Semester: Fall 2019 Time: 2 hours

Solution Mid-Term
PHY 212: Quantum Mechanics 1

Formula Sheet:

) ) . 01 . 0 —2 . 1 0
1. Pauli matrices are: 6, = , Oy = ) 0, =
10 7 0 0 —1

2. A useful theorem is: exp(—ifA) = cos 01 — isin A if A2 = 1.

3. Angular momentum operators for spin 1/2 system are:
h - h

533255'3;, Sy:§é—y7 SZ:§&Z
4. A useful identity is: 62 =62 =62 =1
Attempt all questions.
1. If A and B are Hermitian, show that C' = [A, B] is anti- Hermitian. [5 marks]
Answer 1
A B = (AB - BA)

So [A, B] is anti- Hermitian.

2. If |a,) s form an orthogonal basis for a Hilbert space, show that U |a,)’s also form a
basis if U is a unitary operator. [5 marks]|
Answer 2

Let |a,) = |¢n). The |a,)’s will form a basis if

D o) (nl =1
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Let’s check this.
S 16n) (Gul = D Ulan) fan| UF
= (X ) el )

I I I
—> q> q>
3 =

3. (a) Ais a Hermitian operator. Let {|1),12),.....IN)} form an orthonormal basis for

the Hilbert space containing an arbitrary state W> Show that
~ N ~ 2
(A2)= Z‘<¢|A|Z>‘ : [5 marks]
i=1

(b) If {|A1),|X2), .....]An) } are nondegenerate eigenstates of the Hermitian operator
A with eigenvalues {A1, A, .....Ax}, show that for an arbitrary state |¢>,

<A>: Z)\i‘<¢|)\i>|2. [> marks]

Answer 3

4

(a) The expectation value of A2 can be found as
(A42) = (vIAdy)
= (v|ALAy)
= A 1)) Al
= > _(vlAl) Gl Alw)
= Z<Z|AT|¢><¢|A|Z> " A is Hermitian
= 2> _[(vl4l)

2
)

is the required relation.
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(b) Similarly, following the same procedure as we did in part (a)

(Ay = (¢lAly)
= (v|Alfp)

_ <¢|A(Z |)\i><)\i|)|¢>

7

_ Z(w\AMWW
= M Nf)

N
= D A wn)l”
=1

4. A spin 1/2 system is in the state | + z) where | + z) are eigenstates of the S. spin
operator. An experimentalist intends to apply a rotation operator e=imSu/ " desiring

to convert the state | + z) into | — z).

(a) Show that e~™5+/" indeed does the job. [> marks|

(b) Show that the inner product between the final state and the desired state | — z)
is 1. We will use the square of this inner product is a figure of merit for the

inversion operation. [5 marks|

(c) Now comes the practical implementation of this rotation! It appears that applying
a rotation about the Sy axis in the lab is prone to errors. The instrument’s y axis
is mis-calibrated: when the experimenter applies a pulse nominally rotating the
state through 6 about the Sy axis, she is in fact applying 6(1 + ) rotation where

e is a small number (|e| < 1). What is the final state if this erroneous inversion

pulse is applied (with a nominal rotation of 7 radians)? [7 marks]
(d) What is the figure of merit for this erroneous pulse? [3 marks]
Answer 4

(a) The candidate rotation operator is

= cos(g)i — isin(g)dy = —i0y.
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Its action on |z) yields

Ry(m)|z) = —idgy|z)
Now 0, |z) = (—z’|z> (—z| + i|—-2) <2]>\z> =1i|—2z)
L Ry(m) |z) = —i(i]=2)) = [—2),

which is the desired state. So the rotation operator indeed does the job.

(b) The inner product between the final state |{gna1) and |[1ges) is

<wdes ‘wﬁna1> = <_Z| — Z>: 1.

The figure of merit is ‘<1/1des |final) |2: 1, the maximum, one.

(c) If the experimenter is rotating the state |z) through angle 7(1 + ¢) about the .S,

axis instead of 7, then the final state is

’ __—im(1+4€)8, /h
’wﬁna1> = ¢ Y |Z> :
The erroneous rotation operator is

€7i7r(1+s)$'y/h _ 0

So the final state is

) = [eos(5149) )1 isin(F1+2) )3 12

- cos(g(l +z—:)) |2) + sin(g(l +z—:)) |—2) . Gy |2) =i |—z)

(d) The inner product between the final state [¢g,,,) and [thges) is
: m T
(el = (=1 |cos 3042 )12) s (S04 2) ) 1)

- sin(g(l +5)),
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and the figure of merit is,

FOM = sin® (g(l—ke))

1 —cosm(l+¢)

2
Now
cosm(l+¢) = cosmcosme — sinwsin e
= —cosTe
_ _(1 _ (me)? N (me)t  (me)® )
2! 41 6!
1 1
. FOM = 375 cosm(l +¢)

1 1 (me)?  (me)t  (me)®

— —4+-(1- = L :
2" 2( ST R T

Since ¢ < 1, the higher order terms will be progressively smaller. However the

presence of € makes the FOM smaller than one.

5. A two-dimensional Hilbert space is spanned by the basis states |a> and | B> Three
quantum logic gates act on a state initialized as |&) (a) first a Hadamard gate, (b)

then a phase gate and (c) finally another Hadamard gate. The quantum circuit is

shown here.
IOL} A (I) A |W0Ut>
SR \— U, Y U, )

The action of the gates on the basis states is given by these prescriptions.

Oula) = —=(a)+19)
A 1

Ol = 5(2)-15)
U¢,\a> = |a)

UslB) = €|3).

Find the output state |1/10ut>. What is the probability that upon measurement in the
{|a), |B)} basis, the output state is |3)? [10 marks]

5
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Answer 5

When the first Hadamard gate acts on initial state |a), the output state is

Oula)= i) = i2(|a> +18)).

then a phase gate operates on this state [¢),

Gslon) = o 5 +191)
1

= E(]a) —|—ei¢\ﬁ>).

Finally, another Hadamard gate acts on this state,
1

5+ |5>))

_ %(UH @) + 0y \5))

= (5l 1)+ S (la) - 1))

_ %((1 +e®)|a) + (1 — e) !6>)

5

’wout> = 0H(

The probability for preparing the state |3) is

P16 1) ) = 105 )
Now (8 14ms) = (91 (50014 )la) + 301 - ¢)15) )

= L(1-e¥)

Bl [ = (30-e) (0-e)
= }1(1 — e — e+ 1)
)
= %(1 — cos¢) = st(g).

We have achieved a quantum interferometer where the probability of receiving a photon on

the 8 channel is a function of ¢. This interferometer is also a simple quantum computer.




