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In our daily lives, we get the chance to
observe many extraordinarily complex phe-
nomena. Take the weather, for example.
The sky is clear in the morning, then sud-
denly clouds gather, a light drizzle begins,
followed by strong winds. The sound of rain-
drops falling on a tin roof may come on a reg-
ular rythm, and sometimes create a chaotic
melody in an agitated.

ĒèH φįá 
̧ φǌ áφĥ ŉ �φŝá �Ŧφǌ Ēè sƌ �ȿ �φł ŀٔφŃá H̥ �Ǝ UχĩÚ éÿ �φĖ ďŶٔφʸ å �Ṳ̊ Hφɸ å �Ůφİ ŀφ˲ è �χĖ �é ĒĚė �éóé
ě �Ɖφƻ å۔ �Ůφƒ Ļʰ �ψĖ ç ŤφƘ ď Hʋ ĔȷŸφǎ ùHȄ۔ á �ŦƬφİ ï �φĵŸφǎ áφĥ ù �ňŏφƘ
Ĕȇ ِ�φǿ÷éِ ،åsŮH φį ù �ň á �φŪ á̦ �φǿõçÿ �φĖʴ �χĕá �φŪÚ ،ùHȄ �ðáφǔ �äá̤φƅÚٓ
�å �Ů ؕφĕ ùHȄ۔ ÿ �φĖá �φŪ Ÿ HφǰîóĚ 
þ đƮ̧Ƭφū áφĥäóٔÚŸ Hφǰ �Ě �Ŵ �φĹ ŉǖ �φŁ éóÚ 
êéÿ �φĖ
ņ�φʱÚņ�φʱ Ēèφȯá �φĬÿ �φĖ ďȉ �Ɔφʸ �éÚóÚٓ ŀφʼäóŉɮ �φƁ ùƕÚó ù�ňŏφƠ đ �φĹ �ãȊ �φǿ ŀφʼ
ÿ �ψĖ ņ�φʱ Ĕ �φŇņ �φʱå �Ůφİ �éÚè �φĖÚŀ� φŃá �̣ �ƈ Hφǅʴ�χĕÚďȉ �Ɔφʸ éóÚùHȄŀ�ψŃ Úٓ ùȅäţ �Ȟ �φĵó

ùHȄď�Ŷ۔ �ωĩ ç ŏφƘ

Similarly, if you observe the human heart-
beat carefully, it is not completely regular,
the interval from one beat to the next keeps
changing. This irregularity is in fact a sign of
a healthy heart. Even in good music, turbu-
lence and irregularity are key characteristics.

ĒèH φįá 
̧ φǌ ùȅ éţ �Ȯ ŏφƠÚ áφĥ �åφ́ ŉؕφǗç ŀφʼ õç å �Ůφİ Ĕǣ �φǟ ŀ�φŃá̧ �φıÚ
ʴ�χĕÚ å �Ůφİ êÚ đˀƶ �φĖ ،å �Ů H̥ �φō Ēèφȯá �φĬÿ �φĖ ņ�φʱ éţφř ö̤ φ̱İ Ēó Ť �φń،å�ψĲ ŏφƘ
á �Ŧ Hφǅé á �ŦφƑè �φĖ đ �Ȝ �φĵó ʴ �φĕ ôŉؕφǗç čĚþóç ùƙ ùƕ ùȅ ôŉؕφǗç
ùHȄ۔ �ãφȋēĈφȯŀφ̓ �ãȿφȽŀφ̓ õçöφǔÚéçŀφ˲èφȯá �φĬù �ňđ �φĹ۔ùHȄ
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In this experiment, we will try to observe
and understand signals of this very nature.
Nonlinear and chaotic phenomena are what
make science truly fascinating and are a fun-
damental characteristic of our natural world.

