
General Theory of Heart-Vector Projection
By ERNEST FRANK, P H . D .

A mathematical and physical basis for heart-vector projection concepts is presented and its signifi-
cance for current practices in frontal-plane and spatial electrocardiography is discussed. Assump-
tions underlying the theory are stated and utilized to derive a general relationship between the
heart dipole and the potentials it produces in the body. Specific equations are given for unipolar
and bipolar leads and the Wilson central-terminal voltage. Coefficients determined experimentally
for human torso models differ markedly from those that stem from Einthoven's hypothesis. Ein-
thoven's equilateral triangle represents a special case of the general theory. Geometric interpreta-
tions are applied to a quantitative frontal-plane example, to the Wilson central-terminal voltage
and extended to the concept of an image surface corresponding to the human body surface.

HEART-VECTOR projection concepts
applicable to volume conductors other
than a homogeneous sphere are being

employed by a gradually increasing number
of workers in electrocardiographic research.1"6

These improved concepts represent a signifi-
cant advance in electrocardiographic theory
which should enable a far more accurate
analysis of human-body waveforms produced
by the heart beat than has been available
heretofore.

Einthoven's "schema," introduced in 1913,
heralded the beginning of heart-vector pro-
jection ideas.7 This work led to thinking in
terms of the manifest heart vector. Numerous
aids to the application of this method of
electrocardiographic analysis appeared, such
as Dieuade's chart8 and Mann's monocardio-
gram.9 In 1927, Canfield presented an analysis
of a centric dipole (doublet) in a homogeneous
conducting sphere in which the boundary
potential was shown to be a cosine function
of angular electrode position.10 This cosine law
also applies in cases of the infinite plane lam-
ina,11 the circular disc with a centric dipole,11

and the triangular lamina with a centric
dipole,12 and is the basis for simplified vector-
projection methods. These vector-projection
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ideas became deeply entrenched as one inter-
pretation followed another; they are still
being held tenaciously by most electrocardiog-
raphers. Moreover, most investigators in the
field of spatial vectorcardiography have pro-
ceeded to apply this same cosine law for the
various three-dimensional systems of elec-
trodes involved: tetrahedron, cube, rectangle,
etc. Arector projections of the manifest heart
vector on the sides of an equilateral triangle
(in the case of frontal-plane electrocardiog-
raphy) and projections on a line joining other
electrodes on the human subject (in the case
of vectorcardiography) are oversimplifications
and entail sizable errors.1'2-6 As will be shown
they are special cases of a general theory of
heart-vector projection.

Burger and van Milaan1' "2 extended the
concepts of heart-vector projection and ap-
plied these broadened ideas in their electro-
cardiographic research. They and others3"6•13

have shown that substantial errors can arise
when waveforms produced by the heart beat
are interpreted in terms of the simplified
vector-projection theory that involves a cen-
tric dipole in a homogeneous conducting
sphere.

In essence, the hypothesis that the human
electrical system can be represented by a
centric dipole in a homogeneous conducting
medium lies at the root of the simple vector-
projection ideas which are accurately appli-
cable only for such an idealized system and
not for the human subject.1'6 These vector-
projection ideas have been found convenient
as an aid in interpretation by focusing atten-
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tion on heart-vector characteristics rather
than on detailed waveshapes of body-surface
voltages. Moreover, the simple rules of vector
projection have been readily applied. Refine-
ment of the theoretic treatment of body-
surface voltages, however, must keep pace
with the insight and information obtained
over the past 40 years concerning the nature
of the body-surface potential differences
arising from the heart beat.

The present theoretic treatment is, essen-
tially, a reiteration, expansion and formaliza-
tion of the mathematical and physical basis
for heart-vector projection ideas initiated by
Einthoven,7 embellished by many other
workers, and extended recently by the fine
work of Burger and van Milaan.1- - It is hoped
that the present treatment will clarify vector
relationships which are applicable and that it
will stimulate use of more accurate vector-
projection analysis than is presently employed
in connection with the human subject. The
use of more refined analysis for the frontal-
plane electrocardiogram well might lead to
an improved understanding of heart action.
But especially the application of the theoretic
concepts presented may help to channel the
efforts of workers in the field of spatial vector-
cardiography along more fruitful lines with a
reduction in efforts devoted to the use of in-
applicable methods of analysis.

