Thus, we must perform a three-detector measurement in order to see g(2)(0) = 0
with this source. Using the same source without conditioning, the field incident on
the PBS is not a single-photon field; a measurement of g(2)(0) on this field should
yield g(2)(0) ≥ 1.

Finally, in a real experiment we cannot expect to measure g(2)(0) = 0, because there
will always be some accidental three-fold coincidence counts NABB′ . By knowing
quantities such as the effective coincidence window δt, the counting time T , and
the average count rates on the detectors, we can predict the number of accidental
counts, and hence determine an expected value for g(2)(0) given our experimental
parameters.

Another way to look at the statistics of photodetection to classify light sources
is as follows (Figure 4.20) [55]. A stable light source with constant intensity, like
coherent light from a laser, gives Poissonian statistics (∆n =

√
n). If there are any

classical fluctuations in the intensity, we would expect to observe larger photon
number fluctuations than for the case with a constant intensity. All such classical
light beams with time-varying light intensities show super-Poissonian ∆n >

√
n

photon number distributions. Sub-Poissonian statistics ∆n <
√
n, by contrast,

has a narrower distribution than the Poissonian case, and is given by detection of
single photons.
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Figure 4.20: Comparison of Poissonian, sub-Poissonian and super-Poissonian prob-
ability distributions for 100 mean photo-detections. The sub-Poissonian distribu-
tion has the smallest spread while the super-Poissonian distribution as the largest
spread.

4.3.2 Accidental Coincidences

The time interval for coincidence detection is constrained by the clock of the FPGA,
which makes the CCU. A consequence of this finite time window ∆t is a finite
probability, proportional to ∆t, of registering accidental ABB′ coincidences. For
instance, within ∆t of any valid coincidence detection given by PAB, there is a
random chance that the B′ detector also will measure a count, leading to an ac-
cidental threefold coincidence. The probability of the accidental coincidences can
be expressed as

P ′ABB′ = PABP
′
B′ + PAB′P ′B = PABNB′∆t+ PAB′NB∆t. (4.26)

It is safe to ignore the probability that the accidental threefold coincidences may be
due to pure chance detections at all three detectors, because for our count rates and
coincidence window, this probability is negligible. To calculate the effect of these
accidental coincidences on the second-order coherence, we substitute Equation 4.26
into Equation 4.23, giving

g(2)(0) =
P ′ABB′

PABPAB′

=
PABNB′∆t+ PAB′NB∆t

PABPAB′

=
NB′∆t

PAB′
+
NB∆t

PAB

= NA∆t

(
NB′

NAB′
+

NB

NAB

)
.

(4.27)

The average counts obtained during the experiment can be used to calculate the
contribution of g(2)(0) from the accidental coincidences.
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4.3.3 The Optical Setup

In Experiment Q1, we examined the behavior of an SPDC source. We attempted
to maximize the coincidence count rate between detectors A and B. The Q2
experiment builds up on the same setup, where detectors A and B have been
already aligned. The major task in this experiment is to insert a PBS in the signal
beam, and to align the detector B′. Once this is done, we can measure g(2)(0).

The alignment laser is shone backwards through the detector B. If the laser does
not fall onto the downconversion crystal, detector B needs to be aligned (following
the method of Experiment Q1) before continuing.

Two irises are placed in the path of the alignment beam (Figure 4.21a). One should
be close to the detector, and the other should be close to the downconversion
crystal.

The PBS is inserted about 3–4 inches away from the detector B (Figure 4.21b) so
that its face is perpendicular to the laser beam and the beam passes through its
center. It is made sure the PBS is placed in a way that the light coming from the
downconversion crystal will be reflected away from the beam going to detector A.
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Figure 4.21: Rough alignment of detectors B and B′ with a polarizing beam splitter
(PBS) placed in the path. The pump beam is blocked and a visible wavelength
alignment laser is back-propagated through the collection optics of (a) detector
B and (b) detector B′ one by one. Two irises are used to assist the alignment
procedure and center the alignment beam at the center of the BBO crystals.

An HWP is inserted between the PBS and the downconversion crystal, about an
inch or two from the PBS. The procedure for aligning the B′ detector is detailed
as follows.
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Aligning the B′ Detector

The second major task is aligning the B′ detector so that it collects light from the
same beam as the B detector.

The mount with the B′ collection optics is placed on the reflection side of the
beam splitter, about an equal distance from the beam splitter as the B collection
optics. Now the alignment laser is back-propagated through the B′ detector, as
shown in Figure 4.21b. The task is to shine it back through the irises and onto
the downconversion crystal.

Slide the detector mount back and forth sideways to center the beam on the iris
closer to the beam splitter. Adjust the tilt of the mount to center the beam on
the second iris. Iterate back and forth between these two adjustments. Once it
is reasonably well aligned, it can be screwed to the table. Adjust the vertical
and horizontal tilt of the B′ collection optics to perfectly center the beam on the
iris closest to the beam splitter. Adjust the vertical and horizontal tilt of the
beam splitter to center the beam on the iris closest to the downconversion crystal.
When the beam is well centered on both the irises, remove the alignment laser and
connect the B′ detector with the SPCM B′. Turning off the lights and turning
on the pump laser and the detectors, open the irises wide, and monitor the count
rates.

Slowly rotate the HWP in front of the PBS while monitoring the count rates. For
some HWP orientations, there will be lots of B and AB counts, but almost no B′

and AB′ counts. For other orientations, there will be lots of B′ and AB′ counts,
but almost no B and AB counts. Rotate the HWP to maximize the AB counts.
Adjust the tilt of the B mount to maximize this coincidence rate. Rotate the HWP
to maximize the AB′ counts. Adjust the tilt on the B′ mount to maximize this
coincidence detection rate.

The maximum AB and AB′ count rates should be approximately the same. If the
counts are drastically different, alignment may need to be improved or re-done.
The optic fibres for one of the B and B′ detectors may need cleaning, or the fibre
coupling lens may be better aligned for one of the detectors than the other.

4.3.4 The Experiment

The laser which is vertically polarized is reflected off two mirrors, passes through an
HWP oriented vertically, and is downconverted by two stacked BBO crystals. The
laser and the detectors A and B are aligned, based on the procedure of Experiment
Q1. In the detector B path, a PBS is introduced. Another detector B′ is placed and
aligned in front of the reflection side of the PBS (Figure 4.22). Counts registered
at detectors A, B and B′, and coincidence counts AB, AB′, BB′ and ABB′ are
recorded. AB and AB′ counts are plotted in Figure 4.23a for different orientations
of the HWP. Moreover, for different pump beam HWP orientations, g(2)(0) is
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calculated and plotted for two-detector and three-detector schemes (Figure 4.24).
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Figure 4.22: Vertically polarized light from a violet-blue laser is reflected off two
mirrors and passed through a half wave plate (HWP)and BBO crystals. The
downconverted photons go to detector A and the polarizing beam splitter (PBS),
having transmission end towards detector B and reflection end towards detector
B′.
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Figure 4.23: Variation of AB and AB′ coincidence counts with respect to change
in orientation of the pump beam half wave plate (HWP). (a) Measured coincidence
counts with curve fits 1139 cos2 (2θHWP − 10) + 117 and 1191 sin2 ((2θHWP − 10) +
25 (where θHWP is in degrees), corresponding to AB and AB′ respectively. (b)
Simulated coincidence counts where HH represent the photon pairs predicted in
the state |HH〉, corresponding toAB; and V V represent the photon pairs predicted
in the state |V V 〉, corresponding to AB′.

In Figure 4.23a, the AB and AB′ counts vary sinusoidally and in fact correspond
to the downconverted photons cos2 (2θHWP) |HH〉 and sin2 (2θHWP) |V V 〉, as de-
scribed briefly in Experiment Q1. For comparison, simulated normalized counts
are plotted in Figure 4.23b.

Now, the HWP is oriented at 0◦ with respect to the vertical and another HWP is
introduced between the PBS and the downconversion crystal (Figure 4.25, Figure
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Figure 4.24: Two-detector (classical) and three-detector (quantum) degree of sec-
ond order coherence g(2)(0) for various orientations of the half wave plate (HWP).
The smooth lines, corresponding to the respective mean values, act as guide to the
eye.

4.26). This second HWP is oriented such that the AB and AB′ counts are roughly
equal. Two datasets for three-detector g(2)(0) are recorded.
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Figure 4.25: Schematic diagram of the experimental setup to measure three-
detector g(2)(0). The pump beam half wave plate (HWP) is oriented at 0◦ with
respect to the pump beam polarization and the second HWP is oriented such that
the AB and AB′ counts are roughly equal.

For perfectly single photons, we should have obtained g(2)(0) = 0, i.e., we expect
no coincidences between detectors B and B′. Experimentally, we obtained non-
zero g(2)(0), which is explained solely by the accidental coincidences, as shown in
Table 4.1.

Data acquisition time (s) Experimental g(2)(0) Accidental g(2)(0)
125 0.110± 0.013 0.118
630 0.080± 0.005 0.087

Table 4.1: Results of three-detector g(2)(0) measurements.

To investigate g(2)(τ), the three-detector experiment is repeated for different val-
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Figure 4.26: Photograph of the three-detector g(2)(0) measurement setup.

ues of time delay τ introduced in the detector B signal by a passing delay gener-
ator. Figure 4.27a shows typical g(2)(τ) for bunched, coherent and anti-bunched
(quantum) light whereas Figure 4.27b shows the experimentally determined g(2)(τ),
which clearly shows anti-bunching. The delay in the rise of the correlation value
around τ = 0 is because of the 20 ns coincidence window. This experiment is a pho-
tonic analogue of the classic Hanbury Brown-Twiss experiment [99] and confirms
the grainy nature of light.

4.4 Q3: Polarization State Estimation of Single

Photons

In Experiments Q1 and Q2, we were concerned mainly about the statistics of
photo-detection. In Experiments Q3 and Q4, we will study techniques for esti-
mating the polarization state of the signal beam of downconverted photons. We
will assume that the polarization state is pure, so that it is possible to describe
the state in terms of a state vector (ket). It was discussed in Chapter 3 that,
more generally, the state can be described by a density matrix. We postpone the
experimental investigation of reconstructing the density matrix of a polarization
state until Chapter 6. In particular, we will determine the complete polarization
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Figure 4.27: (a) Simulated g(2)(τ) for chaotic, coherent and quantum light source.
(b) Experimentally measured g(2)(τ) for the single photon source. The piece-wise
curve fits act as guide to the eye.

state of the downconverted photon pair in Experiment QST.

4.4.1 Reconstructing Single Photon Polarization State

Experiment Q3 closely follows the method presented in [8], and will be revisited
from alternative perspetives in Experiments Q4 and QST. The idler photons, as in
the previous experiments, will be used to herald the detection of signal photons.
Hence, we are not interested in the polarization state of idler photons in this
experiment. First, we will give an overview of the procedure for determining the
polarization state of a beam of individual photons. The quantum state of the
signal photons encode the polarization state and can be generally represented as

|Ψ〉 = a |H〉+ beiφ |V 〉 . (4.28)

where a2+b2 = 1, and a, b and φ are real numbers. So our task boils down to deter-
mining three real-valued quantities: a, b and φ. The measurement procedure is as
follows. Many measurements of the polarization of photons identically prepared in
the state |Ψ〉 are performed in each of three different bases, in order to determine
the probabilities P (H| |Ψ〉), P (+45◦| |Ψ〉), and P (L| |Ψ〉). These measurements
are used to determine the coefficients that describe the state |Ψ〉.

If we perform many polarization measurements in the HV-basis, according to
Born’s rule [8], we can measure the probability that a photon will be horizon-
tally polarized, given that the beam is prepared in state |Ψ〉:

P (H| |Ψ〉) = | 〈H|Ψ〉 |2 = a2. (4.29)

From this, and the normalization condition of the state vector, we can determine
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both a and b:
a =

√
(P (H| |Ψ〉), (4.30)

.b =
√

1− a2 (4.31)

Next, we perform a similar series of measurements, but change the HV basis with
±45◦ basis. The state preparation procedure must remain the same; this ensures
that the state |Ψ〉 is the same for all measurements. The probability of obtaining
a +45◦ polarized photon is given by

P (+45◦|| |Ψ〉) = | 〈+45◦|Ψ〉 |2

= | 〈+45◦| (a |H〉+ beiφ |V 〉)|2

=
1 + 2ab cosφ

2
.

(4.32)

Since a and b are known from the first set of measurements, this equation can
be inverted to obtain cosφ from P (+45| |Ψ〉), which is determined by the second
set of measurements. However, the inverse cosine is not unique. So we need to
perform a third set of measurements on photons prepared in the same state.

Now, we modify the apparatus to perform measurements of circular polarization,
i.e. RL basis in place of the HV basis. The probability of obtaining an L polarized
photon is given by

P (L| |Ψ〉) = | 〈L|Ψ〉 |2

= | 〈L| (a |H〉+ beiφ |V 〉)|2

=
1 + 2ab sinφ

2
.

(4.33)

This can be inverted to obtain sinφ. Knowing both cosφ and sinφ uniquely
determines φ.

4.4.2 Generating and Measuring Polarization States

As in the Experiments Q1 and Q2, detection of an idler photon at A prepares the
signal beam in a single-photon state. Generating an arbitrary polarization state
simply requires adding a quarter wave plate (QWP) or an HWP in the signal beam
near the downconversion crystal. So, if the source produces horizontally polarized
downconverted photons, this HWP can be used to rotate polarization to generate
different linear polarization states:

|Ψ′〉 = ÔHWP |H〉

=

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)(
1
0

)
=

(
cos 2θ
sin 2θ

)
.

(4.34)
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From Equation 4.34, it can be shown that for HWP angles θ = 0◦, θ = 45◦,
θ = 22.5◦ and θ = −22.5◦, states |H〉, |V 〉, |45◦〉 and |−45◦〉 can be generated.
Hence, we will refer to this HWP as the ‘state-generation’ HWP. Similarly, to
generate a circular or elliptical polarization state, a state-generation QWP is used
in place of the state-generation HWP:

|Ψ′〉 = ÔQWP |H〉

=

(
cos2 θ + i sin2 θ (1− i) sin θ cos θ

(1− i) sin θ cos θ sin2 θ + i cos2 θ

)(
1
0

)
=

(
cos2 θ + i sin2 θ

(1− i) sin θ cos θ

)
.

(4.35)

From Equation 4.35, it can be shown that states |L〉 and |R〉 can be generated for
θ = 45◦ and θ = −45◦ respectively.

Intuitively, the idea of a basis can be understood as follows. If we want to measure
in the HV basis, the measuring apparatus should be able to distinguish between
|H〉 and |V 〉 polarized light. Measurements in the HV -basis can be readily per-
formed using a PBS, which transmits horizontally polarized photons to detector
B. The probability that a single photon is transmitted by the PBS is equal to
the probability of an AB coincidence count, and is determined from the measured
coincidence counts by

P (AB) =
NAB

NAB +NAB′
. (4.36)

Similarly, the PBS reflects the vertically polarized photons to detector B′, and
hence the probability that a single photon is reflected by the PBS is given by

P (AB′) =
NAB′

NAB +NAB′
. (4.37)

Measurements in the ±45◦-basis can be performed by inserting an HWP oriented
at 22.5◦ in front of the PBS, while measurements in the LR-basis can be performed
by inserting a QWP oriented at 45◦ in front of the PBS. However, for convenience
during the experiment, we use the setting shown in Figure 4.28. The signal beam
first passes through a QWP, then an HWP, and then strikes the PBS, which sends
beams to detectors B and B′. We just need to rotate the waveplates to change the
measurement basis according to Table 4.2, and we do not need to insert or remove
anything during the experiment.

Measurement Basis Fast Axis of QWP Fast Axis of HWP
HV 0◦ 0◦

LR 45◦ 0◦

±45◦ 45◦ 22.5◦

Table 4.2: Commonly used measurement basis for polarization-encoded quantum
state estimation.

It can be shown that, in the ±45◦ basis according to Table 4.2, P (AB) corresponds
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PBSHWPQWP

Figure 4.28: A polarizing beam splitter (PBS) and two detectors are used to
perform orthogonal measurements of horizontally and vertically polarized photons.
Adding a half wave plate (HWP) and a quarter wave plate (QWP), measurement
in any basis can be performed by properly orienting the waveplates.

to measuring |+45◦〉 photons while P (AB′) corresponds to measuring |−45◦〉 pho-
tons. Likewise, for the LR basis, it can be shown that P (AB) corresponds to
measuring |L〉 photons while P (AB′) corresponds to measuring |R〉 photons.

4.4.3 The Experiment

As can be seen by comparing the Figures 4.29 and 4.25, the experimental setup
for this experiment is nearly identical to that of Experiment Q2. Few waveplates
are added in the signal beam. All the wave plates between the downconversion
crystals and the detectors are mounted in motorized rotation stages so that we can
use the computer to accurately orient the plates (Figure 4.30).

The downconversion crystal and the detectors are aligned following the procedures
outlined in Experiments Q1 and Q2. For accurate state generation and measure-
ment, it should be ensured that the waveplate zeroes align with the zeroes of the
motor (and the computer program).
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Laser

QWP
HWP/QWP

B’

PBS

Figure 4.29: Schematic diagram of the quantum state measurement experiment. A
half wave plate (HWP) and another wave plate (QWP/HWP) help in generating
an arbitrary state of polarization. The analyzer comprises a QWP, an HWP, a
polarizing beam splitter (PBS) and three detectors (A, B, B′). The dotted box
shows polarization state generator and the solid box shows the analyzer.

Using the state generation waveplate (HWP or QWP), different polarization states
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Figure 4.30: Photograph of the quantum state measurement experiment.

of the signal beam are generated. Polarization measurements of identically pre-
pared photons are performed in the three different bases - HV , LR and ±45◦ -
to determine the probabilities according to Equations 4.29, 4.32 and 4.33. Data
acquisition time for measurement in each basis is two minutes. Parameters of the
polarization-encoded quantum state, a, b and φ, are determined using Equations
4.30, 4.31, 4.32 and 4.33. The experimental results are compared with theoretical
predictions in Table 4.3.

This experiment will be re-visited in a new light when we discuss Experiments Q4
and QST.