éóÚ ĔǼēĈ �φĖ ďȉ �φŁ å �Ůφİ ď �Ȫ �žφǁŸφǎ ŀƥÚó ϖ ϗû�żϙǀϙχƪ ďƷ̦ �φŁ ŤφƘ äŤ �φńáφĥ
ùHȄŀ�ψŃ۔ Úٓ ŉ �ɮ �φȎ ŀφ˲èφȯá �φĬù �ň

éóÚ ϖ ϗ Ϙú�żϙȊϙ ǦφĖç ŤφƘ �ņƸ �Ŧǀφū Ēè sƌ �ȿ �φł ùƙîŤ �φń ďȼÚِ Ĕ Hɰå �Ůφİ ù �ňŉ�ɭ �φłêÚ
øĚH ŋá �̢φȒŀ�φŃá �̣ �ƈ Hφǅ éóÚďɩ �φȏĚ�Ŵ �Ǻ۔ùơå�ψĲ ŏφƘ 
ë 
φǁŤφƘ ŀφʼ ϖ Eϗ Ϙú�żϙȊT ϙ̪ɯφƅ
áφĥ �âŉɮ �φƁčéá̤ Hφɸ éóÚåsŮH φį ù �ňá �Ŧ �φĩ �ãɄ �ȿφƦç ŤφƘë Uŭ \χĕáφūöφǔÚéç۔åsŮH φį �éÚé Ĕ HɰÚ

Chaos is all around us, even if we do not always notice it. You can see it in the swirling motion
of smoke, the irregular dripping of a tap, the flicker of a candle flame, in weather patterns and
even in secure communication. These systems may look random, but surprisingly, many of
them are not random at all.

Chaos is a special type of behavior that appears in
nonlinear systems. It is deterministic, meaning it
follows exact mathematical rules. However, it is ex-
tremely sensitive to initial conditions. A very small
change at the beginning can lead to a completely
different outcome later. This is often called the sen-
sitive dependence on initial conditions.

In the current Phenomenon Lab, you will explore the
meaning of chaos and how it fundamentally differs
from randomness. You will learn how to identify
chaotic behavior through the use of plots and dia-
grams, and understand the key visual signatures as-
sociated with such systems. Furthermore, the exper-
iment will guide you through the principles behind
generating chaos using electronic circuits, providing
both a conceptual understanding and practical in-
sight. By the end, you will see how simple electronic
components can create beautifully complex and un-
predictable behaviors which are chaotic.

ŀƥÚó ù�ňÚٓ ŉ �ɮ �φȎ đ �φĹ ϖ ϗĠ̲ �ϙ ϙ̰φǛ ϖ Fϗ ϘğƳϙ Ț F̪φł
ŤφƘ äóņ�φʱ Fϖü�żTϐĩ Ú å �Ůφİ ö�ψĕ �éÚņ�φʱ ďƷ �Ŧ Vφĩ
đƤţ˵ �φĖ å �Ůφİ �äá �ŦɄφʸÿ �φĖ Ť �φń ùňٔÚŉؕǖ �ψŁ ŉؕǖ �φŁ
čçá �Ŧ �ŭ �φĕ ŀφ̓ éá 
̧ Vų UφĕÚ ď Hʈ �φō ùHȄ۔ á �Ŧ φʾū �å�φĲ
ôŉɭφ̒ áφū ÿ ؕφĖţȆ �φǿʴ�χĕÚ۔ùHȄ �ã �Ũφƻá �φŪ
ùHȄá۔ �Ŧ φʾūøçĔ �ŷ �φǟ ŤφƘ �äá �φĬţφřøņؕ�φʱ

1 Building up the ingredients of chaos
1.1 Non-deterministic random processes
Random processes are a common phenomenon. Suppose you are standing next to a highway. A
car passes in front of you and you note down the times of their passage. Their seems to be no
pattern on the timing of these fleeting cars. You calculate the time intervals between passing
cars. As a result you may get a sequence like this,[

24.1 15.5 56.7 10.9 33.6 . . .
]
(s) (1)
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which indicates a random process. There is no way you can determine or predict when the next
car passes.

Similarly, if you toss a coin over and over
again, you may get a sequence of tails and
heads,[

HHTHTTHTHHTTTTHT . . .
]

(2)

and there is no way to say precisely what the
next outcome would be. Each run is indepen-
dent and picks up either H or T with almost
equal probability.