ASSUMPTIONS

Three assumptions are required to establish
the general theory of heart-vector projection.
They are: (1) that the human body is a hetero-
geneous linear resistive electrical conducting
medium, (2) that the distribution of currents
associated with electrical activation of heart
muscle may be represented at each instant of
time during the cardiac cycle by a single
equivalent current dipole whose orientation
(axis direction) and moment are variable and
functions of the actual current distribution,
and (3) that the equivalent heart dipole re-
mains fixed in position during the cardiac
cycle.

These assumptions, represented schemati-
cally in figure 1, are far less restrictive than
those which underlie currently used vector-

projection methods as can be seen from the
following: (a) The medium boundary can
have any shape; it need not be a sphere.
(b) The electrode positions are entirely unre-
stricted; they need not be at the apices of an
equilateral triangle, (c) The medium can con-
tain any inhomogeneities in any conceivable
configuration; a homogeneous medium is not
required, (d) The dipole may be located at
any point in the medium; it need not be cen-
trical ly located. It is assumed, however, that
its position is fixed.

Although applicability of these assumptions
has not been firmly established, the theory
about to be developed is much less restricted
than that of a centric dipole in a homogeneous
conducting sphere. It is believed that the
linear medium assumption will stand indefi-
nitely. While the equivalent heart dipole
assumption may not be applicable during all
instants of the cardiac cycle1- 14' 15 its abandon-
ment would necessitate discarding the vector
theory almost entirely. The assumption of a
fixed dipole position is probably suitable for
present-day work, but as this factor becomes

ARBITRARY
ELECTRODE
POSITION

INHOMOCENEITY

FIXED-POSITION

ARBITRARY __><- \ T HEART DIPOLE
DIPOLE POSITION

LINEAR, INHOMOtENEOUS
CONDUCTING MEDIOn
OF ARBITRARY SHAPE

FIG. 1. Schematic illustration of a general linear
three-dimensional, heterogeneous volume conductor
of any shape. A current dipole of variable moment
1> is fixed in position at any arbitrary point. Potential
V at any point inside or on the boundary is given by
the dot product of the dipolo vector p and a vector c
whose components cx, cy and c2 are numbers which
depend upon the medium size, shape, conductivity
and distribution of inhomogeneities as well as on di-
pole position and location of the pickup electrode.
Numerical components do not depend on p.
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• - X

FIG. 2. Sketch of the human torso showing rec-
tangular coordinate system with x, y and z axes
adopted tentatively us standard for vectorcardiog-
raphy. (Discussion in text.)

better understood the theory may have to be
modified to take the temporal changes of dipole
location5' 16 into account.

G ENERA L THEORY

With the foregoing three assumptions, it is
possible to formulate a general relationship
between the heart dipole moment and the
potential it produces at any point in or on the
boundary of the medium. Let the heart dipole
be represented by a vector*

P = ipz + j Vv + k p2

where pz, p,, a n c ' Pz a'"e the three scalar com-
ponents of the dipole moment and are func-
tions of time, and i, j and k are standard unit
vectors17 of a rectangular coordinate system.
The potential difference V between any point

* All vectors are set in bold-face type throughout
this paper.

in the medium and the midpotential of the
dipole, assigned the value zero arbitrarily,
can be expressed as

V = C'p = Czpx + + (1)

as a direct consequence of the linearity of the
medium, where the vector c = i cx + j Cy -f- k cz

is a function of the shape, size, and charac-
teristics of the medium, the position of the
dipole and the location of the point in the
medium where the potential is V. Equation 1
is essentially a statement of the law of super-
position which is valid for any linear medium.
The components of the vector c are real func-
tions, since the medium is assumed to be re-
sistive, which become numerical constants
if the factors cited above upon which they
depend are fixed. Thus, for a given subject
with a pickup electrode fixed in a given posi-
tion, the components cx, Cy and c. are constant,
accepting the assumptions which have been
stated.

From this single equation stems the entire
general theory of heart-vector projection
which includes as a special case the theory of a
centric dipole in a homogeneous conducting
sphere.

ELECTRODE VOLTAGES

Body-surface and internal voltages of in-
terest in electrocardiography can all be ex-
pressed in the linear form of equation 1. For
definiteness, several of the more commonly
used voltages will be given explicitly in terms
of the rectangular coordinate system shown in
figure 2.