4.5 Q4: Visualizing the Polarization State of Sin-

gle Photons

As discussed in Chapter 2, the polarization state of light and the effect of po-
larization manipulators such as polarizers and waveplates can be mathematically
expressed using Jones or Mueller calculus [110, 111]. Whereas Jones calculus
presents an amplitude picture, Mueller calculus employs an intensity view of po-
larized light. Poincare presented a three dimensional (3D) graphical method for
visualizing the polarization state [112], which is now dubbed the Poincare sphere.

74



Input Prediction Measurement
|H〉 a = 1.000, b = 0.000 a = 0.986(2), b = 0.165(2),

θ = −1.450(5)
|V 〉 a = 0.000, b = 1.000 a = 0.267(2), b = 0.964(2),

θ = −1.159(9)
|45◦〉 a = 0.707, b = 0.707, a = 0.743(2), b = 0.669(2),

θ = 0.000 θ = 0.184(2)
|−45◦〉 a = 0.707, b = 0.707, a = 0.697(1), b = 0.717(1),

θ = 3.142 θ = 3.054(1)
|L〉 a = 0.707, b = 0.707, a = 0.663(2), b = 0.749(2),

θ = −1.571 θ = −1.539(5)
|R〉 a = 0.707, b = 0.707, a = 0.730(1), b = 0.683(1),

θ = 1.571 θ = 1.482(3)

Table 4.3: Predicted and measured results of polarization state measurement of
single photons. All angles, represented by θ, are quoted in radians.

Collett proposed an alternative 3D view, called the hybrid polarization sphere,
which made it all the more convenient to visualize and determine transformations
in optical polarization [113].

Stokes showed that the polarization state of light can be characterized in terms
of four intensity parameters [111]. The Stokes polarization parameters are widely
used to describe the polarization behaviour of an optical beam because the po-
larization ellipse [111], an amplitude description of polarized light, is not directly
accessible to measurement [114]. However, the polarization ellipse and its associ-
ated angular parameters have indeed been shown to be interconvertible with the
Stokes parameters [111].

In this experiment, which is quantum optical version of [115], we present a graphical
method to determine the polarization state of single photons, and compare the
results with those obtained in Experiment Q3. The graphical method is analogous
to empirical techniques of polarization profiling of antennas, which we will briefly
review in the next section.

4.5.1 Antenna Polarimetry and Polarization Pattern Method

A time-tested method to determine the polarization profile of antennas is the so-
called ‘polarization pattern method’ [116]. In this technique, a linearly polarized
antenna is used as a receiver of electromagnetic radiation emanating from a trans-
mitting antenna whose polarization characteristics are to be profiled. The receiving
antenna is rotated in the plane that is normal to the direction of propagation of
the incoming radiation. The received signal for the different orientations of the
receiving antenna is recorded. If the square root of the received signal is plotted
with respect to the receiving antenna’s orientation in the form of a polar plot, a
peanut-like polarization pattern is obtained. This is shown by the pattern circum-
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scribing the polarization ellipse in Figure 4.31. The maximum and minimum radial
points of this figure are identical to those of the polarization ellipse, which is also
superposed in the same figure. Furthermore, although the measured pattern is not
an ellipse, the axial ratio (AR) and the orientation angle (ψ) are identical for both
the figures, where AR is defined as the ratio of major and minor axes (maximum
and minimum readings of the square root of the measured signal). The AR and the
ψ are measures of the polarization information. This technique, however, does not
provide the sense of rotation or helicity of the electromagnetic radiation; this infor-
mation requires additional measurements. For example, two circularly polarized
antennas of equal gain but opposite helicity can be used one by one for receiving
the signal. Comparing the two measurements determines the handedness of the
incoming signal polarization, i.e., if IR > IL, the transmitting antenna’s helicity is
right-handed and vice versa [117].

4.5.2 Polarization Pattern of Single Photons

For defining the relevant parameters of polarization, it is useful to revisit the
polarization ellipse through Figure 4.31. The ellipse can be expressed in terms of
two angular parameters [111], the orientation angle ψ, which represents the tilt of
the ellipse, and the ellipticity angle χ, which is related to the ratio of the major
and minor axes of the ellipse. Another angle that comes useful in an alternative
description of the ellipse is the auxiliary angle defined as γ = tan−1 (E0y/E0x),
where E0x and E0y represent the amplitudes of the orthogonal components of the
polarization.
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Figure 4.31: Polarization ellipse of an arbitrary polarization state and its corre-
sponding hippopede. Parameters of the ellipse include the semi-major and semi-
minor axes (p and q, respectively), the orientation angle ψ and the ellipticity angle
χ.
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The antenna polarimetry method we discussed in the previous section clearly has
a direct optical analog. In the antenna system, we had a transmitting antenna as
a source of arbitrarily polarized light. In an optical system, we use an arbitrary
polarization state generator. This could be some natural source or an artificially
engineered source. In our tabletop experiment, we use a laser whose beam is inter-
cepted by a polarizer and a QWP. Furthermore, analogous to the receiving antenna,
we use an optical polarization state analyzer. Corresponding to the linearly polar-
ized receiver antenna, the optical analyzer consists of a linear polarizer followed by
a photodetector. Likewise, an analog of the circularly polarized receiver antenna is
a QWP oriented at ±45◦, followed by a horizontally oriented linear polarizer and
a photodetector.

In order to motivate the mathematical aspects of this analogy, consider that for
an arbitrary polarization state of light, an optical beam is passed through a state
generator (Figure 4.32). If we consider the beam to consist of single photons, just
as in Experiment Q3, we can say that the polarization state encodes the quantum
state of single photons, represented by

|Ψ〉 = cos γ |H〉+ sin γ eiφ |V 〉 . (4.38)

where the parameters γ and φ characterize the quantum state, as usually repre-
sented through the Bloch sphere [38]. The parameters (γ, φ) correspond to exactly
the same angles as those given by the hybrid polarization sphere [113].
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Laser

QWP
HWP/QWP

Figure 4.32: Schematic diagram of the polarization pattern measurement exper-
iment. A half wave plate (HWP) and another wave plate (QWP/HWP) help in
generating an arbitrary state of polarization. Setup for polarization pattern mea-
surement. The analyzer consists of a polarizer (P) and two detectors (A and B).
A QWP can be added to determine the handedness of polarization. The dotted
box shows polarization state generator and the solid box shows the analyzer.

Since this is a quantum system, the analyzer measurements are described by von
Neumann projective measurements [8]. Subjecting the single-photon state |Ψ〉 to a
linear analyzer oriented at α (Figure 4.32), the probability of detecting the photons
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becomes

P (α| |Ψ〉) =
∣∣ 〈α|Ψ〉 ∣∣2

=
∣∣(cosα 〈H|+ sinα + 〈V |

)(
cos γ |H〉+ sin γeiφ |V 〉

)∣∣2
=

1

2

(
1 + cos (2γ) cos (2α) + sin (2γ) cos (φ) sin (2α)

)
.

(4.39)

which clearly resembles a Fourier series in α [118]:

I(α) =
1

2

(
S0 + S1 cos (2α) + S2 sin (2α)

)
, (4.40)

where S0, S1 and S2 are the first three Stokes polarization parameters. Although
Equation 4.39 is for single photons while Equation 4.40 is for coherent light, it can
be shown that the coefficients in the former equation are indeed expressions for the
Stokes parameters [111, 118]. Similarly, Equation 4.39 can be expressed in terms
of alternate parameters of polarization [113]:

P (α| |Ψ〉) =
1

2

(
1 + cos (2ψ) cos (2χ) cos (2α) + sin (2ψ) cos (2χ) sin (2α)

)
. (4.41)

It is apparent that if we obtain a sufficient number of intensity measurements
by rotating the analyzer, we can do a sinusoidal curve fit [118, 119] and obtain
the Stokes parameters S0 through S2. Let us see how antenna based-polarization
pattern method bypasses the Fourier fit requirement. Equation 4.41 shows that if
the two angles (χ, ψ) of the polarization ellipse are known, the Stokes parameters
(S1 and S2) can be uniquely determined. Moreover, if the sign of χ is known, S3

can also be determined [118]. We have earlier hinted at how the angles χ and ψ
are determined using the polarization pattern method in antenna systems. Let us
see how it works here.

The peanut-shaped pattern in Figure 4.31 is obtained by making a polar plot of√
P (α| |Ψ〉) with respect to the analyzer angle α, i.e. a plot between

√
P (α| |Ψ〉) cosα

and
√
P (α| |Ψ〉) sinα. The peanut-looking shape is mathematically described by

a hippopede, also known as ‘horse-fetter’ [120, 121]. It is evident from Figure 4.31
that we can determine the angular parameters of the polarization ellipse if we plot
just the hippopede using the measured intensity profile. The orientation angle ψ of
the ellipse can be directly measured from the orientation angle of the hippopede,
whereas the ellipticity angle χ can be calculated from the AR of the hippopede

χ = ± tan−1

(
q

p

)
, (4.42)

where q, p are the semi-minor, semi-major axis lengths of the hippopede (and hence
of the ellipse). Subsequently, using the two angles (χ, ψ), one can determine the
polarization ellipse or the Stokes parameters (S1 and S2). However, this scheme
does not determine the polarization vector’s handedness, which corresponds to the
sign of S3. This is where we use the analog of the circularly polarized antenna
method.
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We extend the analyzer by introducing a QWP before the polarizer to determine
the handedness of the polarization ellipse (Figure 4.32). Fixing the QWP angle at
±45◦ and the analyzing polarizer at 0◦, the probability expression becomes

P (L/R| |Ψ〉) =
1

2

(
1∓ sin (2χ)

)
. (4.43)

This test requires two projective measurements. The larger of the two probabilities
determines the handedness of the input polarization (i.e., if P (R| |Ψ〉) > P (L| |Ψ〉),
the polarization is right handed or vice versa).

Although we have derived these expressions for a beam of single photons, similar
expressions can be derived for coherent light, where we will get intensities instead
of probabilities. We can test this classical vs. quantum analogy for a single beam
of light.

4.5.3 The Experiment

The experimental setup, as depicted schematically in Figure 4.32 and photograph-
ically in Figure 4.33, is based on that of Experiment Q1, with addition of few
optical elements. As in the previous experiments, the detection of the photons
striking detector A project photons from the other beam (directed at detector B),
into single photon states. Using the state generation waveplate (QWP or HWP),
we generate a beam of single photons with different polarization profiles and use
the polarization pattern method to estimate the generated quantum states. We
compare the results with those of Experiment Q3, using a, b and φ of the latter to
compute the respective Stokes parameters.

Hippopedal polarization patterns for few canonical states, simulated and experi-
mental, are shown in Figure 4.34. whereas the quantum state measurements results
are summarized in Table 4.4. The Stokes parameters for polarization profiles of
the single counts (beam B considered alone) and coincidence counts (beam B con-
ditioned on beam A) are also calculated. Comparing the Stokes parameters of the
quantum (coincidence counts) and classical (single counts) views of light show that
the polarization properties remain identical in both the descriptions of light. The
statistics of photodetection, however, is different for the quantum and classical
cases, as discussed in Experiment Q2.

The results confirm that an interesting similarity between polarization optics and
antenna polarimetry, where the optical polarization state generator maps to the
transmitting antenna and the polarization analyzer is congruent to the receiving
antenna. Moreover, the results of this polarimetry experiment agree with those of
the one-shot measurement scheme of Experiment Q3. Another interesting aspect
is the remarkable agreement between the single-photon and coincidence-photon
results. It manifests the analogy between classical (low intensity coherent light
beam) and quantum (heralded single photons) views of light, also furnishing an
effective pedagogical tool.
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Figure 4.33: Photograph of the polarization pattern measurement setup.

The advantage of this method is that using the hippopedal polar plots, we can
extract polarization information from few geometrical measurements. The angular
parameters of the polarization ellipse or the first three Stokes parameters can be
determined by rotating a polarizer and recording the optical intensities or photon
counts. The handedness is obtained by inserting a QWP and making two mea-
surements. The measurements can be further minimized to four if one just sticks
to measuring the maximum and minimum values of the intensity while rotating
the analyzer. In that case, it is important to note the orientations of the analyzer
at which the intensity extrema occur.

4.6 Q5: Single Photon Interference and Quan-

tum Eraser

In Experiment Q2, we showed that it was possible to create a beam that consisted
of individual photons, i.e., the signal beam contained individual photons, as long as
we conditioned detections at detectors B and B′ on the detection of idler photons
at detector A. This was demonstrated by showing a lack of coincidences between
the two detectors monitoring the outputs of a beam splitter. In the experiment
at hand, we will show that if these individual photons are passed through an
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Polarization One-shot Quantum Classical
state measurement hippopede hippopede

Horizontal
S0 = 1.00± 0.00 1.00± 0.04 1.00± 0.04
S1 = 0.94± 0.00 0.95± 0.04 0.92± 0.04
S2 = 0.04± 0.00 −0.16± 0.04 −0.15± 0.04

Vertical
S0 = 1.00± 0.00 1.00± 0.02 1.00± 0.02
S1 = −0.86± 0.00 −0.98± 0.02 −0.92± 0.02
S2 = 0.20± 0.00 −0.08± 0.02 −0.09± 0.02

Anti-
diagonal

S0 = 1.00± 0.02 1.00± 0.00 1.00± 0.03
S1 = −0.03± 0.00 0.11± 0.02 0.13± 0.03
S2 = −1.00± 0.00 −0.97± 0.02 −0.93± 0.03

Diagonal
S0 = 1.00± 0.00 1.00± 0.00 1.00± 0.00
S1 = 0.10± 0.00 0.04± 0.02 0.04± 0.02
S2 = 0.98± 0.00 1.00± 0.00 1.00± 0.00

Left
circular

S0 = 1.00± 0.00 1.00± 0.04 1.00± 0.02
S1 = −0.12± 0.00 −0.04± 0.04 0.06± 0.02
S2 = 0.03± 0.01 −0.02± 0.04 −0.03± 0.02

Right
circular

S0 = 1.00± 0.00 1.00± 0.04 1.00± 0.02
S1 = 0.07± 0.00 −0.07± 0.04 0.06± 0.02
S2 = 0.09± 0.00 −0.04± 0.06 −0.04± 0.02

Table 4.4: Results of quantum state measurement and optical polarimetry for
canonical polarization states.

interferometer, they will interfere with themselves. It is possible to do both of
these experiments at the same time [8, 11]. However, for the sake of simplicity, we
will just focus at the interference part in this experiment.

Before going into the details of the experiment, we give a general overview of inter-
ference and quantum erasure; and describe some relevant experiments, especially
those that can be performed using an SPDC source.

If light is made to pass through an interferometer, the visibility (the extent to which
the interference pattern is visible) is dependent on the extent to which the ‘which-
way’ or ‘which-path’ information is available to the observer or experimenter. If,
in principle, the experimenter can find out the path taken by the light traversing
through the interferometer, no interference will be observed. If the experimenter
does not have any idea about the path of light (and cannot even in principle find
the which-way information), an interference pattern with very high visibility will
be observed. Generally, if partial path information is available, partial interference
(having a visibility value between 0 and 1) can be observed [22].

Some experiments have been proposed in which the experimenter can switch be-
tween complete information and no information about the path of light by making
minor changes in the experimental setup [11, 22, 23]. In such experiments, if the
which-path information is unavailable, it is said to be ‘erased’ – this erasure re-
sulting in interference fringes of high visibility. Such an interferometer is usually
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Figure 4.34: Polarization pattern for canonical polarization states. (a), (c) and (e)
compare simulated plots (smooth curves) with experimental data (discrete points)
while (b), (d) and (f) compare polarization state of classical (coherent) light with
quantum (single photon) light. The red points show normalized intensity mea-
surements for classical light whereas the blue points correspond to measurements
for single-photon light. The input polarization states include anti-diagonal (a, b),
horizontal (c, d), left circular (e, f).
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termed as a ‘quantum eraser’. There are a number of ways to make a quantum
eraser. For instance, as we discussed in Chapter 2, we can insert polarizers into
the two paths of a Mach-Zehnder interferometer and can alter the polarization of
the corresponding beams. The beam exiting the interferometer can be subjected
to suitable polarization analysis setup. The polarizers can be oriented to either
yield or erase which-way information, and thus change the interference visibility.

Interferometry and quantum erasure experiments can also be performed with light
sources that produce correlated photon pairs [97, 122]. As we discussed in pre-
vious experiments, usually the process of SPDC is used to generate polarization-
entangled photons, called the signal and the idler. In such an experiment, the
which-path information can be obtained not only from the signal beam passing
through the interferometer but also from the idler beam by performing a suitable
measurement. To illustrate, let us assume that the signal and idler photons are
correlated in terms of their polarization states. If the photon path through the
interferometer is dependent on the photon polarization, a suitable measurement of
the idler photon polarization determines the which-path information of the signal
photon. Hence, interference fringes are not observed in this case. To observe inter-
ference, it must be ensured that the which-path information is erased from both the
photon beams. It is performed by modifying the idler polarization measurement.

A number of quantum erasure experiments with setups different from the above-
mentioned ones have also been presented [123–125]. Following the experiments
proposed in [8, 24, 97, 126], we develop an experiment which uses correlated pho-
ton pairs to demonstrate quantum erasure in an interferometer. The signal beam
traverses the polarization interferometer and falls on a detector, while the idler
beam heralds the detection of single photons, ensuring that we are detecting single
photons in the signal beam and hence observing single photon interference. We are
interested in observing interference patterns in the measured coincidence counts
for the two beams. It must be kept in mind that the which-path information needs
to be erased in order to see interference.

Before jumping to the laboratory aspects of this experiment, we will theoretically
discuss our polarization interferometer in the following section.

4.6.1 The Polarization Interferometer and Quantum Era-
sure

Consider Figure 4.35a, which shows an arrangement of two beam displacing po-
larizers (BDPs) and one HWP. If linearly polarized light is input from the left,
its horizontally polarized and vertically polarized components are separated in the
first BDP, flipped by the HWP and recombined in the second BDP. Changing the
tilt of the second BDP changes the path difference of the two beams. This path
difference translates into a phase shift φ between the vertical and horizontal polar-
ization components of the input light. The effect of this optical arrangement can
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be encapsulated in the operator

ÔPI =

(
1 0
0 eiφ

)
. (4.44)

HWPBDP BDP

H V

V H

45°

ϕ

(a)

HWPBDP BDP

H V

V H

45°

ϕ
HWP P

45°22.5°

(b)

Figure 4.35: Two versions of polarization interferometer. (a) includes two beam
displacing polarizers (BDP) and one half wave plate (HWP). (b) includes an addi-
tional HWP and a polarizer (P). H(V) represents horizontally(vertically) polarized
light. φ represents the phase shift between the H and V components introduced
by the interferometer.