1.2 Probability distributions
In the coin toss example, the probability for each of H or T is 1/2 and this can be presented
through a probability distribution, as shown in Fig. 1(a). Simultaneously, if we have the
possibility of choosing a number between 0 and 1 and there is equal likelihood of choosing any
number whatsoever in this range, we can draw another probability distribution. This is shown
as a continuous straight line extending between 0 and 1, as shown in Fig. 1(b).

For example, randomly selecting ten numbers from this probability distribution yielded us a
sequence of numbers whose first six entries were[

0.904 0.584 0.571 0.944 0.726 0.068 . . .
]
. (3)

You cannot tell what the fifth number would be if you already knew the fourth, and you wouldn’t
know the sixth if you knew the fifth, ad infinitum. This is what we mean by a nondeterministic,
or a random process.

[Q 1] . Try to plot 10 random numbers between 0 and 1. Can you predict the eleventh number?
Plot the 10 random numbers again. Is the plot still same?

[Q 2] . Plot 100 random numbers between 0 and 1.

You will find that your plots will look like a messy jumble with no order whatsoever. This is
true for a nondeterministic random process, even though the uniform probability distribution
is a neat straight line.
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Figure 1: Probability distributions (a) for a tossed coin and (b) for choosing a number between
0 and 1.

1.3 Deterministic processes
Let’s look at another process that looks random, at least from its appearance! This time let’s
work with an equation that describes a natural phenomenon such as how a disease spreads,
bacteria multiply or how people adopt new technology e.g. electric cars. The equation we
propose is called the logistic map and is given by,

xN+1 = rxN(1− xN). (4)

Here, xN represents the value of a variable x at iteration N , and r is a control parameter known
as the growth rate. The variable xN lies between 0 and 1. The variable can depict the number
of infected people at a time, size of a bacterial colony or the number of x people in a population
who own smart electric vehicles.

We fix r = 3.9, We start with a value of xo = 0.5. We insert these values into Eq. (4) and
obtain x1 = 0.975. In the next step, running the equation again yields x2 = 0.095 and after a
few runs, we start building up a sequence of numbers,[

0.500 0.095 0.335 0.869 0.443 0.962 . . .
]
. (5)

We can plot these numbers and obtain a graph similar to Fig. 2(b). This looks all jumbled
up and noisy, and not much different in its character from the nondeterministic sequence of
random numbers (generated from the probability distribution Fig. 1(b)) shown in Fig. 2(a)
plot, but surely we know that our process is completely deterministic and dictated by Eq. (4).
For example knowing x20 = 0.328 determines x21 = 0.859, x22 = 0.471 and all xN ’s that follow.
The variable is deterministic even though the visual plots for nondeterministic random and
deterministic processes look almost similar.

[Q 3] . Try making the table of 10 values using the logistic map (Eq. (4)) and plot them. Can
you predict the next value? Now, repeat the procedure and plot 1000 points, can you predict
the 1001th value knowing the 1000th value?
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Figure 2: Comparison between (a) randomly generated data and (b) deterministic data that is
generated from the logistic map.

The deterministic logistic map (with r = 3.9) represents a process called “chaos”. We will
shortly describe this phenomenon in a bit more detail. For now, let’s try to vary the parameter
r.

[Q 4] . With r = 1.5 and starting with xo = 0.5, plot the sequence of points. What if r = 3.0,
3.5 and 4.5? You may like to remove the transients from the early part of the graph to clearly
see the behavior of the sequence of values. We expect that you will obtain a series of plots
similar to those shown in Fig. 3.

Figure 3: Impact of varying the parameter r on the time series of the logistic map.

Deterministic chaos and randomness data look alike, how do we distin-
guish between them?

1.4 The phase portrait
You’ve seen that when plotted versus time, nondeterministic random and deterministic chaotic
signals may look similar. How can one tell the difference? As we try to answer this question,
we will also begin to probe the meaning of “chaos” a bit deeper.

The chaotic signal is deterministic, a value will determine its next. This is not true for a random
variable, which is independent on every trial resets itself every instance. Therefore, if we have a
means to plot a value and its next value, xN and xN+1, and plot all such pairs in the sequence,
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we expect that the random variable shows no interesting pattern it is still a smudge of points.
However, for the deterministic chaos signal, this plot, which is now called the phase portrait,
shows a regular streak of points, an “orbit”. A regular phase portrait, therefore, is one means
to identify deterministic chaos.