Unipolar Voltages. Unipolar voltages are
defined theoretically as potential differences
measured with respect to the dipole midpoten-
tial, and they are expressible directly in the
form of equation 1. For the limb electrodes
the unipolar voltages are

VR =
VL =
VF =

(2)

where the subscripts R, L and F signify the
right arm, left arm and left leg (foot) respec-
tively, and the subscripts 1, 2 and 3 are asso-
ciated with R, L and F, respectively. The
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components of the unipolar vectors Ci, c2 and
c3 are numerical constants for a given human
subject. These constants, nine in all (three for
each electrode), are independent in the general
case; therefore, the sum VR + VL + VF is
not generally zero, from which it follows
that the Wilson central-terminal voltage is
not zero, as discussed later.*

For any other electrode, the unipolar volt-
age may be expressed in this same form; the
magnitude and direction of the constant uni-
polar vector which is applicable to the par-
ticular electrode in question must be used.
For example, the unipolar voltage at the elec-
trode on the back of the human subject, VH,
is given by

V i, = cA-p = cixpx + + cizpz (3)

Similar relations apply for chest electrodes,
shoulder and hip electrodes and even for
electrodes tha t might be inserted in the
human body.

Bipolar Leads. The expressions for the limb-
lead voltages can be obtained from their
definitions in terms of unipolar voltages:

V, = VL - V,t = A-p

= AXPX

Vu = V, - Vn = B-p

= Bxpx

u, = V, - Vh = C-p

(4)

Bypy + Bzpz

where the limb-lead vectors A, B and C are
defined in terms of the unipolar vectors as
follows: A = c-z — Ci, B = c3 — cx and C =
c3 — c2. The relation V, + V,,i = Vu is,
of course, satisfied for all values of px, py and
pz which are functions of time, and the vector
relation A — B + C = 0 follows directly from
their definitions.

Similarly, any other bipolar lead can be
expressed in terms of unipolar voltages at

* This implies, of course, that true unipolar
voltiiges lire not measured in current elcctrocardio-
gniphic practice; instead these so-called unipolar
voltages arc potential differences between the elec-
trode on the body and the Wilson central terminal.
The sum of these apparent li, L and F unipolar
voltages is inevitably zero.1'

each of the two electrodes; for example, a
bipolar lead from an electrode on the back to
the right arm (denning a potential rise from
the back to the arm as a positive quantity)
can be written

VBR = V» - VR = D-p

= DxPx +
where D — c4 — Ci.

(5)

Solution for Heart Vector. A major objective
in electrocardiography is to determine the
heart-dipole variations during the cardiac
cycle. Since the heart dipole has three inde-
pendent components, it is necessary to meas-
ure three independent potential differences
simultaneously in order to determine these
components, and this demands the use of at
least four different electrode positions. As
an illustration, suppose the three limb elec-
trodes are used with a fourth electrode on the
back, an arrangement used by some vector-
cardiographers.19 Then it is possible to derive
explicit equations for px, pa and p. in terms
of the coefficients and the electrode potential
differences. Solving V, and V,, of equation 4
and VBK of equation 5 simultaneously for
px , py and pz results in

px = ^[V,(ByD, - BzDy)

+ VniA.D,- AtD.)

+ VBK(A,B. - AZBV)]

pu = L[V,(BZDX - BzD,)

+ VnU*D. - A,DX) (6)

+ VB*(A.Bx-AtB.)]

pz =~[V,(BxDy' ByDx)

+ V1,(AyDz-AxD,l)

+ VHK(A*BU-AVBI)]

where A is the determinant of the set of three
equations:

A = AX{BVDZ - BZDU) + Ay{B,Dt- BtD.)
+ AZ(BXDU - B,DX)
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202 THEORY OF HEART-VECTOR PROJECTION

When the components of the vectors .4, B and
D are known as numbers these equations
become far less formidable since A then be-
comes a single number as do the multiplying
coefficients of Vi, VH and V BR •

Wilson Central-Terminal Voltage. The Wil-
son central terminal is formed by connecting
three equal resistors from R, L and F to a
common junction. The potential of this junc-
tion with respect to the dipole midpotential
is the average of the three limb electrode uni-
polar voltages, provided the three resistors
are very large in comparison with the skin
resistance and the internal resistance of the
medium. Thus,

Vcr = I (VK + F , + Vr)

= Hci + c, + c»)'p
(7)

The Wilson central-terminal voltage V Cr
can be zero if the vector Ci + c2 + c3 is zero
or if Ci + c2 + cs is perpendicular to p at every
instant of time. The latter possibility must be
discarded since the heart-vector variations are
completely independent of the unipolar vectors
C\ , c-2 and c3, and p can be expected to be far
from perpendicular to Ci + c2 + c3 in the hu-
man subject/' The former possibility is generally
not realized in the human subject since the
three unipolar vectors are independent; that is,
when any factor upon which the unipolar vectors
depend is changed, such as dipole position or
inhomogeneities or shape of the medium, each
unipolar vector changes in a way that is different
from the changes in the others. Since there are
definite indications6' 13t 21' 22 that the Wilson
central-terminal voltage does not remain at
the dipole midpotential during the cardiac
cycle, it is not surprising that a more refined
theory of electrocardiography would predict
this.