To vary the input linear polarization of the first BDP, we add another HWP to
the left (Figure 4.35b). Upon exiting the second BDP, the two beams overlap,
yet do not still interfere because of having orthogonal polarizations, which are
in principle distinguishable. Therefore, to erase the path information, a linear
polarizer is placed to the right of the second BDP. Oriented at 45◦, the polarizer
projects the two overlapping beams into the |45◦〉 state. We refer to the optical
assembly of Figure 4.35b as the polarization interferometer (PI). Assuming the
PI input polarization state to be |H〉, the state leaving the second BDP can be
calculated as

|Ψ〉 = ÔPIÔHWP |H〉

=

(
1 0
0 eiφ

)(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)(
1
0

)
=

(
cos 2θ

sin 2θeiφ

)
.

(4.45)

The beam with this polarization state passes through the polarizer and falls on a
detector. If the first HWP is oriented at θ = 22.5◦ and the polarizer is oriented at
α, the probability of photodetection is given by

P (α) = | 〈α|Ψ〉 |2 =
1

2
(1 + sin 2α cosφ). (4.46)

It can be seen that for α = 45◦, the probability expression reduces to

P (22.5◦) =
1

2
(1 + cosφ). (4.47)

The expression exhibits an oscillatory dependence on φ. Hence, an interference
pattern is obtained by varying φ. In this interferometer seting, the which-way
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information has been ‘erased’ and hence interference fringes are predicted. On the
contrary, for angles such as α = 0◦ and α = 90◦, the probability expression yields

P (0◦) = P (45◦) =
1

2
, (4.48)

where the probability of photodetection is independent of the path difference. In
other words, changing the path difference will cause no difference in photodetection
and there will be no interference fringes. It is because the which-path information
of the signal photon becomes available if the photon polarization is known to be
either horizontal (in case of α = 0◦) or vertical (in case of α = 90◦). So, we have
the which-way information and hence no interference is predicted for these cases.

4.6.2 Aligning the Interferometer

Let us now set up this interferometer experiment in the lab. We set up the po-
larization interferometer in the signal beam of the optical setup of Experiment
Q1.

Make sure that detectors A and B are aligned, as outlined in Experiment Q1. The
BDPs in the interferometer displace the beam coming from the downconversion
crystal to the detector B. Therefore, from the perspective of detector B toward
the downconversion crystal, the detector B is moved 4 mm to the left.

The back propagation (alignment) laser is shone back through the detector B,
as shown in Figure 4.36a, and two irises are aligned close to the downconversion
crystal. A BDP is placed in front of detector B. The BDP is positioned and
rotated so that two beams emerge parallel from it at a horizontal level. If needed,
the detector B is slightly moved sideways so that the BDP beam emerging on the
right roughly passes through the two irises, and onto the downconversion crystal.

An HWP is inserted in front of the BDP and its axis is set at 45◦. The second
BDP is inserted and rotated so that both of the incoming beams are recombined
into a single output beam. This beam should emerge from the right side of the
second BDP and pass back through the irises, as shown in Figure 4.36b.

A polarizer oriented at 45◦ is placed in the combined beam path. A screen can be
temporarily inserted in front of the polarizer to see the interference pattern. If is
no interference observed, adjust the tilts of both the BDPs. Once interference is
visible, slowly adjust the tilts so that there is maximum visibility or contrast of
the interference fringes.

The polarizer is replaced with an HWP oriented at 22.5◦ and the polarizer oriented
at 45◦ is placed before the detector B. The alignment laser is removed and the
detector B is connected with the APD. The rough alignment is complete and the
next step is to equalize the interferometer path lengths.

Turning the lights off and turning the pump beam and the detectors on, a large
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Figure 4.36: Rough alignment of the interferometer. (a) Detector B is aligned and
two irises are placed near the BBO crystals. (b) Detector B is moved 4 mm to the
left and the interferometer elements are placed and aligned.

range of the BDP tilt is scanned with the stepper motor (connected with the
horizontal knob of one of the BDPs). Oscillation of AB coincidence counts will be
observed when the path difference of the two arms is within the coherence length.
When the path lengths are equalized, there will be maximum contrast or visibility
of the interference fringes.

If there is no significant change in the AB counts while scanning the whole path
of the motor, the interferometer should be re-aligned with the alignment laser,
as described above, to increase the visibility. Then, scanning the path length
difference with the downconverted photons, choose the path in which the visibility
is maximum. The visibility may be further improved by very slightly tweaking the
tilt of the detector B mount or the rotation angle of the wave plates.

4.6.3 The Experiment

This experiment involves examining the behavior of the interferometer with dif-
ferent wave-plate settings, and demonstrates quantum erasure. The idea is that
for certain wave-plate settings, we know which-path the photon takes through the
interferometer, so no interference is observed. For other wave-plate settings the
which-path information is not available (it is ‘erased’), allowing the interference
pattern to be recovered.

As mentioned before, this experimental setup is built on the optical setup of Ex-
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periment Q1. A polarization interferometer is introduced and aligned in the signal
beam. Detectors A and B are aligned according to Experiment Q1 while the inter-
ferometer is aligned according to the previous sections. The schematic of the setup
is shown in Figure 4.37 while a photograph is shown in Figure 4.38. The pump
beam HWP is oriented such that the downconverted photons are horizontally po-
larized. The photons entering the interferometer are horizontally polarized. The
HWP between the downconversion crystal and the first BDP is oriented at 22.5◦

and the HWP between the two BDPs is oriented at 45◦.

BBO

A

B
HWP

P

Laser

HWP
HWP

BDP
BDP

Figure 4.37: Schematic diagram of the single photon interference and quantum
eraser experiment. One of the downconverted photons goes to detector A and
heralds the detection of the other photon, which passes through a polarization
interferometer and falls on detector B.

For different orientations (α) of the polarizer, the coincidence counts NAB are
recorded against the path difference controlled by the stepper motor. Two datasets
are recorded. The coincidence counts are corrected for accidental coincidences and
are plotted as a function of the actuator position (Figures 4.39 and 4.40). The
visibility of the interference fringes is calculated using the following formula [11]
and compared with the theoretical prediction:

V =
Imax − Imin
Imax + Imin

=
Nmax −Nmin

Nmax +Nmin

. (4.49)

Polarizer orientation (◦) Measured Visibility Predicted Visibility
0.0 0.08 0.00
22.5 0.56 0.71
45.0 0.84 1.00
67.5 0.58 0.71
90.0 0.11 0.00

Table 4.5: Visibility of interference for different orientations of the polarizer.

From Figures 4.39 and 4.40, it can be seen that the 45◦ setting has the highest
visibility whereas the 0◦ and 90◦ settings have the lowest visibility. Detailed results
are summarized in Tables 4.5 and 4.6. For the 0◦ and 90◦ settings, the path of
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Figure 4.38: Photograph of the single photon interference and quantum eraser
setup.
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Figure 4.39: Variation of detected coincidence counts with respect to change in
phase difference for different polarizer orientations.
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Figure 4.40: Variation of detected coincidence counts with respect to change in
phase difference for different polarizer orientations.

Polarizer orientation (◦) Measured Visibility Predicted Visibility
0 0.08 0.00
11 0.30 0.37
22 0.49 0.69
33 0.67 0.91
44 0.78 1.00
55 0.74 0.94
66 0.60 0.74
77 0.39 0.44
90 0.08 0.00

Table 4.6: Visibility of interference for different orientations of the polarizer.

the photons are known through the interferometer whereas the path information
or the which way information is erased for 45◦.

We can explain the presence or absence of a single-photon interference pattern
in terms of path information, rather than in terms of wave interference. Setting
the polarizer at 0◦ effectively gives us knowledge about the path the photon took
through the interferometer. So the relative phase between the two arms makes no
difference, and we see no interference. If the polarizer is oriented at 45◦, we can
obtain no information about the path of the photon, so it takes both paths and
interferes with itself.

According to Bohr’s principle of complementarity, we can either observe the wave-
like (unlocalized), or the particle-like (localized), nature of light, but not both
simultaneously. This need not be an either-or proposition. If we obtain partial
information about the path of the photon, the interference is partially destroyed.
For example, if 40% of the time we know the photon’s path (maybe the nonde-
structive measurement succeeds only 40% of the time), then the visibility of the
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interference pattern, averaged over a large ensemble, might be 60%. This accounts
for the less than idea visibility of our experimental interference fringes.

The take-home message of this experiment is that interference occurs even though
there is only one photon at a time in the interferometer! This may seem odd
because, after doing Experiment Q2, we may be thinking of photons as ‘particles’
of light, and we are not used to particles displaying interference. While in some
sense photons may behave like particles of light energy, they are by no means
classical particles, as they clearly display wave-like properties as well.

We have performed a quantum eraser experiment based on a polarization inter-
ferometer. Interference fringes are made to appear by erasing the which-path
information and vice versa.

So far, with Experiments Q1-Q5, we have explored the quantum state and wave-
particle duality associated with one of the to downconverted photons. In Chap-
ters 5 and 6, we will investigate the quantum behaviour associated with two
polarization-entangled photons.
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Chapter 5

Experiments Related to
Entanglement and Non-locality

Up to now, we have been talking about the quantum mechanics of individual
photons. From this chapter onward, we will discuss the quantum mechanics of
systems consisting of two photons, i.e., the polarization description of the complete
two-photon system. As we did in Chapter 4, for the sake of convenience, let us
define the following nomenclature to refer to the two-photon experiments:

• NL1: Freedman’s Test of Local Realism

• NL2: Hardy’s Test of Local Realism

• NL3: CHSH Test of Local Realism

• QST: Quantum State Tomography

This chapter, incorporating the Experiments NL1, NL2 and NL3, is about tests
of local realism. Quantum mechanics is predicted to violate local realism as a
consequence of entanglement [127], which requires at least two particles. We will
re-create the minimalist tests of local realism, requiring two beams of photons, and
two or four detectors. We give an overview of entanglement and local realism in
the following section.

5.1 Entanglement and Local Realism

There are certain behaviors that two-particle quantum systems exhibit and that
have no classical analog. In particular, the states of two particles, photons in our
case, can become ‘entangled’ with each other. As we discussed briefly in Chapter
3, in the language of quantum mechanics, particles are called entangled if their
combined state cannot be factored into single-particle states. In other words,
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these states are inseparable. Over the last few decades, apart from their central
role in discussions of nonlocal quantum correlations [2], entangled particles have
been exploited for applications such as quantum cryptography [128, 129], quantum
‘teleportation’ [130], dense coding [131] and quantum computing [132].

With entangled photons, we can show that quantum mechanics violates local re-
alism. Locality dictates that measuring the state of one particle cannot impact
the state of another particle if there is no cause-and-effect relation between the
two particles. Reality requires that regardless of measurement, one should be able
to assign definite values to measurable quantities of a physical system [2]. Hence,
according to local realism, if two photons are produced by a source, their polariza-
tion states are completely defined once they leave the source. Thus, polarization
measurements performed on one of the two photons should not affect the results of
polarization measurements performed on the other photon. Seeing that quantum
mechanics violates local realism, we are forced to give up either locality or reality
to explain quantum mechanical predictions.

The idea of entanglement was popularized in the physics community through
a gedankenexperiment (thought experiment) by Einstein, Podolsky and Rosen
(EPR), published in 1935 [2]. Entangled photons when individually seen may seem
to be randomly polarized. However, the polarization states when seen collectively
may show strong correlations, which cannot be described by any classical theory.
The Copenhagen interpretation [133] championed by Bohr claims that such corre-
lations arise from the non-locality associated with measurement i.e. measuring the
state of one particle instantly collapses the entangled state of both particles. EPR
in their paper argued that such ‘action at a distance’ (non-locality) is impossible
and they claimed that quantum mechanics was an incomplete theory because it
failed to give complete description of reality [2].

However, for many years, this paradox was termed a philosophical debate. Physi-
cists followed the ‘shut up and calculate’ approach [134] to quantum mechanics and
it worked out really well for them. It was John Bell who showed that local realism
could be experimentally tested. In 1964, he derived an inequality which must be
satisfied by any local-realistic theory [3, 135]. Bell’s original inequality was for an
idealized system. Later on, others have derived similar testable inequalities [28,
32, 136]. These are collectively called Bell inequalities. Quantum mechanics has
violated these inequalities proving that nature is not local realistic [27, 31, 33].

In 1972, the first Bell inequality ever tested [27] was the fairly elementary one
presented by Freedman [136]. The Bell inequality typically tested in optical sys-
tems is the Clauser–Horne–Shimony–Holt (CHSH) inequality [4, 28, 137]. Green-
berger, Horne, and Zeilinger went beyond Bell inequalities by showing that it is,
in principle, possible to perform an ‘all or nothing’ test of local realism [30, 138],
significantly more difficult experimentally and involving three entangled particles
in contrast to the two particles needed for other tests. Nevertheless, the experi-
ment has been performed and agrees with quantum mechanical predictions [31]. In
1993, Hardy derived another version of Bell’s theorem [32, 139], which is compar-
atively easier to comprehend as compared to the CHSH one. Experiments testing
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local realism using Hardy’s ideas have been performed and agree with quantum
mechanics [33–35].

In Experiments NL1, NL2, NL3, we will use correlated-photon experiments to
study and perform three tests of local realism, based on the methods suggested by
Freedman [27, 36, 136], Hardy [13, 32], and CHSH [4, 28]. Local realism is normally
taken for granted because all classical systems are bound by it. However, as we will
demonstrate in this series of experiments, quantum systems are not constrained
by local realism. In order to explain the results of certain experiments, we must
abandon either locality or reality.

5.2 The Proverbial Alice and Bob Experiment

Many analogies have been employed in the literature to describe experiments for
testing local realism [140–142]. We will present a description, closely following that
of [13], which corresponds to our single-photon polarization-based systems.

Suppose we have a source that produces pairs of photons. The photons of the
pair travel in different directions - one goes to a party named Alice and the other
goes to Bob. We can assume the photons to come in regular intervals. Both the
parties have a linear polarizer and a detector, as shown in Figure 5.1. If Bob
aligns his polarizer along a particular angle and his detector picks a photon, we
can say that the photon was polarized at an angle parallel to his polarizer. Similar
explanation goes for Alice. Alice and Bob decide to perform an experiment. Alice
randomly orients her polarizer along the two angles θA1 and θA2 and Bob randomly
orients his polarizer along θB1 and θB2. Alice and Bob are a great distance apart
from each other, and they perform their measurements independently, and without
communicating with each other. The source is halfway between Alice and Bob,
so that they receive their photons at the same time. Once all the measurements
have been performed, the two parties meet to check if there are any correlations
between their measured photon counts.

θ
Ai

Alice Bob

A B
θ
Bj

Figure 5.1: The EPR thought experiment in terms of polarization-entangled pho-
tons. A source sends out pairs of photons in opposite directions, towards Alice and
Bob, who randomly orient their polarizers at angles θAi and θBj respectively and
count the detected photons.

They find that the measured photons, when individually seen, seem to be randomly
polarized; yet they show unexpectedly strong correlations, when seen collectively.
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Let us formalize this experiment and then look at it through the lens of Freedman
[27], Hardy [32] and CHSH [28].

5.3 Generating Polarization-Entangled Photons

Entangled states are an essential ingredient of quantum mechanics and have no
classical counterpart [127]. Nowadays, the process of spontaneous parametric
downconversion (SPDC) [7, 35, 46] offers a popular and accessible source of entan-
gled states. This is exactly what we have used in all our experiments.

To understand the polarization-entanglement of photons, let us revisit SPDC. In
Experiments Q1-Q5, we did not worry about the polarization state of idler photons,
because each idler photon was merely used to herald the presence of the signal
photon. For non-locality experiments, however, we need to consider the complete
polarization state of the two-photon system.

The polarization-entangled two-photon state is generated using the method pro-
posed by Kwiat [46], in which two type-I downconversion crystals are used such
that their optical axis are at 90◦ with respect to each another. One of the crys-
tals down-converts the vertically polarized pump photons into horizontally polar-
ized signal-idler photon pairs, while the other down-converts horizontally polarized
pump photons into vertically polarized signal-idler photon pairs. If the pump beam
is polarized at 45◦, each of these processes is equally likely (see Figure 5.2).

If the crystals are thin enough, observers detecting the signal and idler photons
have no information about which crystal a given photon was produced in. If the
photons are indistinguishable in this way, the polarization state is a superposition
of the two possible states generated by SPDC:

a |H〉A |H〉B + beiφ |V 〉A |V 〉B . (5.1)

The desired state can be produced by altering the polarization of the pump beam.
a and b can be controlled by changing the orientation of the half wave plate (HWP)
while φ can be adjusted by rotating a quartz plate with respect to a vertical axis.
With this arrangement, we can create polarization states with any arbitrary linear
combinations of the states |H〉A |H〉B and |V 〉A |V 〉B.

In Experiment Q5, when discussing single-photon interference, we said that in order
to explain the data it was necessary for the photon to take both paths through
the interferometer, not one or the other. Likewise, we will soon see that in order
to explain experiments performed using the source of Figure 5.2, it is necessary to
interpret the state of Equation 5.1 as meaning that the photons are in both states
|HH〉 and |V V 〉 at the same time, not as meaning that they are in one state or
the other. In other words, the photons are in a superposition of these states, not
a mixture.

The polarization measurements may seem purely random when individually ana-
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Figure 5.2: Using downconversion to generate entangled states. Crystal 1 down-
converts horizontally polarized photons into vertically polarized photon pairs and
crystal 2 downconverts vertically polarized photons into horizontally polarized pho-
ton pairs. When the two crystals are sandwiched and the input light is in super-
position of horizontally and vertically polarized photons, an entangled state is
generated.

lyzed for the two beams, yet they are perfectly correlated when seen collectively.
Neither the photon has a well-defined polarization, yet if the polarization of one
photon is known from a measurement, the polarization of the other is determined,
at least in the HV basis. This fact is true for measurements in other bases as well
[8]. Classical physics cannot explain such strong polarization correlations. Let us
now go into the details of the non-locality experiments one by one.

