Solution Assignment 6 Quantum Mechanics |

1. A spin —1/2 particle is in the quantum state
)= cos(0/2)|z)+e"sin(6/2)| — z)

Where |z) and | — z) are eigenstates of the S, operator and # and ¢ are as defined in

the figure.
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Fig. 1

(a) Suppose that a measurement of S, is carried out. What is the probability that

the measurement out come is —%. (3]
(b) Determine the expectation value (S.) and the uncertainty AS.. 6]
Answer

(a) We have the state,

W)= cos(0/2)|z)+e“sin(6/2)| — ).
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The probability will be ,

P($.=-3l0)) = K-

= (2| (cos(8/2)|2)+esin(8/2)] — 2)) [
= [(—z[cos(0/2)|z)+(—z|e?sin(0/2)] — Z>|2’

= |esin(6/2) 2
= sin*(6/2).

(S:) = (IS:lv),
= (cos(0/2)(z| + e *?sin(0/2)(—2z]) S, (cos(8/2)]z)+e?sin(0/2)| — 2)) ,
= g (cos?6/2 — sin*6/2) ,

= —cosf
2

(8.7 = (018" I),
= (cos(0/2)(z| + e "?sin(0/2)(—2z|) §Z2 (cos(8/2)]z)+e?sin(0/2)| — 2)) ,

h2
=7 (cos? /2 +sin*6/2) ,
h2
4

So the variance will be,

AS. = \/(S.") — (S.)%,

= \/Z——COSQQ

= Esin@
2

2. The solar neutrino problem was a long outstanding problem in physics. Today, we
know that neutrinos are highly relativistic particles with nonzero mass. Neutrinos can
occur in two mutually orthogonal states labeled as |ve> and ]v#> corresponding to the

two ‘flavors’ of neutrinos-called the electron neutrino and muon neutrino respectively.
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These states are eigenstates of the weak interaction Hamiltonian. However, when neu-
trinos propagate in free space, the only Hamiltonian of relevance is due to relativistic
energy of the particles. The eigenstates of this Hamiltonian are generally called the
mass eiegnstates, denoted by |v1) and [vs).

Hence states in the two dimensional Hilbert space can be described by the weak inter-
action eigenstates {|v. ), [v,) } or by the mass eigenstates {|v;), |vs) }. The relationship
between the states is described by

0 7
[ve) = cos §|vl>+ Sin§|’02> (1)
.0 0
lv,) = sm§|v1>—cos §|v2>. (2)
The angle 6/2 is called the mixing angle.

(a) Write the similarity matrix that takes a state vector from the {|v.),|v,)} (weak
basis) to the {|v1),|vs)} (mass basis). (3]

(b)

Sun

[Ve
) R
N
‘k NS
Stg, L /8

Suppose an electron neutrino [1(0))= |v.) is created on the sun. In its free
propagation towards the earth, only the mass Hamiltonian is operative. The
eigenvalues of this Hamiltonian are E; and F, for the eigenstates |v1> and \vg>.
Write the time-dependent quantum state |@/)(t)> as neutrinos propagate in space
3]

(c¢) Suppose it takes time 7 for the neutrino to reach a detector on the earth. The

detector can only see muon neutrinos |UM>. Find the probability P that the de-
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tector detects a muon neutrino, when it is directly facing the stream of neutrinos.

(Assume no neutrinos are lost in between.) 5]

Neutrinos are relativistic particles. This means that the mass eigenstates have

energies

Er = /(mic2)? + (pc)?
Ey = /(mac?)? + (pc)?,

where m o are masses of the mass eigenstates, c is the speed of light and p is their
common momentum. For relativistic particles, (pc) > (mc?). Using Binomial

expansion show that 4]

o 2
Using the above expression for ) — E», find the probability P, _,, found in (c),

expressed in terms of the distance L. 2]

How far will an 8 MeV electron neutrino travel before being converted into a
muon neutrino?
Assume, m? —m3 ~ 8 x 1075 eV?/c* and use p = E/c to calculate the momentum

of the relativistic particle. (3]

Answer

()

A similarity matrix S that takes a state vector from the {|ve), [vu)} (weak basis)

to the {|v1), [v2)} (mass basis) is given by
g _ (vilve)  (wilvg) | S Si
<Uz|Ue> <UQ‘UM> ng SQQ

Using Eqs (1) and (2), the matrix elements are

S11 = cos = S1o = sin —,

2 2
Sy = sin= Sy = —cos —.
21 5 22 5
Hence the similarity matrix S is

g cos /2 sin /2
sinf/2  —cosf/2


shama
Text Box

shama
Text Box


(b) The initial quantum state of an electron neutrino created on the sun is
0 .0
|1(0))= |ve)= cos §]v1>+ sin §\UQ>.
At time ¢, the state becomes
—iHt/h —ifit/h 0 0
[p(t))=e [(0))=e cos§|”01>+sm §|U2> :

Here H is the mass Hamiltonian with eigenstates |vl> and |1)2> and eigenvalues

FE; and Es

0 _. 0
|1h(t))= cos 3 e’zElt/hlvﬁ—i- sin 3 e’ZEZt/h|v2>
(c) The probability of detecting a muon neutrino at time ¢ = 7 is

Plum) = [(oale)]
0 0 0 i O B
(vul(1)) = (Sin§<v1| — cos §<v2|) (cosie’ i/ \v1>—|—sm§e 27/ ‘U2>)

0 0 . 0 0 .
— sin = cos —e BTN _gin — cos —eHERT/h
2 2 2 2

_ %Sine(eiElf/h . efiEg‘r/h)’

where we have used the half angle formula sin§ = 2sin(%) cos(%).