Figure 4: Phase plot of random data and the logistic map in (a) 2D and (b) 3D, plotted against
the backdrop of random data.

[Q 5] . Make phase plots of xN+1 versus xN for both random data and logistic model. How
are these patterns different?

[Q 6] . Make a three-dimensional plot which takes three consecutive points xN+2, xN+1 and
xN instead of two points? Your data may look similar to what is shown in Fig. 4(b).

1.5 Sensitivity to initial conditions
Another thing separating chaos from randomness is to check its dependency on initial condi-
tions. Two nearly identical starting points can evolve into completely different trajectories over
time, a behavior that is unique to chaos.

For a nondeterministic random process, there is no divergence. In this case, initial conditions
do not matter as each trial is independent. These two kinds of behaviors are shown in Fig. 5
where a non-deterministic random process (a) is shown to be totally independent of initial con-
ditions. Each initial condition produces a random outcome which is no way is determined by
what the initial condition is. For deterministic chaos, on the other hand, as Fig. 5(b) indicates,
different initial conditions lead to similar plots which overlap in the beginning, but as the time
progresses and N increases, the plots start losing their overlap and begin to diverge.
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Figure 5: The different lines in the graph explain the dependency of (a) randomness and (b)
deterministic model on initial conditions.

In fact the difference between trajectories keeps on building up. Mathematically we can say
that the difference grows exponentially as eλt where λ is called a Lyapunov exponent. This
behaviour is shown in Fig. 6 and probed further in Q7. This sensitive dependence on initial
conditions makes the chaotic system extremely erratic and it becomes hard to predict how the
system will behave. Consider why weather patterns can change all of a sudden and may deviate
wildly from the meteorologist department’s predictions.

[Q 7] . Try to plot two time series using the logistic map Eq. 4, but each time employing
slightly different initial conditions at r = 4 and N = [1, 2, 3, 4, 5, 6, 7, 8]. Now, take the absolute
difference at each discrete point and plot the differences. What is the effect of slightly different
initial conditions on the series? Can you estimate the Lyaponuv exponent for this process?

Figure 6: In part, (a) shows 100 orbits with slightly different initial conditions indicating that
the series are pushed apart with time and (b) the divergence graph for the difference between
the two orbits.

1.6 Path to chaos
A system can be well-behaved and periodic but changing some parameter can turn it into
a chaotic signal. A case in point is the logistic map, Eq. (4). Here r is the parameter of
interest and its value determines what kind of sequence we obtain. The sequences are already
shown in Fig. 3. For smaller values of r, the series converges to some constant value; as r
increases we obtain a periodic system; followed by a period-2 system, and eventually chaos.
This progression is conceptually illustrated in Fig. 7. The route to chaos therefore is both
interesting and systematic.
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Figure 7: The graphs show the path to chaos (a) to (d) depending on the control parameter r.

We can also describe this progression through a bifurcation diagram. A bifurcation diagram
shows the long-term behavior of a system as a control parameter (such as r in the logistic map)
is gradually changed. As the parameter increases, the system may move from stability to
oscillation, split into multiple oscillations (period doubling), and eventually enter the chaotic
regime. Furthermore, if you zoom into the chaotic region, you will notice self-similar patterns.
This repeating structure is a signature of fractal behavior. We put off a discussion of fractals
to another Phenomenon Lab.

[Q 8] . To distinguish periodic behavior from chaos, plot the orbit values with respect to the
control parameter r. You will obtain a diagram similar to what is shown in Fig. 8.

Figure 8: The figure shows: (a) bifurcation diagram of logistic map and (b) zoomed into view
of chaotic regime displaying self similar pattern. Note in these diagrams the values of x are
plotted on y-axis for a given r. The region between r = 1.0 and r = 3.0 shows a periodic plot;
between 3 and 3.449, we see period-2; between 3.449 and 3.544 we observe period-4; followed
by chaos.