5.4 NL1: Freedman’s Test of Local Realism

Among the experiments of non-locality that we will perform, Freedman’s test is the
easiest one. Although this test is relatively simple, it is historically significant. It
was the first experimental test of Bell inequality [27] and was also the focus of Alain
Aspect’s first paper on Bell tests in 1981 [143]. As Freedman’s test demands merely
three measurements and deriving the Freeman inequality is simpler as compared
to other non-locality tests, it can be used to introduce Bell tests to new students.

As mentioned before, the standard Bell test performed for optical experiments is
the CHSH one [4, 28, 137]. For a two-detector setup, testing the CHSH inequality
requires 16 measurements [4] and computing a quantity often denoted by S. Al-
though this serves as a great exercise for an undergraduate laboratory, Freedman’s
test may be presented earlier to bring home the basic ideas of Bell tests. Other
relatively simple alternatives like the Hardy’s test demands four single photon de-
tectors [13, 36]. On the other hand, the Freedman test is performed using only
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two detectors and hence it is a cost-effective experiment.

5.4.1 Freedman’s Inequality

Freedman’s inequality is actually one special case of the Clauser-Horne inequality
[144]. We reproduce the derivation of the inequality here, following the approach
in [36]. This inequality is based on the assumptions of locality, reality and hidden
variables, which will be explained along the discussion. Let there be five real
numbers x1, x2, y1, y2, X, and Y that satisfy the following relations

0 ≤ x1 ≤ X, (5.2)

0 ≤ x2 ≤ X, (5.3)

0 ≤ y1 ≤ Y, (5.4)

0 ≤ y2 ≤ Y, (5.5)

U ≡ x1y1 − x1y2 + x2y1 + x2y2 − Y x2 −Xy1. (5.6)

Then, it is straightforward to show [36] that

−XY ≤ U ≤ 0. (5.7)

Now, let us consider photon pairs produced from a source (Figure 5.1). The pho-
tons of any pair take different paths. We further place two analyzers (polarizer and
detector) in their paths. Let Nt denote the total number of photon pairs coming
to the analyzers in a certain period of time. Let N(a, b) represent the number
of coincidence events counted during the same period, where a and b denote the
orientations of the polarizers, labelled as A and B, respectively. If the measure-
ment time period is sufficiently long, the probability of coincidence detection of
the photon pairs is given by

P (a, b) =
N(a, b)

Nt

, (5.8)

i.e., P (a, b) is the ratio of the number of coincidence detections to the total number
of photon pairs moving towards the analyzers. This probability is not directly
measurable due to non-ideal detector efficiencies. We assume that the probability
of detecting each photon pair is P12(λ, a, b), where the subscript refers to photon
1 and photon 2. λ represents a hidden variable, which pre-determines how likely
a photon pair is to be detected. λ and hence the photo-detection probability
may be different for each photon pair. Equation 5.8 then describes the average
probability of coincidence detection over an ensemble of photon pairs. For the
sake of argument, let us consider a simple case where P12(λ, a, b) can either be
0 or 1. This implies that a coincidence event is either detected or not detected
and this is predetermined (due to λ) with absolute certainty. In other words, the
measurable quantity has a specific, well-defined value regardless of the question if
anyone actually is aware the value (reality assumption).
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In fact, for Freedman’s inequality, the probability of coincidence detection may
have values between 0 and 1, which implies that the inequality is applicable to a
wider range of hidden variable theories. If p(λ) is used to denote the probability
distribution of λ, we have

P (a, b) =

∫
p(λ)P12(λ, a, b)dλ. (5.9)

Let us label 1 and 2 the photons going to the polarizers A and B, respectively. If
we assume that polarizer B has no effect on photon 1 and likewise polarizer A has
no effect on photon 2 (locality assumption), we have

P12(λ, a, b) = P1(λ, a)P2(λ, b). (5.10)

In addition to locality, this equation also relies on the hidden variable(s) assump-
tion. The common hidden variable λ characterizes both the photons and lets us
write the two measurement probabilities independently [36]. In local hidden vari-
able theories, λ underlies any correlations in detections of the photon pairs.

We define P1(λ,∞) as the probability of detecting photon 1 when no polarizer
is placed in its path towards the detector. If we consider the no-enhancement
assumption – that adding a polarizer in the path of the light beam cannot increase
the number of photo-detections – we have

0 ≤ P1(λ, a) ≤ P1(λ,∞). (5.11)

Similarly, for a different orientation of polarizer A, we have

0 ≤ P1(λ, a′) ≤ P1(λ,∞). (5.12)

Likewise, for polarizer B, we have

0 ≤ P2(λ, b) ≤ P2(λ,∞), (5.13)

0 ≤ P2(λ, b′) ≤ P2(λ,∞). (5.14)

Comparing Equations 5.2, 5.3, 5.4, 5.5 with Equations 5.11, 5.12, 5.13, 5.14, we
can write

−P1(λ,∞)P2(λ,∞) ≤P1(λ, a)P2(λ, b)− P1(λ, a)P2(λ, b′)

+ P1(λ, a′)P2(λ, b) + P1(λ, a′)P2(λ, b′)

− P1(λ, a′)P2(λ,∞)− P1(λ,∞)P2(λ, b) ≤ 0.

(5.15)

After multiplying by p(λ)dλ and then integrating it, Equation 5.15 becomes

− P (∞,∞) ≤ P (a, b)− P (a, b′) + P (a′, b) + P (a′, b′)− P (a′,∞)− P (∞, b) ≤ 0.
(5.16)

At this point, we make another assumption of rotational invariance, according
to which the coincidence measurements are dependent only on the relative angle
φ = |a− b| between the two polarizers, i.e., P (a, b) = P (φ). Then, a, a′, b, and b′
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are chosen to satisfy

|a− b| = |a′ − b′| = |a′ − b| = |a− b
′|

3
= φ, (5.17)

so that Equation 5.16 becomes

− P (∞,∞) ≤ 3P (φ)− P (3φ)− P (a′,∞)− P (∞, b) ≤ 0. (5.18)

For a polarizer, it is well-known that P (φ) = P (φ + 180◦). Therefore, using
P (202.5◦) = P (22.5◦) with φ = 67.5◦ in Equation 5.18, we get

− P (∞,∞) ≤ 3P (67.5◦)− P (22.5◦)− P (a′,∞)− P (∞, b) ≤ 0, (5.19)

whereas plugging in φ = 22.5◦ in Equation 5.18, we get

− P (∞,∞) ≤ 3P (22.5◦)− P (67.5◦)− P (a′,∞)− P (∞, b) ≤ 0. (5.20)

Subtracting Equation 5.19 from Equation 5.20 gives

− P (∞,∞) ≤ 4P (22.5◦)− 4P (67.5◦) ≤ P (∞,∞). (5.21)

Multiplying Equation 5.21 by Nt, we can rewrite it in terms of N as

−N0 ≤ 4N(22.5◦)− 4N(67.5◦) ≤ N0, (5.22)

where N◦ = N(∞,∞) represents the number of coincidence measurements when no
polarizers are placed in the path of the two photon beams, whereas N(φ) denotes
the number of coincidence detections when φ is the relative angle between the two
polarizers. We can define a parameter δ and rewrite Equation 5.22 as

δ =

∣∣∣∣N(22.5◦)−N(67.5◦)

N0

∣∣∣∣− 1

4
≤ 0, (5.23)

which can be determined from the measured photon counts. This represents Freed-
man’s inequality.

Even though deriving the Freedman’s inequality is probably as complex as deriving
the CHSH inequality, the quantity S in the latter case depends on a set of 16
measurements and also cannot be written as a single equation. On the other hand,
for Freedman’s inequality, the quantity δ is lesser abstract and can be conveniently
represented as a single equation.

If all assumptions made while deriving the Freedman’s inequality were valid, δ ≥
0 must hold true. If experimental measurements negate it, at least one of the
assumptions is incorrect. The no-enhancement assumption can be experimentally
tested with convenience [36, 144]. The rotational invariance assumption (i.e.,
coincidence counts depends on the relative angle between the two polarizers rather
than their absolute individual angles) can also be easily tasted in the laboratory.
The two remaining assumptions are locality and reality. At least one of these must
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be incorrect if δ > 0 is obtained experimentally.

5.4.2 Quantum Mechanical Prediction

One of the Bell states for polarization-encoded photons is represented as

|Ψ〉 =
1√
2

(|H〉A |H〉B + |V 〉A |V 〉B). (5.24)

If each polarizer is assumed to transmit 100% of the light polarized along its axis,
the coincidence detection probability is given by

Pideal(a, b) = | 〈a|A 〈b|B |Ψ〉 |
2, (5.25)

where
|a〉A = |H〉A sin a+ |V 〉A cos a, (5.26)

|b〉B = |H〉B sin b+ |V 〉B cos b, (5.27)

if the polarizer angles are measured with respect to the vertical axis of the lab
frame. Equation 5.25 then becomes

Pideal(φ) = Pideal(a, b) =
1

2
(sin a sin b+ cos a cos b)2 =

1

2
cos2 (a− b) =

1

2
cosφ2.

(5.28)
If ε1 and ε2 represent the respective transmittances for light polarized along the
polarizer axes, the predicted probability of Equation 5.28 becomes

Pactual(φ) =
N(φ)

N0

=
1

2
ε1ε2 cosφ2. (5.29)

Hence, we can use Equation 5.29 to make a quantum mechanical prediction of δ
as follows:

δ =
∣∣P (22.5◦)− P (67.5◦)

∣∣− 1

4
=
ε1ε2

2
√

2
− 1

4
, (5.30)

It shows that the polarizer transmittances should have a geometric mean of at
least 0.84 to demonstrate a violation of the Freedman inequality. There is no such
requirement in the other two non-locality tests that we will also perform.

5.4.3 Tuning the Bell State

The experimental setup, shown in Figure 5.3, resembles that of Experiment Q1.
Therefore, Experiment Q1 can be consulted for the alignment procedure. A po-
larizer is introduced in both the paths for downconverted photons. An HWP is
placed in the pump beam to change the input vertical polarization of light to 45◦

with respect to the vertical. For downconversion, two BBO crystals are used. One
of the crystals converts horizontally polarized photons into pairs of vertically po-
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larized photons, while the other converts vertically polarized photons into pairs of
horizontally polarized photons. A quartz crystal is placed in the pump beam to
effectively minimize the total phase shift between the |HH〉 and |V V 〉 components
of the two-photon state.

BBO

A

B

P

Laser

P

HWP Q

Figure 5.3: Schematic diagram of experimental setup for Freedman’s test of local
realism. A polarizer (P) is placed in each path of the downconerted photon pair.
The pump beam half wave plate (HWP) and quartz plate (Q) are used to generate
Bell state.

For successful tests of nonlocality, we need to ensure we are working with entan-
gled states. For Freedman’s test, we would like to create the Bell state given by
Equation 5.24.

The A and B polarizers are set to 0◦. The pump beam HWP is adjusted in
such a way that, if both the polarizers are set at 90◦, the AB coincidences should
not change significantly. Once this is accomplished, the A and B polarizers are
oriented at 45◦ and the tilt of the birefringent plate is adjusted in the pump beam
to minimize the AB counts. Both the polarizers are now oriented at −45◦. If the
AB counts increase significantly, the last few steps are iterated again.

Ultimately, AB counts should be equalized for polarizer orientations 0◦ and 90◦

and should be minimized and equalized for polarizer orientations 45◦ and −45◦.
Once this is done, the state of Equation 5.24 is approximately achieved and the
Freedman’s test can be performed.

5.4.4 The Experiment

The experimental setup is shown in Figure 5.4. As explained in the previous
section, the following Bell state is created by a adjusting the pump HWP and the
quartz plate

|ψ〉 =
1√
2

(|H〉A |H〉B + |V 〉A |V 〉B). (5.31)

Over equally timed intervals, the coincidence counts N(22.5◦), N(67.5◦) and N0

are measured. To determine the polarizer transmittances, the coincidence counts
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Figure 5.4: Photograph of the Freedman’s test experiment, excluding the quartz
plate.

N1 and N2 are measured respectively, with one polarizer removed at a time. The
transmittances are calculated as ε1 = 2N1/N0 and ε2 = 2N2/N0 [36]. We record
two datasets. The measurements clearly violate Freedman’s inequality and the
results are summarized in Table 5.1.

Data acquisition time (s) N(22.5◦) N(67.5◦) N0 δ
20 354± 16 15± 4 999± 43 0.089± 0.005
120 369± 22 16± 4 1021± 78 0.095± 0.003

Table 5.1: Results of Freedman’s test of local realism.

Using Equation 5.29, the quantum mechanical prediction for δ is 0.066. The theo-
retical value is lower than the experimental δ as shown in Table 5.1. This may be
due to less-than-ideal behaviour of the polarizers at certain orientations.

Performing this experiment, we see that testing Freedman’s inequality requires
just three measurements and two single-photon detectors. It is perhaps the most
economical test for Bell-type non-locality. On the other hand, this test has certain
limitations as well. For instance, it makes use of no-enhancement and rotational
invariance assumptions (which are related to properties of the polarizers) while
deriving the inequality. A stronger test of local realism, such as the CHSH one,
would not require these additional assumptions. Even though these assumptions
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make Freedman’s inequality a weak test of local realism, its minimalist hardware
requirements still makes it an excellent experiment for teaching purposes. Further-
more, in a pedagogical context, discussing the limitations of this experiment offers
a great opportunity to talk about other subtler ‘loopholes’ which have just been
closed [145–147].

5.5 NL2: Hardy’s Test of Local Realism

We will observe that both CHSH and Hardy experiments involve similar inequal-
ities. It might be thought that there is no advantage to performing Hardy’s test
of local realism over the CHSH test. However, the explanation of Hardy’s test is
much easier to understand. Although it might take an hour or more to explain
Bell’s theorem to students in a junior/senior quantum mechanics course and longer
to derive it, it takes about half an hour to explain Hardy’s ideas to a nontechnical
audience. This difference is a compelling reason to implement Hardy’s test of local
realism in an undergraduate laboratory.

5.5.1 The Hardy Inequality

For deriving this inequality, let us go back to Alice and Bob (Figure 5.1), who
are interested in probabilities P (θA, θB), meaning the joint probability that Alice
measures her photon to be polarized along θA and Bob measures his photon to be
polarized along θB.

In quantum mechanics, these probabilities are encoded in the composite wavefunc-
tion |Ψ〉. On the other hand, in classical physics, we can assume a hidden variable
λ associated with the source which determines the joint probabilities. This is called
hidden variable because we cannot measure it, yet it describes the probabilities we
want to determine. According to the hidden variable theory,

P (θA, θB) =
∑
k

P (θA, θB, λ) =
∑
k

P (θA, θB|λ)P (λ), (5.32)

because there can be more than one hidden variables that can cause the joint
probability we are determining. This is the reality assumption. It can also be
written as

P (θA, θB) =
∑
k

P (θA, θB, λ) =
∑
k

P (θA|θB, λ)P (θB, λ)

=
∑
k

P (θA|θB, λ)P (θB|λ)P (λ).
(5.33)

Another assumption here is that the probability distributions we are dealing with
are all classical probability distributions (i.e. probabilities are real, non-negative
and normalized). The locality assumption tells us that measurement made by
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Alice cannot affect measurement made by Bob. Mathematically, it can be stated
as

P (θA|θB, λ) = P (θA|λ). (5.34)

Therefore, the joint probability of Equation 5.33 becomes

P (θA, θB) =
∑
k

P (θA|λ)P (θB|λ)P (λ). (5.35)

The normalization of probability distributions tells us that

P (θA|λ) + P (θ⊥A |λ) = 1, (5.36)

meaning that if the source produces photons described by λ, there are two possi-
bilities for Alice’s measurement: the photon is polarized either along θA or along
θ⊥A (i.e. perpendicular to θA). The original joint probability can then be treated
as

P (θA1, θB1) =
∑
k

P (θA1|λ)P (θB1|λ)P (λ)

=
∑
k

P (θA1|λ)P (θB1|λ)[P (θA2|λ) + P (θ⊥A2|λ)]P (λ)

=
∑
k

P (θA1|λ)P (θB1|λ)P (θA2|λ)P (λ)

+
∑
k

P (θA1|λ)P (θB1|λ)P (θ⊥A2|λ)P (λ)

=
∑
k

P (θA1|λ)P (θB1|λ)P (θA2|λ)[P (θB2|λ) + P (θ⊥B2|λ)]P (λ)

+
∑
k

P (θA1|λ)P (θB1|λ)P (θ⊥A2|λ)P (λ)

=
∑
k

P (θA1|λ)P (θB1|λ)P (θA2|λ)P (θB2|λ)P (λ)

+
∑
k

P (θA1|λ)P (θB1|λ)P (θA2|λ)P (θ⊥B2|λ)P (λ)

+
∑
k

P (θA1|λ)P (θB1|λ)P (θ⊥A2|λ)P (λ).

(5.37)

If we keep in mind that the probabilities are real, positive and less than 1, it
is not hard to see that the three terms in Equation 5.37 follow the inequalities,
respectively,∑

λ

P (θA1|λ)P (θB1|λ)P (θA2|λ)P (θB2|λ)P (λ) ≤
∑
λ

P (θA2|λ)P (θB2|λ)P (λ)

= P (θA2, θB2),

(5.38)
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∑
λ

P (θA1|λ)P (θB1|λ)P (θA2|λ)P (θ⊥B2|λ)P (λ) ≤
∑
λ

P (θA2|λ)P (θ⊥B2|λ)P (λ)

= P (θA2, θ
⊥
B2),

(5.39)

∑
λ

P (θA1|λ)P (θB1|λ)P (θ⊥A2|λ)P (λ) ≤
∑
λ

P (θB1|λ)P (θ⊥A2|λ)P (λ)

= P (θ⊥A2, θB1).

(5.40)

Putting these inequalities into Equation 5.37 gives the following inequality

P (θA1, θB1) ≤ P (θA2, θB2) + P (θA1, θ
⊥
B2) + P (θ⊥A2, θB1). (5.41)

This is a form of Bell-Clauser-Horne inequality which must be satisfied by any local
realistic theory. If this inequality is violated, quantum mechanics proves right and
nature is shown to violate local realism at the fundamental level.

The inequality can be written as

P (θA2, θB2) ≥ P (θA1, θB1)− P (θA1, θ
⊥
B2)− P (θ⊥A2, θB1), (5.42)

and involves four independent angles. If we choose the angles to be θA1 = β,
θB1 = −β, θA2 = −α and θB2 = α, Equation 5.42 becomes

P (−α, α) ≥ P (β,−β)− P (β, α⊥)− P (−α⊥,−β). (5.43)

We can then define H as

H = P (β,−β)− P (β, α⊥)− P (−α⊥,−β)− P (−α, α). (5.44)

Then, if H ≤ 0, local realism is satisfied. On the contrary, if H > 0, local realism
is violated. Let us see how quantum mechanics allows H to be positive and hence
violate local realism.

