PHY 535/PHY 332: (Advanced) Condensed Matter Physics Semester: Spring 2021

Assignment 5 : Solution

1. The density of states for spin 1 () is given by g+(E) = ¢, (E) = %C’E%. Draw a
sequence of diagrams showing spin-split bands at 0 K with

(a) Zero applied magnetic field.
(b) Applied field B with the density of states shifting before equilibrium is attained.

(¢) The achievement of equilibrium.
Calculate the magnetization M and susceptibility x using the relationship

M pM

X:ﬁ B (1)

Solution:

From Figure (c),
M = pp(ny —ny)

:MB{/QMEF+MBBME_1/gwEF_NBBME}

= B 1Q(EF +upB)dE — 1Q(EF — ppB)dE
2 2

:%?{/g@h+MBBME_:/m£%_NBBME}

Using Taylor Expansion A = 2ugB

2(up)’B dg(E)
M=2EB 2 gpfdi)
2 [ar®

= nupBy(Er)

— 1% BCE}

Er

Susceptibility becomes,

x="tom
B . (2)
X = HotpCE}
For C, we have
Ep

n = CE>dE
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Which gives,

Put in equation (2),

T

2. Find the density of states for quantized free electrons in a one dimensional and
two dimensional solid. For two dimensions, show that the chemical potential (u) is
independent of T" provided T" < p.

Solution:

(a) Density of states in 2D:
In ground state of a system of N free electrons, the occupied orbitals may be
represented as points inside a sphere in k space. For 2D, we will have circle
instead of sphere. The energy at the circumference of the circle is the Fermi
energy; the wavevectors at the Fermi surface have a magnitude kr such that:

n o,
Er =5 kr (3)
Area of the circle is,
Vi = ki, (4)
Area of each point is (37)%. Total number of points is
N—2 k% _ k% L?
(2m/L)? 27

where the factor 2 on the left comes from the allowed values of the spin quantum
number for each allowed value of k. Then we gets

1
22N\ 2
b = ( = ) 5)
which depends only on the particle concentration.
Density of states,

o(5) =% ()
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Total number of points inside a circle of radius k,

2L2
Nk =&
27
dN B 2kL? B kL?
dk 27 7

Using equation (3),
dE Kk

T (7)
- (") ()
o(E) =1 ®)

(b) Density of states in 1D:
For 1D, we will have a Fermi line in k space. The Fermi energy:

B =g )
P om
Length of the line is,
Vi = Tk, (10)
Length of each point is 27“ Total number of points is
Noo kr _ krL
(2w /L) T

where the factor 2 on the left comes from the allowed values of the spin quantum
number for each allowed value of k. Then we gets

k= (%) (11)

which depends only on the particle concentration.
Density of states,

dN
E)=—"— 12
o(B) = (12)
Total number of points on the line of length £k,
L
N(k) = kL
dN L
dk 7
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Using equation (3),
dE W%k
dk — m
AN dN dk
9(E) = dE ~ dk dE

- (%) (&)

1/2
_Lm'2
Thv/2

Chemical Potential for density of states in 2D:
At T > 0K, number of point per unit area,

9(E)

0= / " AEf(B)g(B)

Using Sommerfeld expansion,

dT(E)

n= [ aprEey S =T, +

» PT(E)
dE?

7.‘.2

5 (kgT)

where,

Density of states in 2D:

Equation (16) becomes,

2
_ n 2dg(E)
2

= CE|, + %(k:BT)Q(O)

n=~Cu
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Assuming number of point don’t change with temperature so we can write,

Efr
n= / dEg(E) = CEp
0
Comparing equation (17) and (18), w get

p=Ep

Clearly, chemical potential is independent of temperature (T).

(18)

(19)

3. Describe how the internal energy U(T) depends on temerature 7' > 0. Use the Som-
merfeld expansion. Derive the specific heat capacity Cy = g—;h/ from the expression

deduced.
Solution:
Internal energy per unit volume of the solid:

u= / " B f(E)Eg(E)

Using Sommerfeld expansion,

e dr(E) 2 ,d’T'(E)
= /0 AEF(B)= 2 = T(B)], + = (ks 5
where, .
[(E) = / g(E')EdE'
M) = [ o(B)EE
Similarly,
M (B = 7 | S(BVEAE = S5 (Bo(E) = o(E) + B/ (E)

Density of states in 2D:

=C

9(E) = —

o
T(E)|, = /0 CdE = CE|,

Density of states:

H 1 K 3 2 5
T(E)|, :/0 EOEsz:/O CEdE = -CEi|,

(21)
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Equation (21) becomes,

2 .5
= SOEQ |u+
2 .5
50E2|#
2

6

5 6

Chemical potential:

p=Ep (1
5
(T)2 2+
Tk,

Putting in equation (22),

2 5 2
_fop:(1-T=
“T5% F( 12

7T

7T2 ) 1 1 _1
T lboTren s BCE )],

(ksT)*((3/2)CE?)|,

2003 + T ey T((3/2)C1d)

7T2

12

T

<TEF

))

7.‘.2

6

As Tgr >> T, we can use binomial expansion,

T
Ty,

5 2

212

ESE
) +

2 5

Ignoring the higher terms,

(T_EF

Finally, we get
u =

Specific heat capacity,

du _
dT

’U:
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