[Q 9] . Can you reproduce the bifurcation diagram shown in Fig. 8.
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ùƙ ŀ�φŃÿ �φĖ �ã �φǟ ùȅ ϖ ϗĠ ϙ́ƶ �ϙωĖ ϖ ϗĠƳϙ̦ ُϙψƝ Ĕ �ŷ �φĩ ʴ�χĕÚ
ŀφʼ �äÚ Ť �φń åsŮH φį ù �ňŏφƠ �ýؕφĪ �ýؕφĪ øŉɮ �φƁ
Ē �éÚè �φĖÚ áφĥ �ã �ȿ �ψł é ŀφʼ äóŉɮ �φƁ Ĕ Hɰ ùȅ �éÚóÚٓ
øŉɮ �φƁ Ť �φń Ÿ Hφǰ ēĈ φ̦Ɲ áƚƗH φį áƚƗ �φĖ åsŮH۔ φį ϖ ϗû�żϙ ϙʾφū á˨φƖ
ùȅ äţ �Ȟ �φĵó ùƙ ņ�φʱÚņ�φʱ ،å �Ůφİ éá̢ �φƁ Ēèφȯá �φĬÿ �φĖ
:ùHȄ ŀ�ψŃ Úٓ äŤ �φń �éÚóÚٓ ŀφʼ �äÚ éóÚ åsŮH۔ φį ù �ňŏφƠ، �ýؕφĪ۔۔۔۔۔ �ýؕφĪ۔۔۔۔۔ �ýؕφĪ۔۔۔۔۔ �ýؕφĪ
ϖü�ż �ϙϐĩ Úéóç ö �̠ �žɄφǌ ʴ�χĕÚ (۔) �äá 
̧ �φı ʴ�χĕÚ đˀ �Ŧ �φǟ

Ť �φń å�ψĲ ç õţȆφƝ è �ψĖ �Ěė áƚƗ �φĖ ùHȄ۔ đ �Ȝ �φĵó áφĥ
: ùHȄ ŀ�φŃá �φŪ Ÿ Hφǰ ö�ψĕ è �Ŧ �φĩ äŤ �φń �éÚóÚٓ ŀφʼ äóŉɮ �φƁ۔ �ýؕφĪ۔۔۔ �ýؕφĪ۔ �ýؕφĪ۔۔۔ �ýؕφĪ۔ �ýؕφĪ۔۔۔ �ýؕφĪ
ϖü�żϙώƑ ţȆφƝ è �ψĖ �Ěė áƚƗ �φĖ éóÚ ،åsŮH φį ϖ Fϗû�żϙƬTφŪ æŉφŝ ďȼÚِ

öƚφƖÿ �φĖ �éÚóÚٓ ŀφʼ äóŉɮ �φƁ ņ�φʱ ï �φĵŸφǎ ʴ�χĕÚ Ť �φń ،åsŮH φį
�ýؕφĪ۔۔۔ �ýؕφĪ۔۔ �ýؕφĪ : ùHȄ ŀ�φŃá �φŪ Ÿ Hφǰ Ĕ˶ �Ŧ Hφǅù �ň
�âÚ ۔ �ýؕφĪ۔۔ �ýؕφĪ۔ �ýؕφĪ۔۔۔۔ �ýؕφĪ۔ �ýؕφĪ
åsŮH۔ φį Fϖġˊ ُTϋŪ Ÿ Hφǰö �φŪÚçå �Ůφİ �ã �Ũ �Ƞ �žφʸ ŀφ̓ éá 
̧ Vų UφĕÚ Ĕ Hɰ

2 Chaos in Electronics
Chaos can be seen in many natural phenomena as well as in man made processes. Fig. 9 presents
some examples. Chaotic behaviour can also be generated using electronic circuits. When linear
components such as resistors, capacitors, and inductors are combined with a nonlinear element,
the system can begin to produce complex, non-repeating signals. One of the most famous
examples of an electronic chaotic system is the so-called Chua Circuit. We will provide you
with a Chua circuit to explore what phase potraits look like in reality.
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Figure 9: Some example graphs for chaos using mathematical models, (a) trace for lower tip of
double rod pendulum, (b) plot of derivative of angle of a magnetic pendulum, (c) the Lorenz
model which is commonly used to illustrate weather prediction in phase domain.