DETERMINATION OF COEFFICIENTS

It can be seen from the mathematical rela-
tions presented that the general theory has
been developed by introducing numerical
coefficients which supply the connecting link
between the heart dipole and the potentials it
produces. In effect, the complexities of the
electrical system have been lumped into and
hidden in these constants. Since they play a

crucial role, a major effort must be made to
determine them for individual subjects having
variable body shapes, heart positions and in-
homogeneities which vary in kind and dis-
tribution. At the present time model technics
are used primarily.1'6> 23> 27

Experimental Determination of Coefficients.
Burger and van Milaan determined some of
these coefficients by using a one-third scale
model of the human torso (a statue) in which
certain artificial inhomogeneities were intro-
duced.1 In part, they derived limb lead ex-
pressions for a dipole in the center of the heart.
Their equations are, in terms of the rectangular
coordinate system of figure 2,

V, = 78 px - 25 py + 20 pz

V,, = 30 px + 150 pv - 18 pz
(8)

These results have been transposed into the
same terms used in this laboratory. This in-
volves a change of their coordinate system; a
reversal of their unconventional definition of
V,r, which is the negative of that given in
equation 4; the use of our notation which
avoids confusion between vectors and scalars;
and the replacement of their multiplying factor
of 10~5 by a factor 1.25. The last item permits
direct comparison of the results and is allow-
able since only the relative values of the coeffi-
cient are of interest in this discussion.

Independent determinations of the coeffi-
cients have been made in this laboratory for
the frontal plane using both male and female
life-size homogeneous torso models.6 The uni-
polar coefficients were determined, whereas
Burger and van Milaan used a bipolar technic
which gave less information. The unipolar
results for a dipole located in the center of
the ventricular mass are

Male Torso

t>lpx — 57py

VF = -21p« + 91p»

Female Torso

VR =
VL =
V, =

32px -
- 14p, +

27 p2

41p,
l ip,

17pz

25pz

\2pz

(9)
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These unipolar results can be inserted into
equation 4 to obtain the limb leads which can
then be compared directly with equation 8.
The result of this simple calculation is

Male Torso

V, = 76p* - 27ft + Up,
Vn — 30px + U8pu — Idpz

(10)
Female Torso

V, = 77px - 18ft + 850,
Vn = 317^ + 15]pv — bipi

It is hardly to be expected that these coeffi-
cients should agree with those in equation 8
since the models were different and the dipole
positions, which exert a pronounced influence,1'
e, 13, 15 Were not identical. However, by some
remarkable coincidence, the agreement among
the limb-lead torso coefficients is excellent.
This is rather difficult to explain because
Burger's torso was heterogeneous and ours
were homogeneous. The greatest disagreement
occurs in the pz coefficients of the female torso
which is only 9 per cent of the maximum coef-
ficient of .1.50 units. The other limb-lead coef-
ficients are in much closer agreement. The
fact that the female torso coefficients show the
largest deviations is not surprising since the
shape of the female torso differed appreciably
from that of the male.6

Future work will undoubtedly refine these
results, but for the present there would seem
to be far less error in using the above coeffi-
cients tentatively rather than the simplified
theory based upon a spherical medium with a
centric dipole.

As a matter of interest, the Wilson central-
terminal voltage expressions for the male and
female torsos, calculated from equation 7
using the unipolar voltages in equation 9, are
given below.

(11)
Male: VCT = -16p* - I7pu 4- 2Gp2

Female: VCr = -9px - 10pv + 18p,

The largest coefficient is 26 and this is about
17 per cent of the largest limb-lead coefficient.
Thus, one would expect the Wilson central-
terminal variations for this particular dipole
position to be in the vicinity of 17 per cent
of the maximum lead voltage,6 unless the di-

pole components display very abnormal be-
havior.