5.5.2 Quantum Mechanical Prediction

Let us consider the bi-partite system defined by the state

|Ψ〉 = a |H〉A |H〉B + b |V 〉A |V 〉B , (5.45)

with a and b real numbers and the state is normalized (i.e. |a|2 + |b|2 = 1).

If the source sends photons in the state |Ψ〉, the joint probability that Alice mea-
sures her photon polarized along θAi and Bob measures his photon to be polarized
along θBj, according to Born’s rule, is given by

P (θAi, θBj) = |(A〈θAi|B 〈θBj|) |ψ〉 |
2. (5.46)

For the general case, with photon polarized at an arbitrary angle θ with respect
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to the horizontal, we have

|θ〉 = cos θ |H〉+ sin θ |V 〉 . (5.47)

Therefore,

P (θAi, θBj) =

∣∣∣∣(A〈H| cos θAi +A 〈V | sin θAi)

(B〈H| cos θBj +B 〈V | sin θBj)

(a |H〉A |H〉B + b |V 〉A |V 〉B)

∣∣∣∣2
= (a cos θAi cos θBj + b sin θAi sin θBj)

2.

(5.48)

When performing Hardy’s test, a near optimal violation of local realism can be
accomplished using either of the states [8, 13]

|Ψ1〉 =
√

0.8 |H〉A |H〉B +
√

0.2 |V 〉A |V 〉B), (5.49)

|Ψ2〉 =
√

0.2 |H〉A |H〉B +
√

0.8 |V 〉A |V 〉B). (5.50)

For Ψ1, the analysis angles used are α = 55◦ and β = 71◦, and for Ψ2, the analysis
angles are α = 35◦ and β = 19◦ [13]. We can check that for a =

√
0.2 and b =

√
0.8,

choosing α = 35◦ and β = 19◦, Equations 5.48, 5.44 gives H = 0.093 > 0. The
mathematical analysis shows that the system will violate local realism. We will
verify this result experimentally.

5.5.3 The Experimental Setup

The experimental setup is shown in Figure 5.5 and can be built on the setup of
Experiment Q2, following the guidelines of which the fourth detector A′ can also
be aligned. At each detection station, the photons first pass through an HWP and
then through a polarizing beam splitter (PBS). Rotating the wave plate in front
of the beam splitter is equivalent to rotating the polarization axis of the beam
splitter. Light emerging from the beam splitter is collected by the detectors.

An experiment to perform Hardy’s test of local realism [13] is very similar to a test
of CHSH inequality [4, 7]. The apparatus required is the same; the only differences
when performing Hardy’s test are: (a) the downconversion source is tuned slightly
differently to produce photons in a different quantum state; (b) the polarizers in
front of the detectors are set to different angles; (c) the data is analyzed to compute
the quantity H, defined in Equation 5.44, rather than a different quantity that is
used in CHSH test.

There can be two different detection schemes in this experiment: a two-detector
scheme and a four-detector scheme. Determining H with the two-detector scheme
requires measurements to be preformed at 16 different combinations of wave-plate
angles. Thus obtaining results from the two detector scheme that are comparable
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Figure 5.5: Schematic diagram of experimental setup for Hardy’s test. In each
path of the downconverted photon pair, a half wave plate (HWP), a polarizing
beam splitter (PBS) and two detectors are placed. The pump beam half wave
plate (HWP) and quartz plate (Q) are used to generate the Hardy state.

to those from the four detector scheme requires a data acquisition time that is four
times longer. We use the four-detector scheme, as shown in Figure 5.5.

5.5.4 Aligning the Detectors

The key to the experiment is aligning the source to produce a state that closely
approximates one of the states given in Equations 5.49, 5.50.

The source thus produces pairs of horizontally polarized photons with probability
|a|2 and pairs of vertically polarized photons with probability |b|2. The relative
magnitudes of a and b are adjusted by rotating the HWP that controls the pump
polarization. The relative phase is controlled by tilting the quartz plate, and we
wish to adjust this phase to be 0◦ [46].

We start by adjusting the pump polarization to be vertical, so that it pumps only
one of the two crystals, and the downconverted photons are horizontally polarized.
Following the procedure in Experiment Q1, we align the crystal, and detectors A
and B. Following the procedure in Experiment Q2, we align the PBS, the wave
plates, and the detectors A′ and B′.

So far, we have aligned the system by pumping only one of the downconversion
crystals. This first crystal is sensitive to tilt in one direction, but not the other. For
a vertically polarized pump, the crystal should be sensitive to tilt in the vertical
direction, but not in the horizontal direction.

In order to align the second crystal, we rotate the pump beam wave plate by 45◦,
which rotates the pump-beam polarization to horizontal. Now the second crystal
is being pumped, but not the first. We adjust the horizontal tilt of the crystal pair
to maximize the count rates. The second crystal should be sensitive to this tilt,
but the alignment of the first crystal will not be affected because it is not sensitive
to this tilt. This tilt is the only adjustment we need to make in order to align the
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second crystal, and complete the alignment.

In the next section, we will adjust the pump-beam wave plate and the birefringent
plate, in order to create the proper polarization-entangled state.

5.5.5 Tuning the Hardy State

To tune the state, we set the detector wave plates so that NAB registers HH
coincidences, and NA′B′ registers V V coincidences. We adjust the wave plate in
the pump beam so that the ratio of these coincidences is 4 : 1. We then set the
detector wave plates to measure NAB(−α, α) and adjust the tilt of the quartz
plate in the pump beam (hence adjusting φ in Equation 5.1) to minimize these
coincidences. The advantage of using four detectors when doing this procedure
is that we can monitor P (−α, α) in real time while performing this adjustment.
Ideally, we wish this probability to be less than 1%.

Now the state should be fairly well-tuned, and we should be able to verify that
P (β, α⊥) and P (−α⊥,−β) are both on the order of a few percent. Fine-tuning
is done by iteratively adjusting the wave plate and the quartz plate in the pump
beam, as well as varying the measurement angles over a few degrees, all with the
goal of keeping the measured values of P (−α, α), P (β, α⊥) and P (−α⊥,−β) as
low as possible while increasing H.

5.5.6 Measuring Probabilities

If we consider the four-detector measurement setup as in Figure 5.5, the idler
photon travels to Alice and her two detectors (A and A′), while the signal photon
travels to Bob and his two detectors (B and B′). We are interested in signal-idler
pairs where Alice and Bob detect photons at the same time. The raw data collected
in the experiment consists of measuring numbers of coincidence counts in a given
time window (NAB′ is the number of coincidences between detectors A and B′ in
a given counting interval, for example.)

Given the four measurements of coincidence counts (NAB, NAB′ , NA′B, and NA′B′)
we can determine the probability that Alice’s and Bob’s photons had a particular
set of polarizations. For example, assume that Alice’s HWP is set to transmit
photons polarized along the angle θA to detector A, and Bob’s HWP is set to
transmit photons polarized along the angle θB to detector B. The joint probability
that they will measure photons polarized along these directions, P (θA, θB), is given
by

P (θA, θB) =
NAB

NAB +NAB′ +NA′B +NA′B′
. (5.51)

We can write similar expressions for joint probabilities P (θA′ , θB), P (θA, θB′) and
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P (θA′ , θB′).

P (θA, θB′) =
NAB

NAB +NAB′ +NA′B +NA′B′
, (5.52)

P (θA′ , θB) =
NAB

NAB +NAB′ +NA′B +NA′B′
, (5.53)

P (θA′ , θB′) =
NAB

NAB +NAB′ +NA′B +NA′B′
. (5.54)

We will assume that, in joint probabilities of the form P (θA, θB), the first variable
always refers to Alice’s polarization.

If, instead of four-detector measurement setting, we are using two-detector mea-
surement setting, as in Figure 5.1, the coincidence counts NAB, NAB′ , NA′B, and
NA′B′ can be measured using four different settings of the polarizers.

5.5.7 The Experiment

The experimental setup, procedure for aligning the detectors and tuning the Hardy
state have been explained in the previous sections. Once this much is accomplished,
we are ready to perform the non-locality test. We use motorized waveplates, mak-
ing sure that the axis of the waveplates align with the zeroes of the motorized
mounts.

Photographed in Figure 5.6, we perform the experiment using the four detector
scheme. We created the state given by Equation 5.50, for which the analysis angles
are α = 35◦, β = 19◦. When performing the experiment, we set the detector
HWPs to half the desired angles and then collect coincidence data for a given
integration time. We find H = 0.107 ± 0.002, where the quoted error is the
standard deviation. This result violates the inequality H ≤ 0 set by local realism
by 37 standard deviations. This experiment used a 120 s integration time and the
individual probabilities are calculated to be P (β,−β) = 0.677, P (β, α⊥) = 0.206,
P (−α⊥,−β) = 0.131, and P (−α, α) = 0.233.

5.6 NL3: CHSH Test of Local Realism

The nonlocality due to CHSH is a historically important test of local realism, which
has been around longer than Hardy’s or Freedman’s test [8]. It is more laborious
than Hardy’s test or the Freedman’s test as far as the number of measurements
are concerned. The setup is exactly the same as that of Hardy’s test and can be
of two variants: two-detector and four-detector. Four-detector setup reduces the
number of trials for one complete experiment, which is why we prefer it. Let us
first look at the concerned inequality.
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Figure 5.6: Photograph of the Hardy’s test setup, excluding the quartz plate.

5.6.1 The CHSH Inequality

To derive this inequality, we follow the approach presented in [4]. Consider once
again the Alice-Bob experiment of Figure 5.1. For a hidden variable theory (HVT),
the hidden variable denoted as λ can be described by the probability distribution

ρ(λ) ≥ 0, (5.55)

and probability theory tells us that∫
ρ(λ)dλ = 1. (5.56)

Locality and reality assumptions are included in the argument as follows: for a
photon going to Alice, the measurement outcome is completely determined by
A(α, λ), which is a function of the hidden variable and the measurement angle
α. Its value is taken to be −1 for Hα and +1 for Vα. Similarly, Bob’s photon
measurement can be described by B(λ, α). It takes the value of −1 for Hβ and +1
for Vβ. The HVT can then specify the functions ρ, A and B.

We know that the probability of a specific outcome, averaged over an ensemble of
photon pairs, is given by an integral. The probabilities of finding photon pairs as
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VαVβ, VαHβ, HαVβ and HαHβ are given by the following expressions, respectively

PV V (α, β) =

∫
1 + A(α, λ)

2

1 +B(β, λ)

2
ρ(λ)dλ, (5.57)

PV H(α, β) =

∫
1 + A(α, λ)

2

1−B(β, λ)

2
ρ(λ)dλ, (5.58)

PHV (α, β) =

∫
1− A(α, λ)

2

1 +B(β, λ)

2
ρ(λ)dλ, (5.59)

PHH(α, β) =

∫
1− A(α, λ)

2

1−B(β, λ)

2
ρ(λ)dλ, (5.60)

using which we can show that

E(α, β) ≡ PHH + PV V − PHV − PV H =

∫
A(α, λ)B(β, λ)ρ(λ)dλ. (5.61)

E(α, β) is in fact the expected outcome of local realistic measurements that deter-
mine Alice’s photon to be polarized along α and Bob’s along β. Let us also define
s that tells us about the polarization correlation in one pair of photons in terms
of the four angles a, a′, b and b′:

s = A(a, λ)B(b, λ)− A(a, λ)B(b′, λ) + A(a′, λ)B(b, λ) + A(a′, λ, )B(b′, λ)

= A(a, λ)[B(b, λ)−B(b′, λ)] + A(a′, λ)[B(b, λ, ) +B(b′, λ, )].
(5.62)

It is not hard to see that s can only take the values +2 or −2. If we have an
ensemble of photons, the average of s can be calculated as

S(a, a′, b, b′) ≡ 〈s〉 =

∫
s(λ, a, a′, b, b′)ρ(λ)d(λ)

= E(a, b)− E(a, b′) + E(a′, b) + E(a′, b′).

(5.63)

Since s can have only the values ±2, S which is its average must satisfy

|S| ≤ 2. (5.64)

This is called the CHSH Bell inequality, which must be satisfied by any local
realistic theory. We look at the quantum mechanical prediction in the next section.

5.6.2 Quantum Mechanical Prediction

Consider the bi-partite state

|ψ〉 =
1√
2

(|H〉A |H〉B + |V 〉A |V 〉B). (5.65)
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If we measure polarization in the HV basis generally rotated by an angle α from
horizontal/vertical, we have the rotated basis given by

|Vα〉 = cosα |V 〉 − sinα |H〉 , (5.66)

|Hα〉 = sinα |V 〉+ cosα |H〉 . (5.67)

The measurement probabilities are then given by

PV V (α, β) = |(〈Vα|A 〈Vbeta|B) |ψ〉 |2 =
1

2
cos2 (α− β). (5.68)

Similarly, PHH(α, β) = 1
2

cos2 (α− β) and PHV (α, β) = PV H(α, β) = 1
2

sin2 (α− β).
Therefore,

E(α, β) = PV V + PHH − PV H − PHV = cos (2(α− β)), (5.69)

and hence

S = E(a, b)− E(a, b′) + E(a′, b) + E(a′, b′)

= cos (2(a− b))− cos (2(a− b′)) + cos (2(a′ − b)) + cos (2(a′ − b′)).
(5.70)

It can be shown that for angles a = −45◦, a′ = 0◦, b = −22.5◦ and b′ = 22.5◦, we
get S = 2

√
2.

It is important to mention here that S = 2
√

2 for the Bell state given by Equation
5.65. Other states may produce lower values of S. Experimentally, it is very
hard to produce perfectly the state represented by Equation 5.65. Therefore, we
expect to obtain non-ideal results. Nevertheless, if we can experimentally show
that S > 2, we will have violated the Bell inequality and hence negated all HVTs.

5.6.3 Tuning the Bell State

We created Bell state for Freedman’s test in Experiment NL1. The procedure we
will explain here is analogous but adapted for four-detector scheme that we will
use for the CHSH test. The idea is to equalize AB and A′B′ counts and minimize
A′B and AB′ counts in both the HV and ±45 bases. Equalizing AB and A′B′

counts translates to equalizing a and b in Equation 5.1 while minimizing A′B and
AB′ counts means making φ zero.

The experimental setup for CHSH test is identical to that of the Hardy test.
Therefore, Experiment NL2 can be consulted for alignment procedures. However,
once the setup is aligned, it is important to tune the Bell state of Equation 5.65
in order to achieve the maximal violation of Bell inequality of Equation 5.70.

The A and B wave plate angles are set to 0◦. With these wave plates settings, the
A and B detectors monitor horizontally polarized photons coming from the source,
and the A′ and B′ detectors monitor vertically polarized photons. We adjust the
pump-beam HWP so that the ratio of the AB and A′B′ coincidences is roughly

111



1 : 1.

Now we use the motors to set the A and B wave plates to 22.5◦ and adjust the
tilt of the birefringent plate in the pump beam to minimize the A′B and AB′

coincidences.

We iterate back and forth between the two steps. Ultimately, when the AB and
A′B′ coincidences are roughly 1 : 1 for both the HWPs set at 0◦ or 22.5◦, the state
of the downconverted photons is approximately the Bell state we desire. We share
the experimental results of the CHSH test in the next section.

5.6.4 The Experiment

The schematic of this experiment can be seen in the Figure 5.5, while a photograph
is shown in Figure 5.6. Following the procedure in the previous section, the Bell
state is produced, for which the analysis angles are a = −45◦, a′ = 0◦, b = −22.5◦

and b′ = 22.5◦ (Figure 5.7).

a

b

a'
b'

H

V

22.5°

22.5°22.5°

Figure 5.7: Relation between analysis angles for maximal violation of CHSH in-
equality [4].

When taking data, we set the detector HWPs to half the desired angles and then
collect coincidence data for a given integration time. We record three datasets and
the inequality results are summarized in Table 5.2.

Data acquisition time S Violation by no. of standard deviations
20 s 2.384± 0.008 45
20 s 2.365± 0.008 43
120 s 2.331± 0.004 93

Table 5.2: Results of CHSH test of local realism.

This results clearly show that the system under study violates local realism, agree-
ing with the theoretical prediction (S > 2).
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Arguably, one of the most attractive aspects of physics is pondering over the nature
of physical reality. Many different Bell tests have been performed and re-performed
to this day, each version seemingly better than the previous ones and closing more
loopholes. We have discussed three very accessible versions of Bell tests in this
chapter. Once the experimental setups are ready, these experiments can be per-
formed in a single afternoon. Yet it seems that these experiments may be one of
the deepest investigations of the ultimate nature of reality.
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Chapter 6

QST: Quantum State
Tomography

In Experiments NL1-NL3, we saw that quantum mechanics accounts for certain
two-photon polarization states which violate the apparently self-evident assump-
tions of locality and/or reality. We called such a pair of photons ‘entangled’ in
polarization. The complete study of entangled states require investigating the
quantum state of both the photons forming the entangled pair. In Experiments
Q3 and Q4, we used one of the two downconverted photons as a herald for detec-
tion of the other photon. In other words, our focus was on studying the quantum
state of a single photon. In this chapter, we will attempt to account for the com-
plete polarization-based description of the two downconverted photons, through a
technique called quantum state tomography (QST).

Quantum state tomography can be described as a characterization of the com-
plete quantum state of a particle or particles through a series of measurements.
As established in Experiments Q3 and Q4, performing some measurement of a
quantum particle perturbs its state. Therefore, quantum state tomography can
never be successfully applied to a single unknown particle. Rather, it should be
performed in stages on a number of identical copies of the same state.

Creation, manipulation and characterization of quantum states is essential for
quantum computing, quantum cryptography, and quantum communication. By
performing a number of measurements on large ensembles of particles prepared
identically, the quantum state of the corresponding system can be estimated. We
can consider the Stokes parameters to be one such experimental method for de-
termining the quantum state of a system [148]. As we discussed in Chapter 2, the
four Stokes parameters allow us to uniquely determine the polarization state of an
optical beam.