2.1 The Chua Circuit
The Chua circuit is a simple electronic system that demonstrates chaotic behavior in a tangible
way. Unlike ordinary oscillators, the voltages it produces never repeats, forming complex and
unpredictable waveforms. Though simple in design, the chaotic circuit produces complex,
unpredictable behavior, showing bifurcations, limit cycles, multi-period oscillations, and chaos.

The Chua circuit can be realized using basic linear components like capacitors (C1 and C2),
resistors (R), inductors (L) and one non-linear element (NR).

Figure 10: Chua’s circuit consists of a linear inductor L, a linear resistor R, two linear capacitors
C1 and C2 and a nonlinear resistor NR.

Analyzing the circuit using Kirchhoff’s circuit laws, the dynamics of Chua’s circuit can be
accurately modeled by means of a system of three nonlinear ordinary differential equations
(ODEs) in the variables VC1 , VC2 , and iL, which represent the voltages across two linear capac-
itors C1 and C2 and the electric current in a linear inductor (L) respectively. These nonlinear
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equations are:
dVC1

dt
= α (VC2 − VC1 − f(VC1)) ,

dVC2

dt
= VC1 − VC2 + iL, and

diL
dt

= −βVC2 ,

(6)

where α and β are parameters. If these ODEs are solved for a certain time and then plotted,
as shown in Fig.11, chaos can be visualized. We have done this for you already in the provided
Jupyter NoteBook.

Figure 11: Simulation results for the Chua Circuit: (a, b and c) graphs show plots of VC1 , VC2

and iL with respect to time and (d) is the 3D graph for all three variables plotted with respect
to each other, as phase potrait. These plots were obtained with α = 15.6, β = 28 and initial
values VC1 = 0.1, VC2 = 0 and iL = 0.

2.2 The Setup
In order to observe choas and obtain a phase potrait similar to Fig. 11, all you need is Qosain
Scientific’s circuital chaos generator and an oscilloscope. To get started with chaos generator
circuit, follow these steps:

• Plug in the AC supply to Qosain Scientific’s chaos generator device.

• Connect Two BNC outputs to inputs of the oscilloscope as shown in Fig. 12.

• Adjust the front-end knob to tune the system behavior.

• Chaos appears at the correct knob position and the double-scroll attractor can be visu-
alized in the X–Y mode of the oscilloscope.
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Figure 12: (a) Real photograph, and (b) connection diagram of Qosain Scientific’s Chua Circuit.

2.2.1 Working

The Chua Circuit device generates chaotic oscillations using basic electrical components and an
effective inductance. When powered through the AC supply, the circuit becomes active and the
user can control its behavior using a single variable resistor knob. Adjusting this knob changes
the system’s frequency and operating conditions, allowing the circuit to transition from regular
oscillations into the chaotic regime. The two BNC outputs provide the key voltages of the
circuit, which can be observed on an oscilloscope to view the characteristic double-scroll effect.
The circuit infact provides a physical implementation of the system of Eq. 6.

[Q 10] . What is an attractor? Describe in your own words what the double-scroll attractor
represents in the context of the Chua Circuit.

[Q 11] . As you slowly adjust the resistor knob, describe the changes you observe in the
oscilloscope output. Does the signal transition gradually or abruptly from periodic to chaotic
behavior?

[Q 12] . What happens to the attractor if you turn the knob too far in either direction?
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Figure 13: Some results from the Chua circuit displayed on the oscilloscope screen. The plots
were generated as the knob was rotated, showing progression from a linear pattern to chaos.
The kind of phase diagram that appears when tuning has been optimized, is called a strange
attractor.

å۔۔ �Ů �φĕÿ �φĖ ŀφʼ Fϖü�żTϋǟ ŸφǬ Ļ �φ̪ʷ
[Q 13] . If you return the knob to the same position as before, do you observe the exact same
chaotic pattern? What does your observation tell you about the sensitivity of the system to its
operating conditions?

[Q 14] . The Chua circuit uses a nonlinear element to produce chaos. Why is nonlinearity
essential? Could a purely linear circuit (resistors, capacitors, inductors only) produce chaotic
behavior?

[Q 15] . Based on your observations, how would you explain chaos in electronics to someone
with no physics background? Use one analogy from daily life.
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