Theoretic Determination of Coefficients. The
complexity of the human electrical system
prohibits an exact determination of numerical
coefficients by analytic methods. However,
if the human body is represented by a simpli-
fied system, it can then be analyzed theo-
retically by known mathematical technics.
Its representation by a homogeneous conduct-
ing sphere with a centric dipole as shown in
figure 3 is the classic theoretic model which
has been used widely. In order to determine
the coefficients for this theoretic model, one
may start with the well known2' unipolar
cosine functions:

VK = (Sp/+TryR*-) COS (210° - a)
VL = (3p/4ir7«2) cos (-30° - a) (12)
VF = (3p/±iryR-) cos (90° - a)

where p is the dipole moment, y is the conduc-
tivity of the homogeneous sphere, R is the
sphere radius and a is Einthovcn's angle shown
in figure 3. These unipolar voltages may be
expressed in terms of the rectangular com-
ponents of the dipole by trigonometric ex-
pansion. The result is

VR = — V 3 px — Vv
VL = V 3 p* - Vv (13)
V, = 2 f t

SPHERICAL BOUNDARY

^QUILATERAL
TRIANGLE

HOMOGENEOUS
RfSISTIVE MEDIUM

FIG. 3. Simplified theoretic model representing
human torso as a homogeneous, resistive, spherical
conducting medium at the center of which is an elec-
tric current dipole of moment p. Electrodes /?, L, F
are at corners of equilateral triangle whose plane is
parallel to xy-phine of figure 2.
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TABLE 1.—Comparison of Unipolar and Limb Lead Coefficients

Coefficient

Torso
Statue
Mule
Female

Simple thcorv

Clr

- 5 1
- 4 5

- 7 S

C\y

— 57

— 55

- 4 5

c\,

n
17

0

« x

?5

32

7S

C2V

- S 4
- 7 3

- 4 5

C2S

41
25

0

Clx

- 2 1
- 1 4

0

01
96

90

cu

11
12

0

Ax

78

76

77

156

Ay

- 2 5

- 2 7

- I S

0

A,

20
14

S

0

Bx

30
30

31

7S

By

150

14S

151

135

B,

- I S

- 1 6

— 5

0

where px = p cos a, pu = p sin a (fig. 3) and
the common factor 'jiiryli2 has. been assigned
a numerical value of 2.0. This is allowable
since only relative values are of interest here.

Several severe shortcomings of this simpli-
fied theory are obvious when equation 13 is
compared with the experimental results that
have been presented:

(a) The chest-to-back component of the
dipole, p: , which can have as much as 25 per
cent influence on frontal-plane body surface
voltages according to the torso data, plays no
part in the simplified theory. Of course, the
disappearance of pz can be traced to the fact
that the dipole has been assumed, unrealis-
tically, to be at the center of a symmetric
volume conductor.

(b) The voltages in equation 13 are not in-
dependent as can be seen by adding them;
VK + V,. + Vr = 0 for all values of p x , pv

and, of course, pz. Indeed, this result has been
used to justify the use of the Wilson central
terminal.20 However, there is considerable evi-
dence from a variety of sources, including the
torso data presented here, that the Wilson
central-terminal voltage is not zero, typical
departures being 15 to 40 per cent of the maxi-
mum lead voltage.6' "•21? 22

(c) The relative values of the coefficients
are quite different from those which have
been measured on torsos. These can be dis-
cussed in terms of the limb leads which, from
equation 13, are

V, = VL - VR = 2 V 3 px

Vn = Vr - VH = V 3 Px
(14)

It can be seen from equation 14 that according
to the simple theory, Vr depends solely on
px ; however, it is clear from equations 8 and
10 that pv and pz exert a sizeable influence on

Vi . For example, in equation 8 or 10, pK

contributes 30 to 35 per cent as much as px

to Vj. The relative influence of p,, and px on
Vn given by the simplified theory in equation
14 can be seen to have the ratio of 3:-\/3;
that is, the relative influence on V,r of pv is
about 1.7 times that of px • However, in the
torso models the corresponding relative in-
fluence is on the order of 5:1, a pronounced
difference from that expected from simple
theory. Returning to VL for a moment, a
very marked departure is noticeable. The
simple theory equation 13 shows that px

influences VL about 70 per cent more than
does pi, ; the male model data in equation 9
indicate an opposite effect, that is, pv in-
fluences VL more than three times as much as

P x -

Table 1 shows a comparison of the unipolar
and limb lead coefficients when the theoretic
factor '^iiryR? is arbitrarily assigned a value
45 so that relative numerical values may read-
ily be seen.

