Quantum Mechanics 1: Drill Questions

Solution
Q1

(a) We have the state,
)= cos(0/2)|z)+e"sin(0/2)| — z).

The probability will be ,

P(8:=—3lw)) = It
= |(—2| (cos(8/2)]2)+e®sin(8/2)| — 2)) |,
= |(—z2|cos(6/2)|z)+(—z|e®sin(6/2)| — 2)|",
= |e“sin(8/2)|,
= sin>(0/2).

(S:) o~ <L|S:|L>
= (cos(0/2)(z| + e “sin(0/2){—z|) 5. (('.'()5(9/'2)]:)+(.—'"'°.s'in{'9/2)| —z)),
= ;—; (cos® /2 —sin6/2)
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and
(S:g) = <L|b:3|‘->
— ((_'(;.q{9/2)<:| + (-_io,sir:(9/2]<—:|) S;Q (f_'o.w(f-?/".?)l.:>+(--f°sir:(9/2)| —z)),

2
= ﬁT ((-052 /2 +sin’6/2) ,



So the variance will be,

2

AS, = \/(S;) - (S,)?,
= \/———C0529
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Q2

(a) A similarity matrix S that takes a state vector from the {|ve), |uu)} (weak basis)
to the {|vy),|va)} (mass basis) is given by

& _ (vilve)  (v1]v,) B S S
(valve)  (wolv,) So1 Sy

Using Egs (1) and (2). the matrix elements are

Sy = cosg Sys = sin g,
g .0 - 0
Sy = sm-2- Soo = —cos—2-.

Hence the similarity matrix S is

& cosf/2 sinfl/2
sinfl/2 —cosf/2
(b) The initial quantum state of an electron neutrino created on the sun is

I‘g[)(O)): |ve): cos gl’b‘})'f' sin gl’vg).



At time ¢, the state becomes
1Y(t))= e‘mtﬁ‘h};(ﬂ)): e~ iRU/h (cos glvl)-l- sin g]vg>)

Here H is the mass Hamiltonian with eigenstates |v;) and |vy) and eigenvalues

E; and Es
0 lElt/h " —iEat/h
l¥(t))= cos 3 lv1 )+ sin 7 e lva)
(c) The probability of detecting a muon neutrino at time ¢t = 7 is

P(p,7) = [(uld(r))[*
(val9p(7)) = (sin g(vl| - cos%(vﬂ) (oosge*iE‘Tf"|zrl)+ sin g e'iE‘-"’f"|vg))

= sin g cos ge_iEl"/h — sin g o8 ge—iﬁ'gr/h
= lsinﬂ(e_"El"'r’h o e—iEQT/F;)
D) ,

where we have used the half angle formula sin § = 2sin(3) cos(3).

= (vl ()] =

n20 (1Elr/h tE‘Qr/h)( —iEyT/h _ —iEr_;T/h)
(

20 i I(El Eayr/h _ —1(E.'1 Eg)r,'h)

0
(1-—cos ((E‘ Z?)T ))
s Sy

. . (Ey — EQ)T)
= 2p AT oR
s~ f/ s ( o .
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where sin?(0/2) = l_c;“a-

(d) The energy corresponds to mass eigenstate |v;) is given by



5
I

Vv ((pe)? +mi?)?

= Fd (m1c?)? -
- (’”\/1 T or

For relativistic particles, (mec?)/(pe) < 1. So by using Binomial expansion,
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2(pe)?
L me
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Similarly,
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(e) From part (¢) and (d),
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— sin” @ sin’ (Cg{ml mE}L) using L =~ er
4dph

(f) When the argument of the sin? function changes by /2, the probability goes
from zero to one. Hence one can find the distance as
(m} — m3)AL ™
4dph 2
AL =

2mph
c2(mi — m3)




ph

Cg(m? — n]g)
Eh )
-~ A3(mi —m3) using p = E/c
_ (8x10%)(1.602%16"1)(6.63 x 10-*)
T (3x40"(8 x 10-5)(1.602 x 10-19)7/(3 x 105)7
~ 124 km.
Q3
(a) We can write the given state as,
1 1 1
)= 5l1, 1)+V—,§|1,0}+§|1, 1)

So the state after some later time ¢t will be,

E—iﬁ'tﬁn|¢> _ —:Hz,-’ﬁ( 1, 1) |1 D:) 1]_1>)_‘

1—1.H.h 1 —iHt/h l—if;'.h
= 5e Y11 ) e Y |1,0}+§e ‘M1, 1),

V2
1

i 1 1 i,
:§E ﬂtfg|1,1>+ﬁ|1=o>+§e+ I:"'12|1,—1>,

(b) Let’s find the eigenbasis of S,

-A 1 0

i1)\1—0
\/§ )

h ¥ a8 a5
= _\/ﬁ(_’\(’\ 1) —1(=1A)),
h i 5

h 2 9y _
_ﬁ(_A)(A 2) =0,

So we get from this equation A = 0, £h. Now the eigenvalue equation will be,
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For A\=~h
h
—b = ha,
V2 |
i(a—*rc)—hl;t
V2 =
h
—b = hc,
V2 |
| 1

This will leads to | /2 |, which will be normalized to § | /2

For A =10

h
—b =0
V2

%(a+c) =0
h
—b =0
V2

-1 —1
This will leads to 0 |. which will be normalized to % 0

1 1
For A= —-h



—b = —ha,
ﬁ y
i(a +c) = —hb
ver
h
—b = —he,
V2
1 1
This will leads to | —y/2 |, which will be normalized to 3 | —/2
1 1
Eigenstates Eigenvalues
)= 13 (|1, 1)+v2[1,0)+|1,-1)) h
Aa)= oy (=11, 1)1, ~1)) 0
As)= 3 (]1,1)—v2|1,0)+[1, 1)) —h

So the probability of find the zero as the measurement out come will be,

. 2 1 1 —iw,t/2 1 1 +iw,t /2
[(Relw ()| = E(—(1,1|+<1,—1|) (gf‘- /|1’1)+E|1‘0>+§e /|1?_1))
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