In Chapters 4 and 5, we showed that certain light beams can be seen as ensembles of
two-level quantum systems (comprising photons), with the two polarization degrees
of freedom defining the quantum state. The Stokes parameters can then be used
to estimate the density matrix associated with this ensemble. There exists simple

114



tomographic techniques in which experimental data are linearly transformed to find
the density matrix of a quantum state. However, because of experimental noise,
these methods may not fetch density matrices corresponding to physical states. It
is well-known that a density matrix for any valid quantum state must be Hermitian,
positive semi-definite and has unit trace. The experimentally measured matrices
usually fail to fulfil the positive semi-definite condition [37]. As a workaround, a
maximum likelihood estimation approach has been developed [149–153]. In this
approach, in the density matrix which is ‘mostly likely’ to have produced the
measured dataset is obtained via numerical optimization.

Tomographic methods have been successfully used for measurement in quantum
mechanical systems of a vast variety and complexity [154–160]. Particularly, the
methods have proved effective in studying the quantum state of qubits, based on
polarization-entangled pairs of photons generated through downconversion [35].
Our focus will be on QST of such systems, but the discussion is applicable to other
two-level quantum states as well.

In this chapter, we will extend the discussion of techniques for quantum state mea-
surement (initiated in Experiments Q3, Q4) in the context of correlated two-level
quantum optical systems or qubits. We will particularly focus on two techniques,
namely, a linear tomographic reconstruction and a maximum likelihood technique.
The former technique linearly relates the density matrix to a series of measure-
ments and is important to understand the theoretical basis of tomography (using
idealized measurements). However, it does not always returns valid density ma-
trices for physical systems. On the other hand, the latter technique is based on
numerical optimization and is an adaptation of the former technique to real, non-
ideal systems. Hence, it returns valid density matrices for imperfect experimental
conditions as well. In the next section, we re-visit the relation of the Stokes pa-
rameters and quantum state tomography.

6.1 The Stokes Parameters and Quantum State

Tomography

As mentioned in the introduction, an analogy exists between measuring the po-
larization state of light and estimating the density matrix of two-level quantum
systems. This analogy is the subject of this section.

Before discussing quantum state tomography for two qubits, we will investigate
the single qubit case. This will help us appreciate an intuitive picture of state
representation and tomography before moving on to the more complex case of two
qubits.

In general, any single qubit in a pure state can be represented by Equation 4.28.
This representation is not only sufficient for describing a pure state but also enables
us to describe the action of an operator, i.e., projection or unitary operation on
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the pure state, and hence to carry out tomography on that state. However, if the
to-be-measured ensemble of particles forms a mixed state, we need density matrix
representation, which can generally be expressed as:

ρ̂ =
∑
i

Pi |ψi〉 〈ψi| =
(

A Ceiφ

Ce−iφ B

)
, (6.1)

where A, B, and C are real, non-negative numbers, A + B = 1 and C =
√
AB.

Pi is the probabalistic weighting (
∑

i Pi = 1) [72]. To completely determine this
matrix requires 4 minus 1 parameters (since A+B = 1).

The Stokes parameters, which give complete description of the polarization state
of light, are usually defined in terms of a set of four intensity measurements in
the HV , LR, and ±45◦ bases [49]. In case of photons, the intensities can be
replaced by numbers of photodetections, or probabilities directly proportional to
the classical intensities. If the basis states are given by |H〉, |D〉, and |R〉, the
Stokes parameters are defined as [38]:

S0 = P|H〉 + P|V 〉, (6.2)

S1 = P|D〉 − P|A〉,
S2 = P|L〉 − P|R〉,
S3 = P|H〉 − P|V 〉,

where P|ψ〉 is the probability of measuring the photon in the polarization state |ψ〉.
For a state described by the density matrix ρ̂, P|ψ〉 is given by:

P|ψ〉 = 〈ψ|ρ̂|ψ〉 = Tr{|ψ〉 〈ψ| ρ̂}. (6.3)

The Stokes parameters are related to the single qubit density matrix ρ̂ by the
formula

ρ̂ =
1

2

3∑
i=0

Siσ̂i, (6.4)

where σ̂i are the identity operator and the Pauli spin operators, respectively, given
by

σ̂0 ≡
(

1 0
0 1

)
, σ̂1 ≡

(
0 1
1 0

)
, σ̂2 ≡

(
0 −i
i 0

)
, σ̂3 ≡

(
1 0
0 −1

)
, (6.5)

and the Si values are given by [72]

Si ≡ Tr{σ̂iρ̂}. (6.6)

For pure states, we have
∑3

i=1 S
2
i = 1;, while for mixed states we have

∑3
i=1 S

2
i < 1.

For the completely mixed state,
∑3

i=1 S
2
i = 0. S0 = 1 because of normalization.

Equations 6.4, 6.5 imply that measuring the Stokes parameters is equivalent to
tomographic measurements of the density matrix of an ensemble of single qubits.

If the Stokes parameters are used as coordinates in three-dimensional space, the
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space of all normalized, legal states falls within a sphere of radius one. This
sphere is called Poincare sphere [112] when discussing classical optical polarization,
whereas it is called the Bloch sphere [38] for two-level quantum systems. The single
qubit state can be represent as shown in Figure 6.1. Any state and its orthogonal
counterpart are present on the diametrically opposite points of the sphere. The
pure states are present on the surface of the sphere: states of linear polarization
on the equator and circular states lie at the poles. The mixed states lie within the
sphere. The totally mixed state rests at the very center of the sphere [38].

x

z

θ

φ

y

|1 ⟨

|0 ⟨

|� ⟨

Figure 6.1: Any qubit state |Ψ〉 can be represented on the Bloch sphere. Pure
states lie on the surface while mixed states lie inside the sphere.

The θ and φ angles allow any pure state to be easily mapped onto the sphere
surface. These values are the polar coordinates of the pure state they represent.
The sphere can also be used to represent a unitary operation as a rotation about
an arbitrary axis. For example, waveplates implement rotations about an axis that
passes through the equator.

Waveplates implement unitary operations, and in the Bloch sphere picture, act
as rotations about an axis lying within the linear polarization plane (the equa-
tor). Imperfect waveplates will lead to measurements in slightly different bases.
The maximum likelihood technique provides an effective way to accommodate for
imperfect measurements [38].

The line connecting the two opposite points (representing two orthogonal states)
forms an axis of the sphere, useful for visualizing the outcome of a measurement in
the basis. The projection of any state, will lie a distance along this axis correspond-
ing to the relevant Stokes parameter. Thus, just as any point in three-dimensional
space can be specified by its projection onto three linearly independent axes, any
quantum state can be specified by the three parameters.

Equation 6.4 is a perfect recipe for reconstructing density matrices of single qubit
states as long as no errors and perfect experimental conditions are assumed. It is
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important to keep in mind that the set of Stokes measurements of Equation 6.2
is not unique. Sometimes experimental circumstances may be such that it may
be preferable to use some other set of measurements, which are Stokes-like and
equivalent [37].

6.2 Single Qubit Tomography

The goal of quantum state tomography is estimating the density matrix of an
unknown ensemble of particles through a series of measurements. Practically, this
cannot be performed exactly, because it requires an infinite number of particles
and measurements to eliminate the statistical error.

If exact measurements were taken on infinite ensembles, each measurement would
yield an exact probability of success, which could then be used to reconstruct a
density matrix. Though unrealistic, it is highly illustrative to examine this exact
tomography before seeing the more general treatment. Hence, in this section, we
will assume that there are no sources of error in the measurements.

Assuming exact measurements, performing single-qubit state tomography requires
making three measurements which are linearly independent. We can visualize
the three measurements in terms of the Bloch sphere (Figure 6.1). Before the
measurement, the unknown state may be anywhere on or inside the Bloch sphere
– we do not know. The first measurement always caps the unknown state to a
plane. The second measurement isolates the unknown state from the plane to a
line. From this line, the third measurement finally fetches a point on the Bloch
sphere, corresponding to the state which has been measured.

We possess no information of the unknown state until the state tomography is
performed. The tomographic measurements give us probabilities, which help us
determine the Stokes parameters. The Stokes parameters are finally used to recon-
struct the density matrix of an arbitrary state. Using the tools developed earlier
in this chapter, single-qubit tomography is relatively straightforward. Considering
that S1, S2, and S3 completely determine the state, we need only measure them
to complete the tomography. Using equation 6.2, three measurements respectively
in the HV , LR, and ±45 bases will completely specify the unknown state.

Recalling Experiment Q3, we generated single-qubit states and performed measure-
ments in the aforementioned bases. Hence, we can use the same measurements to
estimate the respective density matrices. The results are presented in Table 6.1.
Stokes parameters are calculated using Equation 6.2, while the density matrices
are computed using Equation 6.4.

For single qubit tomography, Table 6.1 shows that the estimated density matrices
correlate well with the theoretically predicted ones. We can now generalize this
method for two-qubit tomography.
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State Predicted density matrix Measured density matrix

|H〉
(

1 0
0 0

) (
0.97 −0.04− 0.31i

−0.04 + 0.31i 0.03

)

|V 〉
(

0 0
0 1

) (
0.07 0.10 + 0.22i

0.10− 0.22i 0.93

)

|D〉
(

0.5 0.5
0.5 0.5

) (
0.55 0.32− 0.17i

0.32 + 0.17i 0.45

)

|A〉
(

0.5 −0.5
−0.5 0.5

) (
0.49 −0.45− 0.04i

−0.45 + 0.04i 0.51

)

|L〉
(

0.5 0.5i
−0.5i 0.5

) (
0.44 0.01 + 0.43i

0.01− 0.43i 0.56

)

|R〉
(

0.5 −0.5i
0.5i 0.5

) (
0.53 0.04− 0.47i

0.04 + 0.47i 0.47

)

Table 6.1: Results of single qubit tomography.

6.3 Two Qubit Tomography

It is reasonably straightforward to generalize the tomography scheme based on
the Stokes parameters to measure multi-qubit states. However, it must be kept
in mind that there exist important differences between the single photon and the
multi-photon cases. For instance, single photons resemble polarization properties
of classical optical beams and hence can be described in a purely classical manner
[161], if photodetection statistics are ignored. For multi-photon systems, nonclassi-
cal correlations may exist between the two or more beams. This is due to a purely
quantum mechanical behaviour called entanglement.

In this section, we are interested in two-photon systems. The two-qubit photon
polarization state can be generally written as

ρ̂ =


A1 B1e

iφ1 B2e
iφ2 B3e

iφ3

B1e
−iφ1 A2 B4e

iφ4 B5e
iφ5

B2e
−iφ2 B4e

−iφ4 A3 B6e
iφ6

B3e
−iφ3 B5e

−iφ5 B6e
−iφ6 A4

 , (6.7)
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where ρ̂ is positive, Hermitian and has a trace equal to 1. Hence, we need 16
minus 1 parameters to complete determine this matrix. For this two-qubit state,
the equation analogous to Equation 6.4 is

ρ̂ =
1

4

3∑
i,j=0

Sijσ̂i ⊗ σ̂j, (6.8)

and the S-parameters are generally given as

Sij = Si ⊗ Sj = (Pψi
± Pψi⊥)⊗ (Pψj

± Pψj⊥). (6.9)

For normalization, it is required that S00 = 1, hence allowing 15 real parameters
to identify any point in the two-qubit Hilbert space. These are in fact two-qubit
analog of the single qubit Stokes parameters. However, unlike the Bloch for one
qubit states, we do not have a very accessible graphical picture of this two-qubit
space. However, the Stokes parameters and the measurement probabilities are still
related in the two-qubit space as well [37, 162].

The two-qubit Stokes parameters are given as

S00 = (P|H〉 + P|V 〉)⊗ (P|H〉 + P|V 〉) = P|HH〉 + P|HV 〉 + P|V H〉 + P|V V 〉,(6.10)

S01 = (P|H〉 + P|V 〉)⊗ (P|D〉 − P|A〉) = P|HD〉 − P|HA〉 + P|V D〉 − P|V A〉,(6.11)

S02 = (P|H〉 + P|V 〉)⊗ (P|L〉 − P|R〉) = P|HL〉 − P|HR〉 + P|V L〉 − P|V R〉, (6.12)

S03 = (P|H〉 + P|V 〉)⊗ (P|H〉 − P|V 〉) = P|HH〉 − P|HV 〉 + P|V H〉 − P|V V 〉,(6.13)

S10 = (P|D〉 − P|A〉)⊗ (P|H〉 + P|V 〉) = P|DH〉 + P|DV 〉 − P|AH〉 − P|AV 〉,(6.14)

S11 = (P|D〉 − P|A〉)⊗ (P|D〉 − P|A〉) = P|DD〉 − P|DA〉 − P|AD〉 + P|AA〉, (6.15)

S12 = (P|D〉 − P|A〉)⊗ (P|L〉 − P|R〉) = P|DL〉 − P|DR〉 − P|AL〉 + P|AR〉, (6.16)

S13 = (P|D〉 − P|A〉)⊗ (P|H〉 − P|V 〉) = P|DH〉 − P|DV 〉 − P|AH〉 + P|AV 〉,(6.17)

S20 = (P|L〉 − P|R〉)⊗ (P|H〉 + P|V 〉) = P|LH〉 + P|LV 〉 − P|RH〉 − P|RV 〉, (6.18)

S21 = (P|L〉 − P|R〉)⊗ (P|D〉 − P|A〉) = P|LD〉 − P|LA〉 − P|RD〉 + P|RA〉, (6.19)

S22 = (P|L〉 − P|R〉)⊗ (P|L〉 − P|R〉) = P|LL〉 − P|LR〉 − P|RL〉 + P|RR〉, (6.20)

S23 = (P|L〉 − P|R〉)⊗ (P|H〉 − P|V 〉) = P|LH〉 − P|LV 〉 − P|RH〉 + P|RV 〉, (6.21)

S30 = (P|H〉 − P|V 〉)⊗ (P|H〉 + P|V 〉) = P|HH〉 + P|HV 〉 − P|V H〉 − P|V V 〉,(6.22)

S31 = (P|H〉 − P|V 〉)⊗ (P|D〉 − P|A〉) = P|HD〉 − P|HA〉 − P|V D〉 + P|V A〉,(6.23)

S32 = (P|H〉 − P|V 〉)⊗ (P|L〉 − P|R〉) = P|HL〉 − P|HR〉 − P|V L〉 + P|V R〉, (6.24)

S33 = (P|H〉 − P|V 〉)⊗ (P|H〉 − P|V 〉) = P|HH〉 − P|HV 〉 − P|V H〉 + P|V V 〉.(6.25)

If we have a 4-detector system, these probabilities are measured in a single setting
of the analyzer system in an experiment. Hence, we need to determine all the
Stokes parameters to determine the density matrix. The 15 number of settings
of the analysis system can be reduced by noting that some of the measurements
are redundant. In two-qubit state with 4 detectors, the number of settings for
measurement can be reduced from 15 to 9 [38].
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The density matrix can be used as a tool to characterize any state between mixed
and entangled states. For instance, fidelity is a quantity defined to measure the
state overlap or ‘likeness’ of two states, and is generally given by [72]

F (ρ1, ρ2) =

(
Tr
{√√

ρ1ρ2
√
ρ1

})2

. (6.26)

However, if one of the two states being compared is pure, the fidelity expression
simplifies to

F (ρ1, ρ2) = Tr{ρ1ρ2}. (6.27)

Hence, if we want to check how well a particular entangled state is generated, we
can do quantum state tomography of the generated state and check its fidelity
against the theoretical prediction for the intended state.

6.4 Errors and Compensation

The technique described above empowers us to perfectly reconstruct the density
matrix only if we have data from an infinite set of ideal measurements. In real ex-
periments, we cannot assume ideal probabilities and ideal measurement. A density
matrix corresponding to any physical state must be positive semi-definite. Cou-
pled with normalization and Hermiticity, it implies that all the eigenvalues of the
density matrix must lie between 0 and 1 (inclusive), and that their sum must be 1.
This, in turn, implies that 0 < Tr < 1. It has been reported that these condition
are not achieved in all experimental tomographic measurements [38].

The errors propagating into the density matrix can be categorized into three types
[38]: errors in the measurement basis, errors from the counting statistics and errors
from lack of experimental stability. The first type of error is tackled by using an
increasingly accurate measurement apparatus. The second type of error can be
reduced by taking a larger number of measurements, i.e., recording photo-counts
for a longer time. The third type of error is because of instability of the generated
state or the lack of stability of the measurement apparatus. It can be somewhat
compensated by using four detectors (instead of two) for the two-photon case.
Drift in state intensity (e.g., the rate of photons produced) can be compensated
for by employing to a 2n detector system (for n qubits). Because every member
of the ensemble is measured in a complete basis, this gives an exact intensity for
each set of 2n measurements, eliminating the need for the assumption that each
measurement run is over the same size ensemble.

There may be additional errors which can be compensated. For example, as we
discussed in Chapter 4, there are accidental coincidence counts due to background
light. These accidental counts can be subtracted from the total measured counts.

Even after taking care of these errors, it is possible that the state estimation
procedure fetches us an illegal density matrix (e.g., a single qubit state with radius
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greater than 1 in the Bloch space). This problem is taken care of by finding
the legal state which most likely might have returned the counts that have been
measured [37, 149]. Hence, a maximum likelihood technique is used, as briefly
explained in the next section.

6.5 Maximum Likelihood Estimation

The problem of reconstructing illegal density matrices is resolved by selecting the
legitimate state most likely to have returned the measured counts [37, 149]. In
practice, analytically calculating this maximally likely state is prohibitively diffi-
cult, and a numerical search is necessary. Hence, maximum likelihood estimation
requires three major elements: a manifestly legal parametrization of a density ma-
trix, a likelihood function which can be maximized, and a technique for numerically
finding this maximum over a search of the density matrix parameters.

In this context, a legitimate (physical) state refers to a non-negative definite Her-
mitian density matrix of trace one. The density matrix expressed as

ρ̂p =
T̂ †T̂

T r{T̂ †T̂}
(6.28)

fulfills the aforementioned mathematical properties required for valid density ma-
trices for physical systems [37]. Dealing with the two-qubit system, we have a 4×4
density matrix with 15 independent real parameters. It is convenient to choose a
tri-diagonal form for T̂ [37] given by

T̂ =


t1 0 0 0

t5 + it6 t2 0 0
t11 + it12 t7 + it8 t3 0
t15 + it16 t13 + it14 t9 + it10 t4

 . (6.29)

For the measurement data consisting of a set of 16 coincidence counts ni whose
expected values are given by n̄i = N 〈ψi|ρ̂p|ψi〉 (for i = 1, 2, ..., 16), and assuming
a Gaussian probability distribution of the noise on the coincidence counts, the
optimization problem can be expressed as finding the minimum of the function
[37]:

L =
16∑
i=1

[N 〈ψi|ρ̂p|ψi〉 − ni]2

2N 〈ψi|ρ̂p|ψi〉
. (6.30)

The final step in the maximum likelihood technique is an optimization routine. We
use the MATLAB toolbox developed by the Kwiat group1 for the aforementioned
maximum likelihood estimation, and discuss the two-qubit experiment in the next
section.