It is clear that while the simplified theoretic
model permits a mathematical analysis, the
results are markedly different from those
derived from the human torso. The errors of
the simplified theory become even larger when
compared with torso data involving a dipole
that is not located in the center of the heart.1 •6

By relaxing some of the restrictions on the
simplified representation of figure 3, better
agreement occurs between the theoretic model
and the best available coefficients. For in-
stance, the analysis of an eccentric dipole in a
homogeneous conducting sphere has been
presented.13'2Si 26 However, it is improbable
that any simple theoretic model can give
results that are as reliable as experimentally
determined coefficients.
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G.EOM ETRIC INTERPRETATION

It is possible to devise a geometric represen-
tation1 of the general theory which is similar,
in principle, to the commonly used geometric
interpretation associated with centric dipole
theory for a homogeneous conducting sphere.
In fact, the general geometric representation
includes, as a special case, the simplified vec-
tor-projection methods widely used today.
It should be pointed out, however, that the
geometric representation is not a necessary
part of the theory; the entire matter can be
expressed in algebraic equations of the form
given in equation 1.

A geometric interpretation of equation 1,
which has the general form of all equations in
the general theory, is indicated by the vector
form V = c-p. The dot product of the two
vectors c and p can be given the standard17

geometric interpretation; that is, the unipolar
voltage V can be regarded as a scalar quan-
tity arising from the projection of the time-
varying heart vector p onto the fixed vector
c, multiplied by the magnitude of c. This
interpretation is indicated diagrammatically
in figure 4, which reveals the essence of the
scheme. It should be noted that both p and
c are vectors in three dimensions which are
not confined to any of the three planes of
figure 2.

An application of this geometric interpreta-
tion to the frontal-plane male torso data pre-
sented earlier is given in figure 5. The unipolar
vectors, which generally do not form a triangle,
are shown at the left drawn from an origin 0
representing the midpotential of the dipole.
The tips of the vectors are labeled R'; U and
/*" and are the points in "image" space27 cor-
responding to the physical points R, L and
F, respectively, on the human subject. The
departure of these so-called image points from
their physical counterparts on the human
subject can be regarded as a measure of elec-
trical distortion of dipole behavior as seen at
the body surface. The limb-lead triangle
whose sides are the limb-lead vectors A, B
and C is shown at the right; the origin of the
coordinate system is arbitrary. While it follows
from the definitions of A, B and C that this
triangle is formed by joining the tips of the

unipolar vectors it is shown separately in
order to clarify the drawing. It should be noted
that the limb-lead triangle is neither equi-
lateral nor parallel to the frontal plane.

The procedure illustrated generally in figure
4 may be applied to the vectors in figure 5 in
order to deduce the scalar voltages by geo-
metric construction. For example, the method
of obtaining lead II is indicated by equation 4,
Vn = B'P = Bp cos dUp , where 6i,p is the
angle in space between B and p. Consequently,
Vn can be obtained by projecting the heart-
dipole vector p on vector B and multiplying
p cos Oup , the result of such projection, by the
magnitude of B. This procedure demonstrates
that departure of the limb-lead triangle from
the oversimplified equilateral case has two
effects on the result; not only are the angles
between p and the triangle sides altered, but
also the unequal lengths of the triangle sides
introduce unequal weighting factors which in
the equilateral simplification are all equal and
hence ignored.

This type of geometric interpretation can
be extended readily to the case of four or more

LOCUS OF
TIME-VARYING

HEART VECTOR

FIG. 4. Illustration showing essence of general
vector-projection scheme forming basis of the geo-
metric representation, in terms of a fixed unipolar
vector c and a heart-dipole vector p of variable
moment but fixed in position at the origin. Scalar
unipolar voltage V can be obtained by projecting
the heart dipole vector p on vector c, p cos 0cp being
the result of this projection, and then multiplying
by the magnitude of c. (Discussion in text.)
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ll

FIG. 5. Examples of geometric representation of experimental results, for a dipole in the anatomic
center of the heart, to the frontal-piano male torso. At the left the unipolar vectors Ci, c2 and c3 ema-
nate from point, O which represents the midpotential of the dipole. These unipolar vectors do not
form a triangle since their sum is not zero. Tips of the vectors labeled R', V and F' are points in
image space which correspond to the human-body points R, L and F. respectively. The limb lead
triangle whose sides are the vectors A, B and C is formed by joining the tips of the vectors Ci, c» and
c3. This triangle is shown separately at: the right with an arbitrary origin of the coordinate system.
The magnitudes of the vectors A, B and C are S2, 152, and 1S4, respectively.