= |(vuleo(7)) ’2 = }1 sin? 0 (e'F17/h — BT/l (emiEaT/h o miBar /Y
= }lsm2 9(1 41— eBr=E2)7/h e—i(E1—E2)T/h)
= 1 in2 _ (El - EQ)T
= 45111 a2 2608( z ))

( (B — o7
— %sinQ 9(1 = cos(—(El _hEQ)T))

E, — Ey)T
_ .20.2 ( 1 2
sin” 6 sin <—2h ,

where sin®(6/2) = =58,

(d) The energy corresponds to mass eigenstate |v;) is given by

Er = \/((pc)? + myc?)?
(myc?)?

= (pe)y /1 (pe)?



shama
Text Box

shama
Text Box


For relativistic particles, (mc?)/(pc) < 1. So by using Binomial expansion,

By ~ (pe) (1 + <m102)2)

2(pc)?
mic3
= pc+ .
2p
Similarly,
m2c3
Ey = pc+ —2
2p
micd  micd
Ei—FEy = —/— -2 :—(m%—mg).

(e) From part (c) and (d),
.9 . 92 C3 2 o T
Py, 5y, = sin®fsin 2—20(m1 _mz)%

= sin? # sin? (CQ(m% _ mé)m—)
4p

h
2(m2 — m2\L,
= sin? @ sin? M using L ~ c1
4dph

(f) When the argument of the sin® function changes by 7/2, the probability goes

from zero to one. Hence one can find the distance as

A(mi—m3)AL o«
4ph 2
AL = _2mPh
c*(mi —m3)
_ __ph
 A(mi—mj)
Eh .
= ——— using p= E/c

cA(mg —m3)

B (8 x 109)(1.602-%40"1)(6.63 x 10~34)
C (3¢H8%73(8 x 1075)(1.602 x 10-19)7/(3 x 108)¥

~ 124 km.
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Q3: A magnetic field is pointing in the z-direction corresponding to a hamiltonian w,sS..

A spin-1 particle is placed inside the field. Its initial state, written in the eigenbasis

ofgz, is:
1/2
)= 1/v2
1/2
Given
010 0 1 0
S,=—11011|, S=—1|-101
V2 RVSY)
010 0 —10

(a) What is the state after at a time t?7 Don’t forget to mention your basis if you

write a matrix representation. [8 Marks]

(b) After time ¢ the component S, is measured. What is the probability of obtaining

zero as the measurement outcomes? [7 Marks]

Answer

(a) We can write the given state as,
1 1 1

=1, 1)+—|1,0)+=|1,—1

)= 511, 510+ 11,~1)
So the state after some later time ¢ will be,
e M = =i/ 1|1,1>+—1 |1,o>+1|1,—1> ,
2 V2 2
1 —iHt/h 1 —iHt/h 1 —iHt/h
= —e " 1, ) 4+—e " 1,0)+=e" 1,—1

p¢ LA e L 0) e L 1),

_ 1 —iwot/2 L l +iwot/217
= ¢ 11,1)+ 2]1,0>+2e 1, —1),

7
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(b) Let’s find the eigenbasis of S,,

-2 1 0
h
V2
0 1 =X
h 2
h
— E(—A) (V¥-1-1),
h
— E(—A) (A =2) =0,
So we get from this equation A = 0, £h. Now the eigenvalue equation will be,
010 a a
h
ﬁ 101 b = A b )
010 c c
h
—b = Aa,
V2
h
E(G,‘i‘C) = /\b,
h
—b = )¢,
V2
For A\=nh
h
—b = ha
\/5 )
h
—(a+c¢) = hb,
2( +c) = hb
h
—b = hc
\/§ )
1 1

This will leads to | /2 |, which will be normalized to § | /2

1 1
For A=0

h
—b = 0,
V2

h

—(a+c) =0,

T5la+o)
h
—b = 0,
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This will leads to

For A = —h

This will leads to

So the probability of find the zero as the measurement out come will be,

[l ()

0 |, which will be normalized to % 0

1

V3

1 1
b= —h
V2 “
h
E(a—l-c) = —hb,
h
L
V2 -
1 1
—+/2 |, which will be normalized to 3
1 1
Eigenstates Eigenvalues
|A1>— 3 (|1 1)4+v/2|1,0)+]1, —1)) h
Ao)= 75 (<[, 1)+[1,-1)) 0
[Xs)= %(I1 1> V2[L,0)+[1,-1))|  —h

1 . 1 1 ..
75 (1 () (e, 1) i 0 e, )

-1
e—zwot/Z +

2

1 eiwot/2

2v/2

1
3 |24 sin(w,t/2)|* .

1
5 sin?(w,t/2)

2

Y

2

?
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