1http://research.physics.illinois.edu/QI/Photonics/tomography/
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6.6 The Experiment

We use a four-detector system for two qubits. The experimental setup is an exten-
sion to that of Experiments NL2-NL3. Only two quarter wave plates (QWPs) are
added in the two downconverted beams. Schematic diagram of the setup is shown
in Figure 6.2 whereas a photograph is shown in Figure 6.3.

BBO

A

B

HWP

Laser

HWP

B’

PBS

A’

PBS

HWP

QWP

QWP

Q

Figure 6.2: Schematic diagram of two qubit tomography setup. In each path of
the downconverted photon pair, a quarter wave plate (QWP), a half wave plate
(HWP), a polarizing beam splitter (PBS) and two detectors are placed. The pump
beam half wave plate (HWP) and quartz plate (Q) are used to generate the required
input state.

As shown in Experiment Q3, an arbitrary polarization measurement and its or-
thogonal compliment can be realized using, in order, a QWP, a half wave plate
(HWP), and a polarizing beam splitter. During the tomography experiment, we
only change the orientation of the waveplates using motorized mounts to realize
measurements in different polarization bases, whereas the input states are modified
by changing the orientation of the pump beam HWP (and rotation of the quartz
plate with respect to the vertical axis).

For tomography of each generated state, we performed measurements in 16 bases,
which along with the respective waveplate orientations are tabulated in Table 6.2.

We perform tomography for three states |HH〉, |V V 〉 and |HH〉+|V V 〉
2

, using the
maximum likelihood estimation toolbox2, compare the estimated density matrices
with the theoretically predicted ones and compute the fidelity for each generated
state (Table 6.6). The datasets for the three states are presented in Tables 6.3, 6.4
and 6.5, respectively. The estimated density matrices are also plotted in Figure
6.4.

Analysing errors in the experimentally reconstructed density matrices is not a
straightforward task. We do not perform error analysis here but briefly mention
two methods. The traditional method analytically accounts for the errors in the

2http://research.physics.illinois.edu/QI/Photonics/tomography/

123



Figure 6.3: Photograph of the two qubit tomography setup, excluding the quartz
plate.

Measurement Basis hA qA hB qB
|HH〉 0◦ 0◦ 0◦ 0◦

|HV 〉 0◦ 0◦ 45◦ 0◦

|HD〉 0◦ 0◦ 22.5◦ 45◦

|HL〉 0◦ 0◦ 0◦ 45◦

|V H〉 45◦ 0◦ 0◦ 0◦

|V V 〉 45◦ 0◦ 45◦ 0◦

|V D〉 45◦ 0◦ 22.5◦ 45◦

|V L〉 45◦ 0◦ 0◦ 45◦

|DH〉 22.5◦ 45◦ 0◦ 0◦

|DV 〉 22.5◦ 45◦ 45◦ 0◦

|DD〉 22.5◦ 45◦ 22.5◦ 45◦

|DL〉 22.5◦ 45◦ 0◦ 45◦

|LH〉 0◦ 45◦ 0◦ 0◦

|LV 〉 0◦ 45◦ 45◦ 0◦

|LD〉 0◦ 45◦ 22.5◦ 45◦

|LL〉 0◦ 45◦ 0◦ 45◦

Table 6.2: Measurement bases for two-qubit tomography. hA (hB) and qA (qB)
represent the HWP and QWP orientations for Alice (Bob).
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Measurement Basis AB AB′ A′B A′B′

|HH〉 1704 55 11 9
|HV 〉 136 1663 7 20
|HD〉 750 1153 11 14
|HL〉 1460 473 13 17
|V H〉 15 9 1588 63
|V V 〉 8 18 180 2095
|V D〉 10 16 673 1343
|V L〉 11 13 629 707
|DH〉 1013 39 813 24
|DV 〉 89 889 91 882
|DD〉 437 651 362 518
|DL〉 881 227 324 236
|LH〉 861 23 225 21
|LV 〉 91 274 35 768
|LD〉 354 195 94 469
|LL〉 692 87 113 128

Table 6.3: Measurements for two qubit tomography of the |HH〉 state. The num-
bers represent average measured coincidence counts per second.

Measurement Basis AB AB′ A′B A′B′

|HH〉 52 19 110 2045
|HV 〉 27 49 1426 131
|HD〉 28 37 965 858
|HL〉 52 29 1023 1623
|V H〉 100 1525 47 23
|V V 〉 1501 47 21 59
|V D〉 988 558 25 58
|V L〉 325 1182 31 23
|DH〉 50 735 92 1181
|DV 〉 623 45 660 95
|DD〉 328 304 527 486
|DL〉 178 585 431 1051
|LH〉 89 1302 99 1373
|LV 〉 692 43 1262 82
|LD〉 525 471 866 692
|LL〉 168 988 893 1026

Table 6.4: Measurements for two qubit tomography of the |V V 〉 state. The num-
bers represent average measured coincidence counts per second.

measurements due to each identified source of error. The measurement errors are
then propagated through calculations of derived quantities [37]. In this way, er-
rors in the density matrices and its derived quantities, due to counting statistics
and imperfect waveplates, are analyzed. Another method uses the Monte Carlo
technique [38], in which numerically simulated data are used to obtain additional
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Measurement Basis AB AB′ A′B A′B′

|HH〉 592 79 64 355
|HV 〉 65 532 377 78
|HD〉 340 253 215 250
|HL〉 366 210 174 284
|V H〉 30 494 507 45
|V V 〉 502 32 44 490
|V D〉 259 275 303 225
|V L〉 221 276 320 206
|DH〉 295 258 281 218
|DV 〉 294 321 210 216
|DD〉 499 96 95 348
|DL〉 272 220 255 278
|LH〉 353 223 235 250
|LV 〉 242 353 274 229
|LD〉 335 291 265 195
|LL〉 101 413 412 127

Table 6.5: Measurements for two qubit tomography of the Bell state. The numbers
represent average measured coincidence counts per second.
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Figure 6.4: Experimentally estimated density matrices for (a) |HH〉, (b) |V V 〉 and

(c) |HH〉+|V V 〉√
2

states. The plots are made using the absolute value of the respective
density matrix components.

density matrices, which are then used to compute the standard error in any quan-
tity pertaining to the estimated density matrix.
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State Predicted Measured Fidelity
density matrix density matrix

|HH〉


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0.93 −0.11 0.03 −0.03
−0.11 0.06 0.00 0.01
0.03 0.00 0.00 0.00
−0.03 0.01 0.00 0.01

 0.93

|V V 〉


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1




0.02 −0.01 −0.01 0.07
−0.01 0.02 0.01 −0.10
−0.01 0.01 0.05 0.05
0.07 −0.10 0.05 0.91

 0.91

|HH〉+|V V 〉
2


0.5 0 0 0.5
0 0 0 0
0 0 0 0

0.5 0 0 0.5




0.49 0.05 0.01 0.30
0.05 0.05 0.02 0.01
0.01 0.02 0.05 −0.01
0.30 0.01 −0.01 0.41

 0.75

Table 6.6: Results of two qubit quantum state tomography. For the estimated
density matrices, only the real components of the matrices are shown.
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Chapter 7

Conclusion

It is evident that, nowadays, many experiments are possible in the undergradu-
ate laboratory using single photons. These experiments are modern, cost-effective
versions of some of the most ground-breaking experiments of the previous cen-
tury which have shaped our understanding of quantum mechanics. Some of these
experiments include demonstrating the existence of single photons [10], tests of
Bell inequalities [4, 13, 36], single photon interference [8], quantum eraser [8], and
quantum state tomography [38].

As narrated in this report, we have developed all the aforementioned experiments
in our laboratory, using a modular approach. In other words, the subsequent
experiments build on the ones appearing earlier in the report. This approach
makes troubleshooting easier and renders confidence to the experimentalist as the
simpler experiments are set up first.

We would like to comment on the relative difficulty of setting up the various exper-
iments. In terms of alignment, Experiment Q1 requires two detectors and is the
easiest one. Experiment Q4 can be directly built on it with addition of few optical
elements. Experiment NL1 also follows from Experiment Q1 but the entangled
state generation makes the experiment a bit difficult. Next, in terms of complex-
ity level come Experiments Q2 and Q3, which require three detectors. However,
once Experiment Q2 is set up, Experiment Q3 needs very little effort. The next
difficult experiments include those involving four detectors and entanglement—
Experiments NL2, NL3 and QST. We found Experiment Q5, incorporating single
photon interference and quantum erasure, to be the most difficult. Setting up the
interferometer and changing the interferometer path difference finely enough were
the major challenges.

It goes without saying that many versions of these experiments have been developed
and performed earlier in many colleges and universities, most of them in the USA
[74, 78, 82]. We found the earlier discussions of these experiments very helpful
in setting up our lab. To the best of our knowledge, ours is the first such lab
in Pakistan and we are not aware of similar efforts in the region. As technology
continues to advance, it is expected that more institutions will be able to set up
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their versions of quantum mechanics labs very soon. We hope that they will find
this report a valuable resource.

We would like to conclude by mentioning few of the wide-ranging benefits these
experiments promise. They offer effective pedagogical tools to complement quan-
tum mechanics courses. These experiments can get students thinking about the
fundamental aspects of quantum physics. This can prove very beneficial for stu-
dents who would like to investigate the foundations of quantum mechanics—an
important area of research these days. Above all, these experiments can teach stu-
dents a functional framework to think about and do research in quantum optics,
quantum computing and quantum information.
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Appendix A

Coincidence Counting Unit Code

This appendix lists a commented version of the complete program written for the
coincidence counting unit. The code is written in Verilog, a common hardware
description language, and is burnt on Xilinx Nexys 2 FPGA. It essentially counts
pulses corresponding to single and coincidence photodetections, and transmits the
count rates to a computer every 0.1 s.

Each quantum experiment discussed in this report uses the same program with
minimal changes. To suit any particular experiment, only the coincidence signals
need to be modified by making few changes in lines 42 to 45. The code is as follows.

1

2 // This i s the main func t i on which counts the s i n g l e and co in c id enc e
photon d e t e c t i o n p u l s e s and sends the corre spond ing count r a t e s to
PC via UART every 1/10 th o f a second

3 module r s 232co in c id ence count e r ( output UART TXD, input c lock 50 , input
A, input B, input C, input D, output d a t a t r i g g e r , output

baud rate c lk , output wire Coinc idence 0 , output wire
Coinc idence 1 , output wire Coinc idence 2 , output wire
Coinc idence 3 ) ;

4

5 // d a t a t r i g g e r i s turned on every 1/10 th o f a second and beg ins the
data stream out

6 // ba ud ra t e c l k i s the c l o ck to output data at the baud ra t e o f
19200 b i t s / second

7

8 // Counts the baud c l o ck u n t i l i t r eaches 1920 , which occurs every
1/10 th o f a second

9 reg [ 1 4 : 0 ] d a t a t r i g g e r c o u n t ;
10

11 // Turns on every 1/10 th o f a second f o r one 50 MHz c lo ck pu l s e
s i g n a l and r e s e t s the photon d e t e c t i o n counter s

12 reg d a t a t r i g g e r r e s e t ;
13

14 // Counts the 50 MHz c l o ck p u l s e s u n t i l i t r eaches 2604 in order to
time the baud c l o ck
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15 reg [ 3 1 : 0 ] baud rate count ;
16

17 // Represents the top l e v e l des ign e n t i t y i n s t a n t i a t i o n o f the number
o f c o i n c i d e n c e s counted

18 wire [ 3 1 : 0 ] Count top 0 ;
19 wire [ 3 1 : 0 ] Count top 1 ;
20 wire [ 3 1 : 0 ] Count top 2 ;
21 wire [ 3 1 : 0 ] Count top 3 ;
22

23 // Output r e g i s t e r s o f c o i n c i d e n t photon counts
24 reg [ 3 1 : 0 ] Count out 0 ;
25 reg [ 3 1 : 0 ] Count out 1 ;
26 reg [ 3 1 : 0 ] Count out 2 ;
27 reg [ 3 1 : 0 ] Count out 3 ;
28

29 // Represents the top l e v e l des ign e n t i t y i n s t a n t i a t i o n o f the number
o f counts

30 wire [ 3 1 : 0 ] A top ;
31 wire [ 3 1 : 0 ] B top ;
32 wire [ 3 1 : 0 ] C top ;
33 wire [ 3 1 : 0 ] D top ;
34

35 // Output r e g i s t e r s o f s i n g l e photon counts
36 reg [ 3 1 : 0 ] A out ;
37 reg [ 3 1 : 0 ] B out ;
38 reg [ 3 1 : 0 ] C out ;
39 reg [ 3 1 : 0 ] D out ;
40

41 // Generation o f f our co in c id enc e p u l s e s from the input p u l s e s
42 c o i n c i d e n c e p u l s e CP0 ( . a (A) , . b (B) , . y ( Co inc idence 0 ) ) ;
43 c o i n c i d e n c e p u l s e CP1 ( . a (A) , . b (C) , . y ( Co inc idence 1 ) ) ;
44 c o i n c i d e n c e p u l s e CP3 ( . a (D) , . b (B) , . y ( Co inc idence 2 ) ) ;
45 c o i n c i d e n c e p u l s e CP2 ( . a (D) , . b (C) , . y ( Co inc idence 3 ) ) ;
46

47 // Counts f o r a baud ra t e o f 19200 and produces the baud ra t e c l o ck
s i g n a l

48 baud rate counte r BRC1 ( . c l o ck 50 ( c l o ck 50 ) , . ba ud ra t e c l k (
ba ud ra t e c l k ) ) ;

49

50 // Uses the baud ra t e c l o ck s i g n a l and gene ra t e s a t r i g g e r s i g n a l
every 1/10 th o f a second

51 d a t a t r i g g e r i n g DT1 ( . ba ud ra t e c l k ( ba ud ra t e c l k ) , . d a t a t r i g g e r (
d a t a t r i g g e r ) ) ;

52

53 // Outputs the data in 32−b i t r e g i s t e r s and r e s e t s every 1/10 th o f a
second

54 counter C0 ( . c l o c k 50 ( c l o c k 50 ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .
pu l s e ( Co inc idence 0 ) , . q ( Count top 0 ) ) ;

55 counter C1 ( . c l o c k 50 ( c l o c k 50 ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .
pu l s e ( Co inc idence 1 ) , . q ( Count top 1 ) ) ;

56 counter C2 ( . c l o c k 50 ( c l o c k 50 ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .
pu l s e ( Co inc idence 2 ) , . q ( Count top 2 ) ) ;

57 counter C3 ( . c l o c k 50 ( c l o c k 50 ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .
pu l s e ( Co inc idence 3 ) , . q ( Count top 3 ) ) ;

58 counter CA ( . c l o c k 50 ( c l o c k 50 ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .
pu l s e (A) , . q ( A top ) ) ;
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59 counter CB ( . c l o ck 50 ( c l o c k 50 ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .
pu l s e (B) , . q ( B top ) ) ;

60 counter CC ( . c l o c k 50 ( c l o c k 50 ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .
pu l s e (C) , . q ( C top ) ) ;

61 counter CD ( . c l o c k 50 ( c l o c k 50 ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .
pu l s e (D) , . q ( D top ) ) ;

62

63

64 // This p roce s s updates the counts output ar rays every 1/10 th o f a
second

65 always@ ( posedge d a t a t r i g g e r )
66 begin
67 A out <= A top ;
68 B out <= B top ;
69 C out <= C top ;
70 D out <= D top ;
71 Count out 0 <= Count top 0 ;
72 Count out 1 <= Count top 1 ;
73 Count out 2 <= Count top 2 ;
74 Count out 3 <= Count top 3 ;
75 end
76

77 // Sends the A, B, C, D and the co in c id enc e counts out through the
UART i n t e r f a c e

78 data out D0 ( .A( A out ) , .B( B out ) , .C( C out ) , .D( D out ) , .
c o i n c i d e n c e 0 ( Count out 0 ) , . c o i n c i d e n c e 1 ( Count out 1 ) , .
c o i n c i d e n c e 2 ( Count out 2 ) , . c o i n c i d e n c e 3 ( Count out 3 ) , . c l k (
ba ud ra t e c l k ) , . d a t a t r i g g e r ( d a t a t r i g g e r ) , .UART TXD(UART TXD) ) ;

79

80 endmodule
81

82

83 // This func t i on ANDs two pu l s e s i g n a l s to form one co in c id enc e pu l s e
s i g n a l

84 module c o i n c i d e n c e p u l s e ( input a , input b , output reg y ) ;
85

86 always @(∗ )
87 begin
88 y = a && b ;
89 end
90

91 endmodule
92

93

94 // This func t i on uses the baud ra t e c l o ck s i g n a l and gene ra t e s a
t r i g g e r s i g n a l every 1/10 th o f a second

95 module d a t a t r i g g e r i n g ( input baud rate c lk , output reg d a t a t r i g g e r )
;

96

97 reg [ 3 1 : 0 ] d a t a t r i g g e r c o u n t ;
98

99 always @( posedge b au d ra t e c l k )
100

101 begin
102 d a t a t r i g g e r c o u n t <= d a t a t r i g g e r c o u n t +1;
103 i f ( d a t a t r i g g e r c o u n t == 15 ’ b000011110000000 )
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104 begin
105 d a t a t r i g g e r <= 1 ;
106 d a t a t r i g g e r c o u n t <=0;
107 end
108 e l s e
109 d a t a t r i g g e r <= 0 ;
110 end
111

112 endmodule
113

114 // This counter s p e c i f i c a l l y counts f o r a baud ra t e o f 19200 and
produces a cor re spond ing baud ra t e c l o ck s i g n a l

115 module baud rate counte r ( input c lock 50 , output reg ba ud ra t e c l k ) ;
116

117 reg [ 3 1 : 0 ] baud rate count ;
118

119 always@ ( posedge c l o ck 50 )
120 begin
121 baud rate count <= baud rate count +1;
122