The three-dimensional aspect of these vectors is conveyed by use of rectangular solids, the num-
bers on which give relative numerical values of vector components [see equations 9 and 10]. Vector
Ci, directed upward toward the right and back; vector c2, directed upward toward the left and back;
vector d, directed downward toward the right and back. The plane of the limb-lead triangle is not
parallel to the frontal plane; its lower apex, the tip of vectors B and C, lies in front: of the x;/-plane
and its upper apex, the tip of vector A, lies to the rear of the z.y-plane. However, the entire triangle
lies behind the electrical mid-point of the heart dipole. Both diagrams drawn to the same relative
voltage scale.

electrodes situated at any points on the human
body. This follows naturally from the fact
that equation 1 is applicable to any points
within or on the body. For each electrode posi-
tion there is a corresponding point in image
space, as was the case for the points R', L'
and F'. However, the location of these points
differ from their physical counterparts. Vec-
tors connecting these points in image space
have components equal to the coefficients in
the mathematical expressions for the potential
differences between the physical points, as
was true in the frontal-plane example. These

vectors can be used to determine the scalar
potential differences by projecting the heart-
dipole vector p onto them and multiplying by
the magnitude of the vector, as before.

An extension of this idea to all points on the
surface of the human subject leads to the con-
cept of a surface in image space each point on
which corresponds to a physical point on the
torso surface.1 The shape of the image surface
differs markedly from that of the human torso,27

and the region outside the image surface cor-
responds to points within the human subject
because the internal voltages are larger and
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have larger coefficients with correspondingly
larger fixed vectors.* In general, the projection
of p on any vector joining two points of the
image surface times the length of the vector
gives the potential difference measured on the
human subject between body-surface points
corresponding to the same image points which
are joined by the vector.

Several important ideas emerge from this
general geometric interpretation:

(a) Choice of Body-Surface Electrodes. The-
oretically the locations of body-surface elec-
trodes are immaterial as long as the corre-
sponding points on the image surface are known,
which is equivalent to knowing the coefficients
entering into the equations for the electrode
positions selected. In principle, any four dif-
ferent electrode positions are sufficient to
determine uniquely the behavior of p, provided
all the pertinent coefficients are known. How-
ever, practical considerations such as relative
magnitudes of the coefficients, reproducibility
of electrode placement, and backlog of empiric
data might strongly influence the choice of
electrode positions.

(b) Systems of Vectorcardiography. Since the
electrode positions are theoretically inconse-
quential from the standpoint of determining
the heart vector, it might be expected that
the results of various systems of vectorcardi-
ography would all agree. However, they do
not, and it is likely that this is so largely be-
cause inaccurate methods for analysis are
being employed. In effect, it is assumed either
that the image surface is a sphere or that it
has the same shape as the human body, neither
being the case.27 For example, when four elec-
trodes are arranged on the body, the heart-
vector projection is performed by using lines
joining the physical electrodes rather than

* The imago-surface definition introduced by
Burger and van Milaan has been adhered to here in
order t,o avoid confusion. However, ti morointuitively
satisfying convention would bo one which retains the
present, directions of the unipolar vectors but which
defines their magnitudes inversely. This would make
the physical inside of the human subject correspond
to the inside of the image surface. Moreover, points
of larger voltage, such as on the chest, would be
lociited on a caved-in portion of the image surface
rather than on an outward bulge as with the present
definition.

the vectors connecting points that correspond
to these electrodes in image space. This is done
for cube, tetrahedron and other electrode ar-
rangements. This practice leads to errors on
two counts, as mentioned earlier; first, the
direction of the lines joining the physical elec-
trodes is not correct for vector projection, and
second, the weighting factors proportional to
the different lengths of the constant vectors,
even though the lengths joining the physical
electrodes are equal, are not used. For in-
stance, a physical cube arrangement on the
human subject is distorted in image space just
as the human triangle formed by the elec-
trodes R, L and F was shown to be in figure 5.
The conclusion seems obvious that the magni-
tude of errors introduced in various systems of
vectorcardiography probably account for the
differing interpretations with which we are
presently confronted.

(c) Specialized Electrode Positions. The con-
cept suggests that pairs of electrode positions
can be located on the human subject so that
the vectors joining the corresponding points
in image space coincide with the principal
axes x, y and z of figure 2. The use of electrodes
so applied implies that all coefficients but one
would be zero in each of the voltage equations
for the potential difference between these
electrodes. Therefore the measured voltages
would be proportional to only one component
of the heart vector. Each pair of electrodes
would, however, have a different weighting
factor unless the vectors in image space had
the same length. The development of electrode
positions of this type represents an interesting
problem for future study, although some work
has been done on it already.1 The electrode
positions would vary from one individual to
the next, but the method of analyzing the
data would be extremely simple in comparison
with the three-dimensional problem posed by
the use of "mixed" electrodes.

(d) Improved Central Terminal. The Wilson
central-terminal voltage can be obtained by
the same vector-projection method used for
unipolar and limb-lead voltages. This is indi-
cated by the vector dot-product form of equa-
tion 7, where the Wilson central-terminal
vector is |(ci + c2 + c3). It can be shown17
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MEDIAN POINT
OF TRIANGLE R'L'F'

VI1US0N CENTRAL
TERMINAL VECTOR

.FIG. 6. Illustration of the general space-relation-
ship between the Wilson central-terminal vector
i^(ci -f- Ct + c3) and the unipolar and limb-lead
vectors. The Wilson central-terminal vector is
directed from the dipole midpotential point 0 to the
median point of the shaded limb-lead triangle R'L'F'.
This illustration attempts to convey the three-
dimensional idea that 0 lies in front of the limb-lead
triangle.

R' i:

FIG. 7. Two-dimensional diagram of the unipolar
and limb-lead vectors applicable to the simplified
theoretical model of figure 3. (Discussion in text.)

that this Wilson central-terminal vector is
directed from the origin 0 of figure 5 (left) to
the median point of the limb-lead triangle con-
necting the tips of the unipolar vectors Ci ,
C2 and Cs . This is illustrated in figure 6. The
Wilson central-terminal vector, therefore indi-

cates by how much and in what direction the
dipole midpotential deviates from the median
point of the limb-lead triangle. However, the
three-dimensional nature of the situation in-
troduces some awkwardness, but this is also
true of the other vectors as well.

Considering again the image surface asso-
ciated with the actual surface of the human
subject, it would seem feasible in principle to
obtain a reference potential which is far more
indifferent than the Wilson central terminal.
This might be achieved by connecting properly
adjusted resistors to body-surface points whose
corresponding image points lie in a plane con-
taining the dipole midpotential. .Since the
plane R', L', /<" does not contain 0, it follows
that there is a non-zero lower limit to the value
of the Wilson central-terminal voltage which
is obtained when limb electrodes are employed,
no matter what values of resistance are used.

When the general geometric interpretation
is applied to the special case of a centric dipole
in a homogeneous conducting sphere, the result
commonly applied in frontal-plane electro-
cardiography is obtained. To show this, equa-
tions 13 and 14 may be written in vector dot-
product form:

Y* = (-V3i-j)'p
V,. = (Vzt - j)'P
VF = 2j.p
V, = 2V&-P

V,, = (V3i + 3/>/>
V,,, = (-V3« + Sj)-P

(15)

The familiar geometric representation of these
equations is given in figure 7. The unipolar
vectors cx = - V3i - j , c2 = Vsi - j and
c3 = 2/ are each equal to 2.0 in magnitude, are
coplanar, lie in the xy-p\m\e (frontal plane)
and in this special case form a triangle since
Ci + Co + c3 = 0. The limb-lead vectors A =
2 V3i, B = \ /3 i +_3> and C = Vsi + 3; are
each equal to 2 -\/3 in magnitude, are in the
same plane as the unipolar vectors, and form
an equilateral triangle, the center of gravity of
which coincides with the dipole midpotential
point 0. This last property shows geometrically
that the Wilson central-terminal vector is
zero. In brief, in this simplified case there is no
distortion of the image surface compared with
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the actual surface. This highly special result
can be visualized as a degeneration of the
frontal-plane geometric figure of figure 6,
which is more nearly applicable to humans.
Imagine that the point 0 moves to the center
of gravity of the triangle IV, IJ, F' whose sides
at the same time become equilateral and whose
plane shifts into the frontal plane in such a
way that the vector A becomes parallel to the
x-axis.

SUMMARY

A reiteration, formalization and expansion
of the general mathematical and physical
basis for heart-vector projection concepts is
presented.

Specific equations are given, in terms of the
general theory, for some commonly used elec-
trodes in electrocardiography.

Experimental results obtained on human
torso models are discussed in terms of heart-
vector projection terminology.

The departures of presently used methods
from torso experimental results is analyzed in
quantitative mathematical and geometric
terms.

A geometric interpretation of the general
mathematical theory is presented and applied
to unipolar leads, limb leads and the Wilson
central-terminal voltage.

A geometric representation of the surface
of the human body in image space is given and
several ideas for possible future development
are indicated.

The purpose of this study has been not only
to encourage application of general theory, but
also to emphasize the rather severe shortcom-
ings of currently used methods of vector
analysis.
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