123 i f ( baud rate count >= 2604)
124 begin
125 ba ud ra t e c l k <= 1 ;
126 baud rate count <=0;
127 end
128

129 e l s e
130 ba ud ra t e c l k <= 0 ;
131 end
132

133 endmodule
134

135 // This func t i on counts vo l tage p u l s e s
136 module counter ( input c lock 50 , input d a t a t r i g g e r , input pulse ,

output reg [ 3 1 : 0 ] q ) ;
137

138 wire x ;
139

140 or o1 (x , d a t a t r i g g e r , pu l s e ) ;
141

142 always @ ( posedge x )
143 begin
144

145 i f ( d a t a t r i g g e r )
146 q <=0;
147

148 e l s e
149 q<=q+1;
150

151 end
152

153 endmodule
154

155 // This func t i on sends out up to four s i n g l e photon counts and up to
four co in c id enc e counts to the PC through s e r i a l communication (
UART)
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156 module data out ( input [ 3 1 : 0 ] A, input [ 3 1 : 0 ] B, input [ 3 1 : 0 ] C, input
[ 3 1 : 0 ] D, input [ 3 1 : 0 ] co inc idence 0 , input [ 3 1 : 0 ] co inc idence 1 ,
input [ 3 1 : 0 ] co inc idence 2 , input [ 3 1 : 0 ] co inc idence 3 , input c lk ,
input d a t a t r i g g e r , output reg UART TXD) ;

157

158 reg [ 5 : 0 ] index ;
159 reg [ 3 1 : 0 ] out ;
160 reg [ 2 : 0 ] d a t a s e l e c t ;
161

162 always @ ( posedge c l k )
163

164 begin
165

166 i f ( index == 6 ’ b111111 && d a t a t r i g g e r == 1)
167 begin
168 index <= 6 ’ b000000 ;
169 UART TXD <= 1 ;
170 out <= A;
171 d a t a s e l e c t <= 3 ’ b000 ;
172 end
173

174 e l s e i f ( index == 6 ’ b000000 )
175 begin
176 index <= 6 ’ b000001 ;
177 UART TXD <= 0 ;
178 end
179

180 e l s e i f ( index == 6 ’ b000001 )
181 begin
182 index <= 6 ’ b000010 ;
183 UART TXD <= out [ 0 ] ;
184 end
185

186 e l s e i f ( index == 6 ’ b000010 )
187 begin
188 index <= 6 ’ b000011 ;
189 UART TXD <= out [ 1 ] ;
190 end
191

192 e l s e i f ( index == 6 ’ b000011 )
193 begin
194 index <= 6 ’ b000100 ;
195 UART TXD <= out [ 2 ] ;
196 end
197

198 e l s e i f ( index == 6 ’ b000100 )
199 begin
200 index <= 6 ’ b000101 ;
201 UART TXD <= out [ 3 ] ;
202 end
203

204 e l s e i f ( index == 6 ’ b000101 )
205 begin
206 index <= 6 ’ b000110 ;
207 UART TXD <= out [ 4 ] ;
208 end
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209

210 e l s e i f ( index == 6 ’ b000110 )
211 begin
212 index <= 6 ’ b000111 ;
213 UART TXD <= out [ 5 ] ;
214 end
215

216 e l s e i f ( index == 6 ’ b000111 )
217 begin
218 index <= 6 ’ b001000 ;
219 UART TXD <= out [ 6 ] ;
220 end
221

222 e l s e i f ( index == 6 ’ b001000 )
223 begin
224 index <= 6 ’ b001001 ;
225 UART TXD <= 0 ;
226 end
227

228 e l s e i f ( index == 6 ’ b001001 )
229 begin
230 index <= 6 ’ b001010 ;
231 UART TXD <= 1 ; // the f i r s t stop b i t
232 end
233

234 e l s e i f ( index == 6 ’ b001010 )
235 begin
236 index <= 6 ’ b001011 ;
237 UART TXD <= 0 ; // the second s t a r t b i t
238 end
239

240 e l s e i f ( index == 6 ’ b001011 )
241 begin
242 index <= 6 ’ b001100 ;
243 UART TXD <= out [ 7 ] ;
244 end
245

246 e l s e i f ( index == 6 ’ b001100 )
247 begin
248 index <= 6 ’ b001101 ;
249 UART TXD <= out [ 8 ] ;
250 end
251

252 e l s e i f ( index == 6 ’ b001101 )
253 begin
254 index <= 6 ’ b001110 ;
255 UART TXD <= out [ 9 ] ;
256 end
257

258 e l s e i f ( index == 6 ’ b001110 )
259 begin
260 index <= 6 ’ b001111 ;
261 UART TXD <= out [ 1 0 ] ;
262 end
263

264 e l s e i f ( index == 6 ’ b001111 )
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265 begin
266 index <= 6 ’ b010000 ;
267 UART TXD <= out [ 1 1 ] ;
268 end
269

270 e l s e i f ( index == 6 ’ b010000 )
271 begin
272 index <= 6 ’ b010001 ;
273 UART TXD <= out [ 1 2 ] ;
274 end
275

276 e l s e i f ( index == 6 ’ b010001 )
277 begin
278 index <= 6 ’ b010010 ;
279 UART TXD <= out [ 1 3 ] ;
280 end
281

282 e l s e i f ( index == 6 ’ b010010 )
283 begin
284 index <= 6 ’ b010011 ;
285 UART TXD <= 0 ; // the terminat ion b i t
286 end
287

288 e l s e i f ( index == 6 ’ b010011 )
289 begin
290 index <= 6 ’ b010100 ;
291 UART TXD <= 1 ; // the second stop b i t
292 end
293

294 e l s e i f ( index == 6 ’ b010100 )
295 begin
296 index <= 6 ’ b010101 ;
297 UART TXD <= 0 ; // the th i r d s t a r t b i t
298 end
299

300 e l s e i f ( index == 6 ’ b010101 )
301 begin
302 index <= 6 ’ b010110 ;
303 UART TXD <= out [ 1 4 ] ;
304 end
305

306 e l s e i f ( index == 6 ’ b010110 )
307 begin
308 index <= 6 ’ b010111 ;
309 UART TXD <= out [ 1 5 ] ;
310 end
311

312 e l s e i f ( index == 6 ’ b010111 )
313 begin
314 index <= 6 ’ b011000 ;
315 UART TXD <= out [ 1 6 ] ;
316 end
317

318 e l s e i f ( index == 6 ’ b011000 )
319 begin
320 index <= 6 ’ b011001 ;
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321 UART TXD <= out [ 1 7 ] ;
322 end
323

324 e l s e i f ( index == 6 ’ b011001 )
325 begin
326 index <= 6 ’ b011010 ;
327 UART TXD <= out [ 1 8 ] ;
328 end
329

330 e l s e i f ( index == 6 ’ b011010 )
331 begin
332 index <= 6 ’ b011011 ;
333 UART TXD <= out [ 1 9 ] ;
334 end
335

336 e l s e i f ( index == 6 ’ b011011 )
337 begin
338 index <= 6 ’ b011100 ;
339 UART TXD <= out [ 2 0 ] ;
340 end
341

342 e l s e i f ( index == 6 ’ b011100 )
343 begin
344 index <= 6 ’ b011101 ;
345 UART TXD <= 0 ; // the terminat ion b i t
346 end
347

348 e l s e i f ( index == 6 ’ b011101 )
349 begin
350 index <= 6 ’ b011110 ;
351 UART TXD <= 1 ; // the th i r d stop b i t
352 end
353

354 e l s e i f ( index == 6 ’ b011110 )
355 begin
356 index <= 6 ’ b011111 ;
357 UART TXD <= 0 ; // the four th s t a r t b i t
358 end
359

360 e l s e i f ( index == 6 ’ b011111 )
361 begin
362 index <= 6 ’ b100000 ;
363 UART TXD <= out [ 2 1 ] ;
364 end
365

366 e l s e i f ( index == 6 ’ b100000 )
367 begin
368 index <= 6 ’ b100001 ;
369 UART TXD <= out [ 2 2 ] ;
370 end
371

372 e l s e i f ( index == 6 ’ b100001 )
373 begin
374 index <= 6 ’ b100010 ;
375 UART TXD <= out [ 2 3 ] ;
376 end
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377

378 e l s e i f ( index == 6 ’ b100010 )
379 begin
380 index <= 6 ’ b100011 ;
381 UART TXD <= out [ 2 4 ] ;
382 end
383

384 e l s e i f ( index == 6 ’ b100011 )
385 begin
386 index <= 6 ’ b100100 ;
387 UART TXD <= out [ 2 5 ] ;
388 end
389

390 e l s e i f ( index == 6 ’ b100100 )
391 begin
392 index <= 6 ’ b100101 ;
393 UART TXD <= out [ 2 6 ] ;
394 end
395

396 e l s e i f ( index == 6 ’ b100101 )
397 begin
398 index <= 6 ’ b100110 ;
399 UART TXD <= out [ 2 7 ] ;
400 end
401

402 e l s e i f ( index == 6 ’ b100110 )
403 begin
404 index <= 6 ’ b100111 ;
405 UART TXD <= 0 ; // terminat ion b i t
406 end
407

408 e l s e i f ( index == 6 ’ b100111 )
409 begin
410 index <= 6 ’ b101000 ;
411 UART TXD <= 1 ; // the four th stop b i t
412 end
413

414 e l s e i f ( index == 6 ’ b101000 )
415 begin
416 index <= 6 ’ b101001 ;
417 UART TXD <= 0 ; // the f i f t h s t a r t b i t
418 end
419

420 e l s e i f ( index == 6 ’ b101001 )
421 begin
422 index <= 6 ’ b101010 ;
423 UART TXD <= out [ 2 8 ] ;
424 end
425

426 e l s e i f ( index == 6 ’ b101010 )
427 begin
428 index <= 6 ’ b101011 ;
429 UART TXD <= out [ 2 9 ] ;
430 end
431

432 e l s e i f ( index == 6 ’ b101011 )
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433 begin
434 index <= 6 ’ b101100 ;
435 UART TXD <= out [ 3 0 ] ;
436 end
437

438 e l s e i f ( index == 6 ’ b101100 )
439 begin
440 index <= 6 ’ b101101 ;
441 UART TXD <= out [ 3 1 ] ;
442 end
443

444 e l s e i f ( index == 6 ’ b101101 )
445 begin
446 index <= 6 ’ b101110 ;
447 UART TXD <= 0 ;
448 end
449

450 e l s e i f ( index == 6 ’ b101110 )
451 begin
452 index <= 6 ’ b101111 ;
453 UART TXD <= 0 ;
454 end
455

456 e l s e i f ( index == 6 ’ b101111 )
457 begin
458 index <= 6 ’ b110000 ;
459 UART TXD <= 0 ;
460 end
461

462 e l s e i f ( index == 6 ’ b110000 )
463 begin
464 index <= 6 ’ b110001 ;
465 UART TXD <= 0 ;
466 end
467

468 e l s e i f ( index == 6 ’ b110001 && d a t a s e l e c t == 3 ’ b000 )
469 begin
470 index <= 6 ’ b000000 ;
471 d a t a s e l e c t <= 3 ’ b001 ; // increments d a t a s e l e c t to begin

output o f B
472 out <= B;
473 UART TXD <= 1 ; // the f i f t h stop b i t
474 end
475

476 e l s e i f ( index == 6 ’ b110001 && d a t a s e l e c t == 3 ’ b001 )
477 begin
478 index <= 6 ’ b000000 ;
479 d a t a s e l e c t <= 3 ’ b010 ; // increments d a t a s e l e c t to begin

output o f C
480 out <= C;
481 UART TXD <= 1 ; // the f i f t h stop b i t
482 end
483

484 e l s e i f ( index == 6 ’ b110001 && d a t a s e l e c t == 3 ’ b010 )
485 begin
486 index <= 6 ’ b000000 ;
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487 d a t a s e l e c t <= 3 ’ b011 ; // increments d a t a s e l e c t to begin
output o f D

488 out <= D;
489 UART TXD <= 1 ; // the f i f t h stop b i t
490 end
491

492 e l s e i f ( index == 6 ’ b110001 && d a t a s e l e c t == 3 ’ b011 )
493 begin
494 index <= 6 ’ b000000 ;
495 d a t a s e l e c t <= 3 ’ b100 ; // increments d a t a s e l e c t to begin

output o f Co inc idence 0
496 out <= c o i n c i d e n c e 0 ;
497 UART TXD <= 1 ; // the f i f t h stop b i t
498 end
499

500 e l s e i f ( index == 6 ’ b110001 && d a t a s e l e c t == 3 ’ b100 )
501 begin
502 index <= 6 ’ b000000 ;
503 d a t a s e l e c t <= 3 ’ b101 ; // increments d a t a s e l e c t to begin

output o f Co inc idence 1
504 out <= c o i n c i d e n c e 1 ;
505 UART TXD <= 1 ; // the f i f t h stop b i t
506 end
507

508 e l s e i f ( index == 6 ’ b110001 && d a t a s e l e c t == 3 ’ b101 )
509 begin
510 index <= 6 ’ b000000 ;
511 d a t a s e l e c t <= 3 ’ b110 ; // increments d a t a s e l e c t to begin

output o f Co inc idence 2
512 out <= c o i n c i d e n c e 2 ;
513 UART TXD <= 1 ; // the f i f t h stop b i t
514 end
515

516 e l s e i f ( index == 6 ’ b110001 && d a t a s e l e c t == 3 ’ b110 )
517 begin
518 index <= 6 ’ b000000 ;
519 d a t a s e l e c t <= 3 ’ b111 ; // increments d a t a s e l e c t to begin

output o f Co inc idence 3
520 out <= c o i n c i d e n c e 3 ;
521 UART TXD <= 1 ; // the f i f t h stop b i t
522 end
523

524 e l s e i f ( index == 6 ’ b110001 && d a t a s e l e c t == 3 ’ b111 )
525 begin
526 index <= 6 ’ b110010 ;
527 UART TXD <= 1 ; // the f i f t h stop b i t
528 end
529

530 e l s e i f ( index == 6 ’ b110010 )
531 begin
532 index <= 6 ’ b111111 ;
533 UART TXD <= 0 ; // the s t a r t b i t o f the te rminat ion byte
534 end
535

536 e l s e
537 begin
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538 index <= 6 ’ b111111 ;
539 UART TXD <= 1 ; // s e t s a l l subsequent b i t s to negat ive vo l tage
540 end
541 end
542

543 endmodule
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Appendix B

Inventory for Single Photon
Experiments

Item Quantity Company Part number
FPGA 1 Xilinx Nexys 2

Alignment Laser 1
Optical Table 1
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 4 Excelitas Technologies SPCM-AQ4C
Beam stop 1

HWP-808 nm 2 Thorlabs WPH05M-808
PBS 2 Thorlabs PBS252

QWP-808 nm 2 Thorlabs WPQ05M-808
BDP 2 Thorlabs BD40

Polarizer 2 Thorlabs LPNIRE050-B
Quartz crystal 1 MTI Corporation SOX101005S2
Power supplies 3

Computer with LabVIEW 1
Lens/collimators Thorlabs F220FC-780

Kinematic mounts
Posts
Filters

Optical fibres
Post holders

Fibre-fibre couplers
FPGA-APD connector

Silica gel
Mount actuators/motors 5

Rotation mounts
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The previous table incorporated the complete inventory for the lab. Below, we
tabulate individual lists for each quantum experiment discussed in this report. In
these lists, for the sake of brevity, we do not include obvious components such
as optical table and computer or mounts and posts. The included elements are
those that come to mind when one looks at or draws a schematic diagram of any
experiment.

Q1: Spontaneous Parametric Downconversion

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 2 Excelitas Technologies SPCM-AQ4C
Beam stop 1

Q2: Proof of Existence of Photons

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 3 Excelitas Technologies SPCM-AQ4C
Beam stop 1

HWP-808 nm 1 Thorlabs WPH05M-808
PBS 1 Thorlabs WPQ05M-808
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Q3: Polarization State Estimation of Single Pho-

tons

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 3 Excelitas Technologies SPCM-AQ4C
Beam stop 1

HWP-808 nm 2 Thorlabs WPH05M-808
PBS 1 Thorlabs PBS252

QWP-808 nm 2 Thorlabs WPQ05M-808

Q4: Polarization Pattern Measurement of Single

Photons

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 2 Excelitas Technologies SPCM-AQ4C
Beam stop 1

HWP-808 nm 1 Thorlabs WPH05M-808
QWP-808 nm 2 Thorlabs WPQ05M-808

Polarizer 1 Thorlabs LPNIRE050-B
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Q5: Single Photon Interference and Quantum Era-

sure

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 2 Excelitas Technologies SPCM-AQ4C
Beam stop 1

HWP-808 nm 2 Thorlabs WPH05M-808
BDP 2 Thorlabs BD40

Polarizer 1 Thorlabs LPNIRE050-B

NL1: Freedman’s Test of Local Realism

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 2 Excelitas Technologies SPCM-AQ4C
Beam stop 1
Polarizer 2 Thorlabs LPNIRE050-B

Quartz crystal 1 MTI Corporation SOX101005S2
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NL2: Hardy’s Test of Local Realism

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 4 Excelitas Technologies SPCM-AQ4C
Beam stop 1

HWP-808 nm 2 Thorlabs WPH05M-808
PBS 2 Thorlabs PBS252

Quartz crystal 1 MTI Corporation SOX101005S2

NL3: CHSH Test of Local Realism

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 4 Excelitas Technologies SPCM-AQ4C
Beam stop 1

HWP-808 nm 2 Thorlabs WPH05M-808
PBS 2 Thorlabs PBS252

Quartz crystal 1 MTI Corporation SOX101005S2
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QST: Quantum State Tomography

Item Quantity Company Part number
Laser-405 nm 1 MDL-III-405-50mW

Mirror 2 Thorlabs PF05-03-P01
HWP-405 nm 1 Thorlabs WPH05M-405

BBO 1 Newlight Photonics PABBO5050-405(1)
Iris 2 Thorlabs ID25SS

Detector 4 Excelitas Technologies SPCM-AQ4C
Beam stop 1

HWP-808 nm 2 Thorlabs WPH05M-808
QWP-808 nm 2 Thorlabs WPQ05M-808

PBS 2 Thorlabs PBS252
Quartz crystal 1 MTI Corporation SOX101005S2
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